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PREFACE TO THE SERIES 


The series of volumes, Concepts in Contemporary Physics, of 
which the present book by T. D. Lee is the first, is addressed to the 
professional physicist and to the serious graduate student of physics. 
The subjects to be covered will include those at the forefront of cur- 
rent research, It is anticipated that the various volumes in the series 
will be rigorous and complete in their treatment, supplying the intel- 
lectual tools necessary for the appreciation of the present status of 
the areas under consideration and providing the framework upon 
which future developments may be based. An examination of Profes- 
sor Lee's book reveals that these criteria are more than amply ful- 
filled and that his lucid, unique and profound presentation of the 
entire subject of elementary particle physics and quantum field theo- 


ry is an excellent model for the volumes to follow in this series. 


H. Primakoff 


XVe 


PREFACE 


In the spring of 1979 I was invited by Academia Sinica to give 
lectures on particle physics and statistical mechanics in Beijing. Parts 
of the lecture notes have been published in Chinese, and the particle 
physics section evolved into this volume. 

The intention of the course was to bring both theoretical and 
experimental students of physics to the forefront of this very exciting 
and active field. Because of the different backgrounds of those who 
attended my lectures, this book is self-contained. Whenever possible, 
I have adopted an approach that is more pragmatic than axiomatic. 
All derivations are done explicitly, which at times to a more sophisti- 
cated reader may appear pedantic. 

Among the topics not treated are the details of renormalization 
in field theory, the use of dispersion techniques in particle physics 
and the very beautiful topological soliton solutions in gauge theories. 
Fortunately, some of these subjects are well covered by the well- 
known books of Bjorken and Drell and the recent volume by Itzykson 
and Zuber. 

Many people have given me valuable suggestions, and I wish to 
thank in particular N. H. Christ and A. H. Mueller. It would not have 
been possible for me to complete this volume without the essential 


assistance of [rene Tramm. 


Nene T. D. Lee 


July 198] 
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], INTRODUCTION TO FIELD THEORY 


The main purpose of this course is to discuss particle physics. 
Because field theory, and especially relativistic local field theory, 
is the main theoretical tool for analyzing particle physics, we shall 
first give an introduction to this subject. As we shall see, through 
weak and electromagnetic processes, the local field theory has been 
found applicable at least to regions larger than ~ i cm. For 
smaller regions, while there still does not exist sufficient experimen- 
tal evidence, we shall assume that it is also valid, 

To begin with, let us discuss the dimensions that will be used 
in this book. Let [M], [L] and [T] represent respectively the di- 
mensions of mass, length and time, The dimensions of other physical 
constants can be expressed in terms of these three basic dimensions. 


For example, 


velocity of light c: [c] = ai 
2 
u = ull Planck's constant: [fh] = [MIL 1? P 
2t ; [T] 
fine structure constant a = Tae lel =i] 


in which e is the electric charge and [A] represents the dimension 
of A, 
The units of these three independent dimensions can be arbitrar- 


ily chosen. In our discussions we shall adopt the natural units: 


c=h=l. 
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Therefore, we have 


[M] =[L} , 

lesy = I) ) 

Any equation in physics, say A=B, must satisfy the require- 
ment that the dimension of A should be the same as that of B: 

[A] =[B]. This seemingly elementary requirement can serve the use- 
ful purpose of verifying the correctness of one's equations, especially 
after a long calculation. In the natural units, because there remains 

one dimension whose unit has not been fixed, say [L] , one can still 

use such dimensional considerations for purposes of verification. 

In the following, we denote a three-dimensional position vec- 
tor by T , and the components of a four-dimensional position vector 
by x) = tip for k=1, 2,3 and aati A vector in the Hilbert 
space (see p. 14) is represented by a ket | a>, or the corresponding 
column matrix (a); its conjugate is the bra <a | , or vay! The 


scalar product between two vectors | a> and | b> is 


<a|b>= ¥)'¥) = F 9%) ¥,6) 


where i denotes the Hermitian conjugation, * the complex conju- 


gation and the sum n_ extends over all the components of the ¥'s, 


Chapter | 


MECHANICS OF A FINITE SYSTEM (REVIEW) 


1.1 Classical Mechanics 
Let us first consider a classical system of particles whose gener- 
alized coordinates are q. (i = 1,2, «++, N). For example, N =3n if 
we have n particles in three dimensions. Suppose the Lagrangian is 
L = La 4) (1.1) 
where q. denotes the time derivative of q. The Lagrangian equa- 


tion of motion is given by the variational principle 
f 
3 pe tee ee (1.2) 
i 
in which & denotes the variation with the boundary condition 
§q. = 0 at the initial and final times, Hy and to. This is the well- 


known action principle, and it leads to Lagrange's form of the equa- 


tions of motion 


— a - et = (1.3) 


The generalized momentum P, is 


dL 
Ps = . (I 4) 
i 0q: 


The Hamiltonian of the system is then given by 


H(q,,p)= Led at . (1.5) 


4 INTRODUCTION TO FIELD THEORY 


The transformation relating L(q, P q. ) and H(q. 1 P ) is called the 
Legendre transformation, in which L is regarded as a function of q. 
and q. , While H isa function of q. and p. 

Quite often, we shall adopt the convention that repeated in- 
dices are supposed to be summed over. Thus, (1.5) can be simply 


written as 
From (1.3)-(1.5) one readily obtains Hamilton's form of the equations 


of motion 


ee inl 5 alas 
p. = aq, rr Ge = ae : (1.6) 


i ; 
1.2 Quantization 

Next, we shall discuss the quantization of the system. Assum- 
ing that the Hamiltonian H(q. ; p. ) is given fora classical system, 
in order to quantize this system we first regard 4, (t) and P. (t) as op- 
erators which satisfy the commutation relations 


[a.), p.@)] = 16, 


and 


(1.7) 
a), a6) = [p.¢), p(t) = 0 


in which [A, B] = AB- BA and 5 is the Kronecker symbol 


oe ig i= j 
5° (0 i Aj 


In passing from classical to quantum mechanics, each physical 
observable becomes a Hermitian operator, If we represent a Hermit- 
ian operator in its matrix form, then its matrix elements satisfy 


t ; 
= . = *) = (Ay. 
Rt = US = 4) 


where | denotes Hermitian conjugation and complex conjugation. 
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Thus we have 


i 


and H = H (ie) 


In classical mechanics the time dependence of q. and p, is 
given by Hamilton's equations (1.6), In quantum mechanics the time 
derivative O of any operator O(t) is determined by Heisenberg's 
equation 

[H,O@)] = -10@) . (1.9) 
By regarding H asa polynomial of q. and P., one can verify that 
Heisenberg's equation leads to the same Hamilton equations when 
O(t) = q. and Pp. . [ See the example below. | 

In classical mechanics q. and p, commute. Thus there can 
be ambiguities in passing from the classical Hamiltonian H(q. ? P;) 


to its quantum-mechanical form. For example 


gon 28 
H, =paqa+qp and =H, = 2papaqp 


represent identical systems in classical mechanics, but in quantum 
mechanics they correspond to different Hamiltonians. One may there- 
fore ask which form one should choose, The answer is that these are 
two different quantumr-mechanical systems, each having the same 
classical limit. Knowing the classical limit does not always imply a 
unique determination of the corresponding quantum-mechanical sys- 
tem, Fora realistic physical system, only through direct comparison 
between the experimental result and the theoretical analysis can one 


be sure which Hamiltonian form is the correct one. 


Example. The harmonic oscillator 
The simplest harmonic oscillator is one with unit frequency. 


Its Lagrangian is 


ee (G , gy 92 (4 =a") 
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f ee” 
p= oe=4a, (1.10) 


and therefore 
H(q, p) = 3(p*+q?) 


By using Hamilton's equations (1.6), one obtains 
= —— = p= and p=--—=-q. (1.11) 


In classical mechanics, the commutators between these functions are 
all zero. They are called c. number (for commuting) functions, 

To quantize the system we change all the above c. number func- 
tions to the appropriate q. number (for quantum) operators. By using 
Heisenberg's equation (1.9) we derive 

-~ip = [H,p] = élq?,p] 

= 4(q(qp - pq) - (pq- 9p) q) = iq , 


1.e., 

p == 
Likewise, we find 

RD nee ee, 
i.e., 

G) =e 


Thus, Heisenberg's equation gives the identical result as Hamilton's 
equations. 
To analyze the eigenvalue problem we introduce 
ee eee , (1.12) 
J2 
In accordance with (1.8), we have q= aU and p= al , and there- 


fore the Hermitian conjugate of a is 


a= = (qe ee (1.13) 


VO 
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We may solve q and p in terms of a and ail : 
q= te (ataly , (1.14) 
p = ai Geo (iS) 
VEE 
Because [p,q] =-i, we find 
as aa (1.16) 
Moreover, 


ala = 4(q- ip) (q+ ip) 


poe GiegeP al (pq 9p) a= =e, 
T 


which leads to H=a a+. Let 
Nzala, (1.17) 
then the Hamiltonian H can also be written as 
H= N+3 . (1.18) 
The operator N_ is non-negative since its expectation value over 
any state vector is an absolute value squared and is therefore > 0. 
We shall now show that the eigenvector | n> of H satisfies 
H} n> = (n+3)[n> (1.19) 
in which n_ can be any positive integer 0,1,2, --- . Furthermore, let 


| 0 > be the eigenvector with the smallest eigenvalue, i.e. 


H|/O>= 2/05 ; (1.20) 
then the other eigenvectors can be written as 
n 
Pe — (a I 0> (1.21) 


J/nt 
Proof. Let | > be any eigenvector of N: 
N|>= 2|> (1.22) 
where 2 isanumber, Because 


Na! = Alaa! = Aca aes 1) = PLANE? 1) (23) 
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and 


Na = alee = CELE Iie =a(N-1) , (1.24) 


it follows that Nal |>= (2+alt> and Na | >=(2-1)a | So 
Next, replace | > respectively by a | > in the first equation and 
by a | > in the second, After repeating this process n times, we find 
i" he 

N(a) [>= (24+n) (a) | > (1,25) 
and . A 

No ee (0 — ina ee (1,26) 

Now, if 2 # integer, by choosing in (1.26) n= integer > 2 
we would obtain a negative eigenvalue for N; that is impossible 
since, as noted before, N is non-negative. Hence 2 = integer, and 
according to (1.26) 

\0>= a’ | 
satisfies 

N]@s=0 . (1.27) 


Furthermore, zero must be the smallest eigenvalue of N. By setting 


2 


| O> in place of | > in (1.25), we find 


an 4n 

N (a) pos = nica} | @s 
where n_ can be any positive integer. Thus, (1.19) - (1.21) are 
proved, Let us choose the normalization of the state | 0 > so that 
<0 | O>=1. Then from (1.21) all other states | n> are also nor- 
folized: @< aie sale 

From (1.24) and (1.27), we see that 

Na|0> = -a|0> 
Since N is non-negative, we must have 

GOs = © : (1.28) 
In the coordinate representation p is -i a . Let b(q)=<q | Os 


) 
Equation (1.28) becomes 
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, | ‘ a ) ¥ 
av = Yom = 7 een 70 


which determines the solution #(q) oc occ . Therefore, not only 
does | O> exist, it is also non-degenerate. This completes the proof, 
According to (1.21) 
is eee ee (1.29) 
therefore al | n-l>=VJ/n | n >, which leads to 


| Me A [n-1> = flat [n-1>, 
en 
ait ayn |r ee (1.30) 


The operator N = alle is commonly called the occupation-number 
operator, Because of (1.29) and (1.30), a is called the creation 
operator and a the annihilation operator, 

In this example of the harmonic oscillator we may consider a 
space whose basis vectors are the eigenvectors | Os lS yee 


Due to the orthonormality of these vectors we may write 


i 0 
0 ] 

| O> = 0 r [1>= ) G 
: iy 


The corresponding matrix forms of N, al and a are 


6) 6) QO «e- 
6) ] O --- 
6) 6) 2D see 


(1.31) 
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Exercise. Repeat the same steps for a harmonic oscillator whose Ham- 
iltonian is H = > p*+%3kq? where m and k are constants, 
1.3. Some General Theorems 

Let H bea Hermitian operator in a linear space 

a ep = (0b) 74 ooo (1.32) 
where the basis vectors we form an orthonormal set. A vector | > in 
this space is sometimes called a state vector, or simply a state. We 


shall assume that the Hermitian operator H is bounded from below; 

Se: 
Se 

fixed constant c. Its eigenvector equation can be written as 


i.e., for any state | > the ratio is always larger than a 
H | a>= Ee. | a >, and its eigenvalues EY can be arranged so that 
(for a = 0,1,2, -++) 


E aes (e23) 


“insil| 
Since H is Hermitian, we can always choose 
SE [cS =e _ (1.34) 


for any eigenvectors | a> and | en > wor [al 


Theorem 1, The minimum of a is 


(i) EO alin | > can be any state vector, 
(ii) E pale | > can be any state vector that satisfies the con- 
straint <0 | >=0, 
(iii) E athe | > can be any state vector that satisfies the con- 
straints KO) Sec) [>= ce =en-l jo =o : 
Proof, Let 


E= Scie 
= a ’ 


and denote 
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To find the minimum of E we may consider the variation } — $+ 64, 


The corresponding variation in E is 


if fi i 
1 i t b'He | sp'>  Hley 

le ae H¥+ HB) - x 
pig wry wry yty 


zal [s¥' (H-E) 4 v' (H-E) 6Y] 
ply 


Set f= (H-E)*. If f=0, then clearly SE=0. If £40, we may 
choose 64% = ef where € is an infinitesimal real quantity. Thus, the 


above equation can be written as 


SE = = ef! 
poy 
The necessary condition for E tobe aminimum is SE=0 for arbi- 
trary 5%, Hence f=0, which implies (H-E)#=0. Since EQ is 


the smallest eigenvalue of H, (i) is then established, 


In (1.32) we may choose is | O>. Let us consider the sub- 
space tv. } which is spanned by all v, with i >1. By definition, 
all vectors orthogonal to | 0> are in this subspace, Furthermore, 
for any v. (i >1), H satisfies 


Sel sl | = eee 


Hence Hv. also belongs to this subspace a] . Now consider the 

Hamiltonian in this subspace. By following the same argument as that 

used in proving (i) we can establish (ii), and likewise also (iii). 

We call a set of basis vectors {| a>} complete if for any state 

vector | >, there exists a set of numerical constants { Cc } such 

akope 
Shree (kese 0S 

i) al 
moo 


where 


m 
[3 > S9| 55) eerie 
a=0 ° 
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Theorem 2, [If a Hermitian operator H is bounded from below, but 


not from above (i.e., for any real constant c there exists a state 

Seal 
< 

of all its eigenvectors {| a>} is complete. 


vector | > such that is larger than c), then the set 


Proof, Since H is a Hermitian operator, we can choose its eigen- 


vectors to satisfy (1.34). The theorem is obvious if { | a>} spans a 
finite dimensional space. We need only consider the case when 
{| a>} spans a space of infinite dimensions. 

Let us arrange the eigenvalues of H in the form (1.33). Be- 
cause H is bounded from below, by replacing H - H+ a constant 


we can set 


Ey > 0 
Let us choose Ca<a | >. Consequently 
m 
eS = [S- y @ijar. 
a=0 


satisfies 
<a» = & when a<m 
From Theorem | we have 
OR UE Roe 
———_".. » — 3E (1.35) 
<R | R > 7 mt? “im * 
m m 
Because H is not bounded from above, it follows that 


En =o when ies co ae (1.36) 


In addition, 
<R |H|R >= Cl eo) H (>=). G2 >) 
=< (6) | 2 ie ca Mok 6. < | C*C.<a|H|b> 
a b a,b 


where the sum extends over a and b = 1, 2,--, m. Since | ae 
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and | b > are eigenstates of H, this leads to 
<R_|H| ees | >= \ Po C Gre t 3 CHC E 


<|H|>- 2 G6 a Ec. 


which is < the first term < | H | >, since the second term ’ 


- » C, Ce EL is always negative. Thus, by using (1.35), we find 
1 I 
<i eK ae ala i < ee clues (1.37) 


Because < | H | > is independent of m and < Re | RS > 1S positive, 
by using (1.36) we obtain 
<R_|R >= 0 when i) => (ee 
me in 


This establishes Theorem 2, Therefore the set of all eigenvectors of H 
can be used as the complete set of basis vectors in the Hilbert space, 
The following are a few examples: 
(() H=3p? + V(x), in which V(x) has a lower bound, 
In the x-representation p? = - = . Choose 


Ley 
let eee ; 


then, when A> 0, 
2 

Hence, H is bounded from below but not from above, The set of all 

its eigenvectors forms a complete set of functions, 

(ii) Consider a circle in a two-dimensional space, Vet JH) = p - 


2 
=- 7-5 where 9 is the angular variable which varies from 0 to 2n. 


dp 
Let | m > be an eigenstate of H. In the o-representation, 
we may denote ee (p)=< 9 | m >, which is a periodic function of 
p. The solutions of the eigenstate equation, H oe =m? se , are 


a | ae 


where m= 0+!I, 
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From Theorem 2 we know that, except for a set of points of zero meas- 


ure, any function f() can be expanded in terms of these eigenfunc- 


fo) = LC ane 


This is the main content of the well-known Fourier theorem. 


tions: 


(iii) Next, we consider the surface of a unit sphere in a three-di- 
mensional space. Let H=~-V7? on the surface; i.e., in terms of the 


spherical coordinates 


Hose! eo =e 
“sin ® a0 00 i 8 da 


sin 


The eigenfunctions of H are called the spherical harmonics 


Maes o) which satisfy 


pee) L(t al) Mi ye Nee (1.38) 
where 2 =0,1,2, «++ . The o-dependence of ee is 
imo 
ere oc e (1.39) 


with m=0,+1, 42, -- +2. Theorem 2 tells us that, except for a set 
of points of zero measure, any function f(®, @) can be expanded in 


terms of Y 


Qm 
(9) = FC, ¥, (2, 4) 


Equations (1.38) and (1.39) determine Y up to a multiplicative 


Qm 


factor. The usual choices are 
zal = Sane Lig 
Y0,0 Fire: vg = /e sin @e . 


Y10 = /3 cos 9, etc. (1.40) 


The application of Theorem 2 is quite general. The space 


spanned by such a complete set of vectors is called Hilbert space. 
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Problem 1.1 Let H be a Hermitian Operator that is bounded from 
below. Arrange its eigenvalues EO P E , °°? and the corresponding 
eigenvectors | Oe, | 1 >, ++ in the order given by (1.33). 

(i) Let | b > be an arbitrarily chosen vector, Define Fb) to 
H 


be the minimum of S ee here | > can be any vector that sat- 
isfies <b | >= 0. By varying | b >, prove that the maximum of F(b) 
is EF , the second lowest eigenvalue of H. 
Hint: To find F(b), consider the vector 

<li S ORS = Saltese. 

(ii) Let |b, Se 


b, | b > be n arbitrarily chosen 


linearly independent vectors, Define F(b, P b, cor b.) to be the 
glee 


— | > 
<b, | S=< ia, >= + | >=0. Prove that the maximum of 


minimum of where | > can be any vector that satisfies 


iG baa b ) is E ’ (maximum-minimum principle) 


I 2 
Problem 1.2 (i) In the above problem, suppose a constraint C is 
imposed on all state vectors, Correspondingly, all eigenvalues and 
eigenvectors will be changed: E> E. and | n>- | n'>. By 


applying the maximum-minimum principle, prove that E. < E£ 


i] 
0 Oe 
EE ice << Est, *. 

n n 

(ii) Consider the vibration of 
a membrane with a fixed boun- 
dary B . The characteristic 
frequency wo is determined 
by = Vi or= wo where the 


vibrational amplitude 9 is 


zero at the boundary. Arrange 


these frequencies in the order 


Figa 1. 
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0 < | < % < +++. Impose the constraint that is also zero 
inside a closed curve C within the membrane, as shown in Fig. 1.1 ; 
correspondingly, the characteristic frequency a is changed to ws : 


Show that w a forall n. 
n n 
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Chapter 2 


THE SPIN-O FIELD 


2.1 © General Discussion 

Now we turn to the quantization of a local field theory. Let 
o(x) be a local field where x =x = (r, It) sts, x =r for 
i= 1,2,3 and x,=it. If, under the Lorentz transformation > is 


4 
invariant, then we call it a spin-0 field. In addition, we call » a 
scalar field if it does not change sign under the space inversion; 
otherwise, a pseudoscalar field. Let us begin our discussions by con- 
sidering a Hermitian field: 


gx) = 6(F, t) = o'&) 


We may first enclose the whole system ina finite rectangular 
box of size Q, and assume 9 to satisfy the periodic boundary con- 
dition, and then in the end let Q—> a. It may be emphasized that 
this particular procedure is no less physical than that in which Q is 
set to be infinite at the beginning. For all we know our universe may 
well be finite, since within the present experimental degree of accu- 
racy in particle physics it is not even remotely possible to determine 
its size, let alone its boundary conditions. Therefore, different routes 
allowing Q to go to infinity should lead to the same theoretical 
result. 


Let the Lagrangian density of the system be 


IZ; 


18. INTRODUCTION TO FIELD THEORY 
= 1799 : 
f= 93 se Oe (ay) 
*u 
in which, here as well as in later discussions, the repeated index y 


is summed over from 1 to 4. Therefore, in the above expression, 
2 


ao _ dao oie ae sy a ‘9 
(ae) = = VG) ieee 
Ox, JES, Oxy, 
The Lagrangian L is given by 
L=fedr = f (elt), oF N)dr , 2.2) 


which is regarded as a functional L(9, $) of o(r, t) and its time 

derivative o(r, t). By comparing it with (1.1), we see that  cor- 
responds to the generalized coordinate with $ the corresponding ve- 
locity. The main difference is that while in (1.1) the index i is dis- 
crete and of finite value, in the case of a field the corresponding in- 


=e 
dex is _r, which is continuous and has an infinite number of values. 


Fig. 2.1 Division of Q into N tiny cubes, each of size + 


For convenience, we may divide 9 into many small cubes of 
size +t, as in Fig, 2.1. Let the value of o(r, t) in each particular 
small cube + be represented by o(r, t= >. (t) where fe is the 
coordinate of any arbitrarily chosen fixed point in this little cube. 


Set q. (thar >. (t) . Equation (2.2) will now be written as 
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L = oR $2.49 EY oY (yar 


a 


Nil 
=o 


e05 
T 


where the ++ ae terms independent of q; . Therefore the cor- 


responding generalized momentum is 
3n@) Se Se é.¢) = We oi) (2.3) 
When + +0, by using (1.5) we find the Hamiltonian to be 
= 2} p4,-b = f14?+3(V9)?+ W(o)] Pr. (2,4) 
J 


According to the general rules of quantization 


[p.(t), 9; ) = 1555 FF 


we have a = Ben 
[T(r., t), o(r., #)] = ots ’ 


which leads to, when + — 0, 


(GO Co) ence coe. (2.5) 


where a (r-r') is the three-dimensional Dirac 6-function, The 
definition of the 6=function is 


EcueoO. lif tee « 


7 


and 
fO(r-ryd = 1 
in which the integration extends over any volume that includes the 


point r'. In (2.5) both points r and r' are assumed to be inside 


the box Q. Likewise, because [q.(t), 9; = [p.¢), ptt) | = 0, 


[o(r, 1), or, )] = (T(r, 1), TH, 1 = 0. (6) 
The equation of motion of the field remains given by the same Heisen- 


berg equation, (1.9). By setting O(t) to be o(r, t) in (1.9) we find 


[H, o(r, t)] = -ig(r,t) . 
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On account of (2.4)-(2.6) we see that the lefthand side is -i T(r, t), 
and that leads to 

WG = Gt) (2.7) 
in agreement with (2.3). Likewise, by setting O(t) = T(r, t) in 
Heisenberg's equation (1.9) we have 

Cue = ane (2.8) 
Now, (2.5) can also be written as 


3-- 
r- 


lotr, t), Te, t)) = re (r-r) = 7 See 


So(r', t) 
where, in the variational derivative of the last expression, we may 


regard 


g(r, t) = ff ena o(r', t) dr 


Consequently, 


= 6H dV 
[H, T(r, t)] = i ——— = i(-V?2o+ —) , 
gee” SCT, amis 
which, together with (2.7) and (2.8), gives 
ms dV 
- V? sa = ae 
pos (2.9) 


The same equation of motion can also be derived by using the varia- 
tional principle 

6 fiat es eae eee (2.10) 
Of course, this is not an accident. The underlying reason is the same 
as that discussed in Chapter 1 for a finite system. 

Thus we see that the quantum field theory is merely an exten- 


sion of the ordinary quantum mechanics of a finite system to an infi- 


nite system, 


2.2 Fourier Expansion (Free or Interacting Fields) 
At any given time t the operators o(r, t) and T(r, t) can 


be expanded in terms of the Fourier series: 
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> 1 iker 
ofr, t) = 2% A —-(t) a) 
Gr 4k 
and be ee 
Mr, = 2, mT p eit) (2.12) 
eS 


in which qq) and prt) are time-dependent operators in the Hil- 


bert space, and components of k are given by 


27 be rf 
kk= — , iS ee (2.13) 
= 0, eee (2.14) 


i} 
and L L, : L, are, respectively, the lengths of the three sides of 


the ia: box Q. The validity of this expansion depends only 
on the completeness property of the Fourier series, discussed in the 
last chapter, [ We may view the operators o(r, t) and T(r, fleas 
matrices; each of their matrix elements is a c. number function of r 
and t which at any given time t can be expanded in terms of the 
Fourier series, and that results in the above expansions, ] Since © 
and TI are Hermitian operators, i.e., o(r, t= ale t) and 
T(r, t f= Wit ve we have 
qz(t) = q Tw), prt) = pit) . (2.15) 

Let us ee 

= /2 @etipg) . 2.16) 


where 


w = Vk2+ m2 (2.17) 


and m isan arbitrarily chosen real parameter. Because of (2.15), 


the Hermitian conjugate of ar tt) is 


foe Suk 
ote = /% @g-tpp) . (2.18) 
By changing the sign of k we obtain 


Goo Gee PL) (2.19) 
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From (2.16) and (2,19) we may express qc and p (> in terms of a= 


k k 
and al 5 
T 
q-(t) = la-(t) + a =(t) ] 
k Wom k -k 
and 
pot) = — [apt - a ptt)] 


oe [art) ALE a(t) Se fe ony 


2iw@Q 
and ne a. 
T(r, t) = YE fap AST ot) Se ai: 
/2w 


Next, we observe that on account of (2.13) and (2.14), 


aly, Gile or e 


dr= oT Te (2.22) 
which is 0 if k #k* and is 1 if k =k’. Therefore, from (2.11) 
and (2,12) we have as. 
grt) = —L fel off, thar 
JQ 
and a 
Se CnC ae 
JQ 
which leads to Be a: 
igor gal =e a [iret ene a) le eae 
k k Q 
By using (2.5) and (2.22) we find 
[prtt), ad} = = (Sr ; OE. 
Likewise, by using (2.6) we have 
lar), ac)} = (pet), pp @)) = 0 . (2.24) 


These expressions enable us to derive the commutators between the 


ac 's and ob ‘5. From (2.16) and cee reyarar alton sine 
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ort), a8 t)] = 62, 


k lee 1 , 
lot), a7.) = foh@y, ok) = 0. (2,25) 
Remarks 


1, We may reverse the above proof by starting from the commuta- 
tion relations (2,25) between the ar 's and of 's , and then estab- 
lishing the commutation relations (2,5) and (2.6) between » and TT: 
From: (2,25) and the Fourier expansions (2.20) and (2.21), we can di- 
rectly derive (2.6) and aes 

[M(r, t), 9(r', t)} = i Dae eleron) (2.26) 
Furthermore, we observe that for + and r' within the volume OF 
the function & (r-r') may be expanded in terms of the Fourier 
series: 


leet 
e 


=> 3 =f = > = — Bers 
Ce (F) =; d°r é iker Som 2 1 ‘ ik ; 
VQ JQ 
and therefore ee oy 
6 pe » a entree’) ; (2.27) 


Substituting (2.27) into (2.26), we obtain for r and F' within the 
volume Q 
[T(r, +), o(r', t)] = -168G-7) 

which is (2.5), So far, r and r' are restricted to points within Q. 
In the limit Q—a@, the above expression becomes valid everywhere, 

2. When Q- a, we may replace the sum over k_ vectors by an 
integration: 

1 1 


TS) = sek, (2.28) 
k 
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This can be proved by using (2.13) and observing that, in accordance 
with (2.14), the parameter Q. runs over the discrete values 
--, - 2, - 1, 0, 1, 2, *** with a spacing 

lee (2.29) 
therefore, the corresponding variation in k. is 


2 2a 


Because of (2,29), (2.30) and Q= L, L, L, we may write 
] s ] y 1 
— ) = — » Al. Al, Alea u—. Le Ae ee 
Q c Q rE i Z 3 Bao iE 1 2 38. 


When L. > am, we have Ak.— 0. Hence the above expression leads 
fon(2, 29). 
In the same limit Q—> a, Eq. (2.27) becomes 


eG-m) = ee (2.31) 
8a 


While (2.27) is valid only for r and r' within the volume Q, the 
above formula is valid for arbitrary r and r', 

3. We note that the validity of the Fourier expansion (2, 20)-(2, 21) 
and the commutation relations (2.25) is independent of the detailed 
form of the Hamiltonian. Thus in (2.4) the function V(o) canbe of 
arbitrary form. If V(o) is a quadratic function of 9, then it isa 
free-field theory, otherwise not. Furthermore, the parameter m_ in 
(2.17) is as yet completely arbitrary. 

This situation is analogous to the quantum mechanics of a finite 
system of particles, as discussed in Chapter 1. There, the choice of 
the generalized coordinates q(t) and the generalized momenta P. (t) 
can also be made independently of the detailed form of the interac- 


tion potential between particles. 
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2.3 Hilbert Space (Free or Interacting Fields) 
Without any loss of generality, we can write 
V(9) = $m?9? + Of. (9) 
where m is the same parameter introduced in (2.17) and vf, is sim- 


ply defined to be 


ee VO) = 2 ib. ame (2.32) 
Thus the Hamiltonian (2.4) can be written as 

H = Ho tp oe 34) 
where 3 3 
oy Ho =f Hod ieee nh = LHe dr (2,34) 

Pe azul V0) = cima bo) 
Through partial integration Ho becomes 

rly = Tees Vem vail dr : (2:35) 
By using (2.17) and (2.20) we find 

ker -ik+r 


(-V24m2)o = ) 
k V20Q 


Upon substituting this expression and (2.21) into (2.35) we have 


Lay(t) e ain(t) ¢ lem 


—_ 


Ho ee b w (ar of +o aj) = ‘y o(a a, + 2) . (2.36) 
k 


From the example discussed in Section 1.2 we know that the eigen- 


values of 
Ne = of ar (2,37) 
are ne = 0,1,2, -*- . Hence the operator » wor ay is one that is 


bounded from below, but not from above, The totality of its eigen- 
vectors forms a complete set, and it spans the entire Hilbert space of 


this system. These snes in properly normalized, are 
] fee 
k 


lies, a |0>, of a |O> if k #k', iia 


cs 
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where the state | O> satisfies 


a |O>= 0 forall k , (2.39) 


The lowest-energy state of Ho is | 0 >, which will therefore be 
called the vacuum state of Ho . Similarly, we sa call of | @s 


the corresponding one-particle state and a | O> the on par- 


aay 


ticle state, etc. Because = commutes with qj, we have 
fi t 
aj of | 00> ap, Op a | OS™: (2.40) 


Consequently, these particles automatically satisfy Bose statistics. 


Remarks 

1. As emphasized before, so far the parameter m in (2.17) can be 
arbitrarily chosen. Different m values give different ar 's and of 's 
in the expansion (2,20)-(2,21), and therefore different basis vectors 
(2.38) of the same Hilbert space. Consequently, a change in m im- 
plies a canonical transformation between the ap 's and the of "Sa 


2. If tm(2-33) ee is 0, i.e., the field is free, the correspond- 


ing Hamiltonian becomes 


H = Hy = 4S [112+ Me See oe ere. (2.41) 


Now, set the parameter m in (2,17) to be the same one as above. 


We have in accordance with (2.36) 


= fh, = 2 oof oc +h). (2,42) 


By using Heisenberg's equation (1.9) and setting O(t) = ay and of, 


we find i : a 
aj-(t) oe” and aj (t) oc el!” , (2,43) 


which is valid for a free-field system. Since a change of the Hamil- 
tonian from H > H+ a constant does not alter the dynamics of the 


system, we may replace (2,42) by 
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HoH = 2 0 of op, (2.44) 


—> 


k 
Consequently, the energy of the vacuum state defined by (2.39) be- 


comes zero. 

on lf H. nen Os then the time variation of aj-(t) and of () will 
in general . much more complicated than (2.43). Suppose er there 
is no bound state in the system. Because of Lorentz invariance, the 
spectrum of the total Hamiltonian H = Ho + Het must be given by 


(apart from an additive term which can be chosen to be zero) 
yn 


ee: 
where Brive (k 2 + 


k eave (2.45) 


1 
ZB 2 a ae a Onc 
ine. and ny Onl2 . By definition, 
Beiys is the observed mass of the physical particle in the system, It 


is convenient to choose in Ho the parameter m tobe m avs : 
this case the spectrum of Ho , given by (2.44) is identical to ee of 
H, given by (2.45), As will be discussed in Chapter 5, this choice 
eae (2,46) 


in Ho brings great convenience to making the perturbation series 


mM = 


expansion in powers of Het 
4, The discussion above can readily be extended toa system of n 
Hermitian fields y+ Por cat a The corresponding Lagrangian 


density can be written as 


n ao. 2 
c= -2 | acgiysimtet]-vieQn aan 
i=1 r 


where >. = 9. and ‘i=1, 2 -,n. Inthe case that n=2 and 
m, =m, =m, we may express the above Lagrangian in terms of the 


complex field 


a a (p) +i ,) (2.48) 
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and its Hermitian conjugate 


| eae iss = 
o> = oe (2.49) 
Accordingly, (2.47) becomes 
ir 
i) ) 
== an a See 9! = en oe (2.50) 
ee 


Problem 2.1 Show that for a free Hermitian field 
[o(r, t), ofr, #)] = -iD(x-x') 
where x = (r, it), x'= (r', Tey 


Dicom asc ee ae een 


wo = Vk24+m? , 


Furthermore, prove that D(x) satisfies 


and 


a2 
G) (2+ ve -m2) Dm) = 0, 
(ii) D(x) 0 oly tp = 10) 
Pees St) ch aS © 


Reference 


G. Wentzel, Quantum Theory of Fields (New York, Interscience 
Publishers, Inc., 1949). 


Chapter 3 


THE SPIN-1/2 FIELD 


3.1 Mathematical Preliminaries 


We first introduce three 2 X2 Pauli matrices 


=i" 2 2 (7 aie) = 0 
AUR ESC SE WY) cuca: A ee 


which satisfy EU) 
en 
Tee or 
Ives ty] = ea aioe = Sak F (3,2) 
lana ae = 7. a; aes oo @G.3) 
where 6.. is the Kronecker symbol used before, and 
1, if ijk is an even permutation of 1, 273) 
deny = ium 1, if ijk is an odd permutation (3.4) 
J 0, otherwise, 


Quite often, we use the vector notation 

7 = (aii ee) 
Throughout this book,-we denote the commutator and anti commutator 
between two matrices a and b by [a,b] =ab-ba and {a,b} 
= ab +ba respectively. 

Next we introduce the definition of the direct product Ax B 


of an nxn matrix eg Aer! times an mxm matrix B= (B 


bb! Ip 
22, 
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(Ax Bh, ab! = ae, Bb! (3.5) 
where the aula ae a,a' can vary from 1 to n_ and the subscripts 
b, b' vary from 1 to m. Thus the matrix Ax B is of dimension 
nm x nm. One can verify readily that if matrices A and C are of 
the same dimension nxn and if matrices B and D are also of the 
same dimension mx m, then 

(Ax B)- (Cx D) = (A+ C) x (B-D) , 
where the dot denotes the usual matrix multiplication. 

The Dirac matrices o and 3 are 4x4 matrices which can 
be expressed as the direct product between the 2 x 2 Pauli matrices 
(3.1) and the 2x 2 unit matrix I: 
| oaTxl 4 0 = Ix : (320) 


r 


Consequently, ‘we have 


a = & 7) : (3.7) 


and 0 = (py 1 Por P3) is given by 


(8) (oar) ales 10 
aa [On ee? i uO Ny al 


The o and o matrices satisfy the following relations: ee 
aad ee 
P; Pi ae os oe ’ 
lp; sp] = ee ere (ha Op gn, : 
- _ Ga) 
tpi + px} a eae = Zo ’ 
Furthermore, we shall define 
a= py ; B= P37 (3.10) 


Yi = ~ipa, = Po oS and ‘4 = B = P3 . (3.11) 
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These matrices satisfy 


i t fl 


a: = ars B = B ’ Ur zs yy ’ 
lee | = Lee y. | = 2ie,., 6 p 

rer aga ijk k @.12) 
las, a; } = a8; , las, B} = 0 


and 
iy py. | =" 26 
me’ bY 


In the above, as well as later on, all Roman subscripts i, j, k vary 


from 1 to 3 and all Greek subscripts ,v, vary from 1 to 4, 


3.2 Free Field 


The Lagrangian density of a free spin-3 field is 


Sel 6) 
“free ~~ * 14%, Ox, ue (3.13) 


where ¥ isa 4x1 column matrix. (In the quantum theory, each of 
its matrix elements is a Hilbert space operator.) 


If & were a classical field, then from the variational principle 


6 ffldx=0, 
we have 
ce] 2 


which, because of 3.11), can also be written as 


(-ia-V+gm)} = ib . (3.15) 
We observe that Eq. (3.13) can be written as 
c= ielpe G.16) 


where the -+* term does not contain ¥. Let ¥, be the yi com- 
ponent of the 4x 1 matrix ¥, where X= 1, 2, 3, 4. By regarding 
Ge t) as a generalized coordinate, we see that its conjugate mo- 
mentum is, on account of (3.16) 


NO 5, t 
P(r, t) = ah iv (r, fae (3.17) 
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The corresponding Hamiltonian density is 


a a ee r) 
Heese uO) ue een aaa 


free 


which, because of (3.10)-(3,11), can also be written as 
a-V 


#. = 6' (22 Famiee (3.18) 


free ‘ 
3.3 Quantization (Free or Interacting Fields) 
We first generalize the above discussion to systems with inter- 


actions, The Lagrangian density is now given by 


= + 
“ ree en 


(3.19) 


where Le oe remains given by (3.13). If the system consists of only 
the ¥ field, then fe = ft wh, if there are additional fields, 


such as », then c. = £4 (Y, yt &, 6). We shall assume that 


t 
fet does not contain ap/ dx . Consequently the conjugate mo- 


mentum of (r, t) remains given by (3.17). The corresponding Ham- 
iltonian density can now be written as 

7 at ae at (3.20) 
where He oe is given by (3.18) and *. = = yl) if the 
system consists only of the field. If there are additional fields 
suchas >, then 8. = 2€. (0, 1, 9, TT), where TI is the 
conjugate momentum of 9. 

Now we turn to the quantization problem. Following Jordan 
and Wigner, the quantization of a spin-+ field differs from that of an 
integer-spin field by the replacement of all equal-time commutation 


relations by anticommutation relations; i.e., 


(A) = ie FP )6, , 


(¥ Cr, t), Wr, t)} = (Or, t), P(r, t)} = 0 
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Because of (3.17) these relations can also be written as 
fe (r,t), ol, t)} = OF -M)6. | (3.21) 
yu r uA 
¥ (,), HO} = 1G, 1, OF, yy =0. @.22) 
uu d rm r 
The equation of motion remains given by Heisenberg's equation (1.9): 
[sf Ayam Ot)] = -1 Of) 
In the case of a free field, by setting H= f He oe ai and 
O(t) = %(r, t) we have 
‘ 3 ae 
[fu ore) = -i9 (3.23) 
On account of (3.21)-(3.22), we have, for any 4x4 matrix [ 


whose matrix elements are c. numbers, 
Cy ort roe) dr, % G1] 
Q l= ad > 
pore Cnt (hit ho Gr) ey def 
Pero I ele NG = 
Sein, on pF) e a ,t)) 
S drt (-4 1, 1) Ve ¥ (61) 0) 7 
~ ¥ (r,t) Dt pie) Hi oi) 


r 
(3.24) 
Consequently, for the free field, (3.23) gives the same equation of 


~f ar date 8-H) vt) = (-r 9G, 1) 


motion (3.15) for the operator ¥ : 

(-ia-V+pm)¥ = id 
Likewise, we can show that in the case of interacting fields Heisen- 
berg's equation also leads to the same equations of motion as those 
given by the variational principle 6 f £ ae = 0. 
Exercise. Show that 

i yen) r ¥(r',t) ve pees ees r'Y (r,t) Aud 

= f Wn Or, 71 40,8 dr @.24a) 
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where [ and [' are both 4x 4 matrices whose matrix elements 


are c, numbers. 


3.4 Fourier Expansion (Free or Interacting Fields) 
Just as in (2.11)-(2.12), at any given time +t, the operator 
V(r, +) can be expanded in terms of the Fourier series: 
el Per 
JQ 


In the above expression S(t) is, like Y(r, t),a 4x1 matrix with 


(3.25) 


Ni) =), Sy 
p Pp 


its matrix elements the Hilbert-space operators. The only difference 
is that, unlike Y(r, in) au) is independent of T. 

Let us regard the 4x 1 column matrices as vectors in a 4-di- 
mensional space, called spinor space. For a given p it is convenient 
to introduce the following set of c. number. basis vectors u_, and 


f 
v —+_ inthe spinor space. These vectors satisfy 
p 


aes oe ae 
' = ' 
(a-p + Bm) ell fe es (3.26) 
and “P;S “P,s 
Se = a i te 
o-p =e y (3.27) 
“Pres =p, s 
where 
s Slee Se (3.28) 
pe Rk 
| * | 
and the parameter 
s=+3 (22) 


is called helicity, whose physical significance will be discussed in 


Section 3.7. We shall normalize these vectors so that 


ot us 2 yy eee (3.30) 


Pys P,s Ses ice 
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Atagiven p, the 4x4 matrices (g-p + Bm) and o. p are both 
Hermitian, According to (3.26) and (3.27) the four vectors u_. and 
agape with s=+4 are eigenvectors of these two Hermitian een 
with different eigenvalues. Consequently, these four vectors are or- 
thogonal to each other; because of (3, 30) they form a complete ortho- 
normal set of basis vectors in the spinor space. The >a (t) in Eq. (3.25) 
can be expanded in terms of this set of bases: 


_ i 
Se = y (oe) oe ae A) vee) (3.31) 


g=+ —Prs 


Nl~ 


where the coefficients ae s(t) and pl a: are Hilbert-space oper- 
ators, cael (S525) BA (3.31) we a 


ee - 3 (2.5) uae elPT Bem oe 
ohh p, S P,s tf v (3.32) 
Its Hermitian conjugate is 
ce ee ye Gycltenbt y Gamalenmip fe 
OG wee P,s P,s eee 
Re (3.33) 


From the anticommutation relations (3.21)-@.22) we can readily verify 


_ il Z 
Wasa eee - Toe ee Fei ¥ oa pie t 
a> a> = an > = .34 
(or, oO) = tbo, bo} = 0, G34 


We is. 0, bh a(t)} = 0 


As noted before, any function of r can be expanded in terms 


of the complete set { Ee BI , and any 4x1 column matrix in 


the spinor space can be expanded in terms of the four orthonormal 
basis vectors: u+ |, and v -, , where p is fixed. Consequently 
Pp, =o Sai, acy 


7 tA 
the expansion (3,32) is valid for the free, as well as the interacting, 


field, 


For the free-field case, the Hamiltonian density is given by 


36. INTRODUCTION TO FIELD THEORY 


ut = ai free = of (18-9 + Bm) +. (3.35) 
By substituting (3.32) into the above expression, we obtain 
ws = cee i/ : i 
ol Say gee b= 2 (Fs “ps Ss 6,5) Ep 


= y. veel a— ea fall be -1)E ° 
p,s PrS Pes PrS Ps Pp 


(3.36) 


Since a change H > H+ a constant does not alter the dynamics of the 
system, we may drop the - 1 inside the parentheses in the above for- 


mula, The Hamiltonian @. ss is then replaced by 
T 


A Re 


By using Heisenberg's equation (1.9) and by setting O(t) = ay ate) . 


we have for the free-field case 


see (0) = (hl. G80 = = fice). 
ee 25, s(t) p “Bs 
and therefore 
-iE ft 
eae o e P ., (3.38) 
Likewise we can derive 
-iE ft 
Pa OC pels r ames (3.39) 


In the case of an interacting field, the time-dependence of a tt) 
f 


and De tt) will in general be more complicated. 
lA 


Exercise. Show that 


» U— ei B = ptm A 

5 P,S P,S 2p 

» o. vi = Beal r 

5 P,5 P,s PO 

i trace (KB) = - (A-B) = A,B Sey : 


0-0 
a trace (K BZ) = (A.B)(C-D)-(A-C)(B- D)+ (A- D)(B- C) 
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where A, B, C and D can be any c. number 4-vectors, 


K=-j ar , an ese, B,=iBo, ete. 


3.5 Hilbert Space (Free or Interacting Fields) 
Just as in (2.38), the Hilbert space is spanned by the set of or- 


thonormal basis vectors: 


jos, Belts Glos oh a oe 
p,s Ps P,S p,s 
aL aio oe bl i Loe (3.40) 
PrS P +s ae 


where the state vector | O> satisfies 
a> |0>=0 and bs |0>=0 (3.41) 
P,s P,s 


forall p and s. In order to analyze the structure of this Hilbert 
space, we must first discuss some elementary algebraic properties of 


these anticommuting operators a 57 oc : and their Hermitian con- 
f , 


jugates, 
(i) We first discuss the case of a single mode. Let a and ail sat- 

isfy the following anticommutation relations 

{a,a'} = 1 : (3.42) 
oe epee = al an = 0; 
the latter can also be written as 

a?= (at) = 0. @.43) 
Let us define 

NS ala : (3.44) 


Because of (3.42)-(3,43), we find 

Na Alc ie = mG wae =N, 
which implies that the eigenvalues of N can only be 0 or 1. As- 
suming that N does have an eigenstate, denoted by | 0 >, with the 
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eigenvalue 0: 

N|O>=0. (3.45) 
Then it follows that 

Nal | O0> = ataal| O> = al Geena) | 00> = a! bs. 


By designating (3.46) 
seco. (3.47) 
we can write (3.46) as 
Nike = lS (3.48) 


Thus, the existence of the eigenstate | O> implies that of | ioe 
The converse is also true, since from (3.47) we can establish 

he ae. @.49) 
Therefore, both eigenstates exist. Furthermore, because of (3.43) we 
have t 

a [iss 0 atl ajO>se . (3.50) 

These two eigenvectors | 0> and | 1 > span a two-dimen- 


sional Hilbert space. We may represent 


|o>=(4) and Gee (3.51) 


ii 


The operators a, a 
a = (0 
0 


0 
12 9)= soy 


where TTI T and Ta are 2x 2 Pauli matrices given by (3.1). As 


and N can be expressed in matrix form: 


] - 
7 = is = a(t, +i7,) f 
0 


in the case of the boson field, we call N the occupation-number op- 
erator, a the annihilation operator and all the creation operator. 


(ii) Next we consider the case of two modes. There are now two 
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annihilation operators q, and a, i their Hermitian conjugates form 
two creation operators, These Operators satisfy 


{a., a!} = 6.. 
:  e (3.53) 
Oe al ig, a=. 

! J ! J 
where i and j canbe 1 or 2. We may define 


and 


ees! aa i 
Ny = a) a and N, =a, 4, . (3.54) 
Because of (3.53), Ny commutes with N, . By following an argu- 


ment similar to that in case (i) we can show that the eigenvalue of 
each N. can be 0 or 1. Thus, the eigenvalues of the set (N, : N,) 
Camber (00) Fa (1.0) (Ol and <1) 1), By regarding the corres- 
ponding eigenstates as the basis vectors, we form a four-dimensional 


Hilbert space. In this space the matrix representations of N, and 


No 0 0, 
y, = ( oy w= ee (3,55) 


The corresponding matrices for a. and ail may be given by the fol- 


lowing direct products: 
(3.56) 


where I isa 2x 2 unit matrix, In explicit form, (3.56) can also be 


itt 
written as 0 


Te F nae!) 
«= (; _) : eI = _) ‘4 


(3,97) 


By using (3.56) one may verify directly that the anticommutation re- 


lations given by (3.53) hold. Furthermore, the matrices Ny and 
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No are given by (3.55). 

(iii) The above considerations can be readily generalized to the 
case of n modes, The anticommutation relations have the same 
form as (3.53); i.e., 


eee en. 
a! "J (3.58) 


except that i and j can now vary from 1 to n. By induction we 


can generalize (3.56) to 


os eee ne se a ee I) eae aaa 

Pie Gane ae te die 
7 (3.59) 

oh = iy ta ae eee r i er gt a Oe 


in which the expression for ay contains n- 1 factors of I, that 
for a, n- 2 factors of I, etc. These matrices in (3.59) can be 

easily seen to satisfy the anticommutation relations 8.58). Further- 
more, the operator 


N= Hal a. 


has the eigenvalue O or 1, where the subscript i can be 1,2,--*,n. 


Remarks. In the general case, the Hilbert space is spanned by the 
basis vectors (3.40), in which | O> is called the vacuum state of 
H , which is determined by (3.41), Likewise, al | O> is 

free ‘ p,s 
called a one-particle state, Be : | O> a one-antiparticle state, 

. f 
an : at, Z | 0 > a two-particle state, etc. As we shall discuss in 

lA lA 
the next section, the subscripts p and s denote respectively the mo- 
mentum and helicity of the particle (or antiparticle), where "helicity" 


means the component of angular momentum along the direction of p. 
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Because of the anticommutation relations (3.34), we have 


| Os (3.60) 


P,S p,s 
which implies that these particles obey Fermi statistics, Thus, for ex- 
ample, when p =p' and s=s!' the vector (3.60) is a null vector, 


showing that these particles do satisfy Pauli's exclusion principle. 


Exercise. In the case of bosons with n modes, the commutation re- 


lations between the annihilation and creation operators are given by 


alae Sul iG 
! J 'y 


ia at = lel a Se 
! J ! J 


and 


where i and j vary from 1 to n. Show that the matrix forms of 


these operators can be written as the following direct products 


cll Xl eee 17 a,! = a Lx Ieee Te 
a = [XqX [Xx oor X Y peas [Xalx [x coe X Y 
2 a D ' 

i a ee f 
Ces | esl qe | See x 1 XG 
n n 


where a and au are given by (1.31) and I is an o x @ unit matrix, 


3.6 Momentum and Angular Momentum Operators 
Let us define the momentum operator P and the angular mo- 


mentum operator J ofa spin-z field to be 


Pie fol dr 1) Vat) der @,61) 
and - ; ae . 

eam, t) (2+ oo) (r,t) dc (3.62) 
where _ Aha ity 

Q= -irx V (3.43) 
By using (3.24), we find 

[Pe), o(r, t)] = i V(r, #) (3.64) 


and 
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—_ 


[Jé), ¥(r, t)\] = -(-irxV+ho) Wr, t) . (3.65) 
Thus, operating on &(r, t), P(t) acts as an infinitesimal displacement 
operator and J (t) as an infinitesimal rotation operator. [ See Prob- 
lem 3 at the end of Chapter 10. | 

By using the exercise given in Section 3.3 we can readily ver- 


ify that the components of P(t) and J(t) satisfy 


[P.(), P(t) = 0, (3.66) 
[J.(), J.(t)] = ier eo, (3.67) 
[P,¢), J, @)] = [PR tt), Jo(t] = [P,(t), J, ()] =) 
but (3.68) 
[P.(t), J-()] e if ee ae (3.69) 


where i and j canbe 1, 2 or 3, and Ea is given by (3.4). The 
above relations merely reflect the fact that the differential operators 


V. and ve commute, 


1 iL — iL 
a maT ar IG | a aek 
and while V. commutes with (r x Vv), , it does not commute with 
Ga) for j#i. 
If the system is a free Sela field, then the Hamiltonian is 


= f Kec ap r (3.70) 


see 


where He oe is given by (3.18), It is straightforward to derive 


LP), ioe! =O 


and one 
Ly He oe! = 0 

Both P and J are therefore constants of motion, In the case of in- 

teracting fields, the total momentum consists of P (t) of the spin-3 


field, plus the momenta of other fields. Consequently, conservation 


of total momentum does not imply that P(t) is a constant of motion, 
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Similar considerations also apply to the total angular momentum, 
We may express P in terms of the Fourier components of ¥, 
Let us substitute (3.32)-(3.33) into (3.61). By using (2.22) and the or- 


thonormality relations between the spinors u— , and v_._ we obtain 
Pr ’ 


Pe seal a> = b> ie) 
: PrS prs P,S p,s 


P, 
= (olen. . Sipe) 


Pye p,s pP,s p,s P,s 
Since Z p =0 due to symmetry, the above expression can be writ- 
Pp 
ten as 
rs =) ft i 
P = y Qo edo ee bo Ab P Oar 2 


For definiteness, we may consider # to be the electron field, and 


denote in the Hilbert space (3.40) 


Jes > = ak (+) | O> 


P,s 
and (3.73) 
ie a ee) Pos 
P,s P,s 


From (3.72), it follows that these states are eigenvectors of P : 


P| Os = 0 (3.74) 
and E a A ‘ 
P cee > = P | Crag ie (ey) 


The former can also be derived by noting that the validity of all our 
expressions from (3,40) on is independent of the Hamiltonian H, pro- 


vided that all operators are synchronized at the same time t+. Thus, 
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we need only consider the special case H = He oes Because of (3.71) 


and the fact that | 0 > is the ground state of H with no degen- 


free 
eracy, (3.74) follows. Likewise, we have 


Neos = Oe. (3.76) 
Next, we shall prove 


7 ie = = 
J-Ples >= |plsles.> (3.77) 


which, together with (3.75), means that p is the momentum of the 
state and the helicity s=+ 4 is its component of angular momentum 
along p. To see this, we take the Hermitian conjugates of (3.64) 
and (3.65) and apply them onto | O>. That gives, on account of 
(3.74) and (3.76) 


pt) el, [o> =-i¥, 8,8 |O>, 


s@) 0G, [o> =-G Tx Vets gets) Joo 
and therefore 


— 


F-PelG, +) [o> = itv eng [O>. 6.78) 


P,s VQ P, 
we obtain 
- P ee = = G 
J a> [as |p| sa» |0> (3.80) 
Identical considerations can be applied to bt e |O> . Equation 


(3.77) now follows, 
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From (3.68) and (3.69) it follows that the component of J ¢- 
long P commutes with P . Therefore these two operators can be 
diagonalized simultaneously; their eigenvalues for the states (3.73) 
are respectively the helicity s and the momentum p. Under a space 
rotation, helicity is invariant because it is the scalar product of two 
vectors, As we shall see in Section 3.8, if the particle is of zero 


mass, then helicity is also invariant under a Lorentz transformation. 


3.7 Phase Factor Conventions between the Spinors 

In the expansion (3.31), the four orthogonal basis vectors ee 
and eo in the spinor space are determined by (3.26)-(3.30) where 
p is agiven fixed vector, Because (3,26) and (3.27) are homogen - 


eous equations, the phase factors of these c, number spinors vs : and 
t 


V_~ | remain arbitrary. In this section we shall show that it is pos- 


t 
sible to choose their phase factors such that 


° ae * = * 
) “eee . 12 “By s i “Ps 2 “es ‘ a3) 
Wi) "4 “prs _ Y =p, -s 7 14 “Pe 5 YB, -s oe) 
p . TES. * = 2 9-5; 
and (iii) o. a ae =e P Yes 1 9% ves e Ve 2 
where “9 = (3.83) 
oe 2 ene (3.84) 


These phase factor conventions will be adopted throughout this book, 


Proof. We note that from (3,1)-(3.11) the matrices 
emma «37 1! 93 2 

are real and the matrices 
pe ee * 3 


are imaginary, 
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(i) Because Yo = Pp Tp 2 WE have 
> 0” Yo. = ci eel” =e (3.85) 


By taking the complex conjugate of (3.26) and noting that p,m, B 


and a are all real, we obtain 
G*-p+Bm) ut = E ust 
(a F i ) Ue P prs 

Through (3.85) and 1 Y5 , B} =0, the above equation becomes 


— — * ee he = 
(-a-p + Bm) (y, fae. ES 1 ae (3.86) 
Likewise the complex conjugate of 3.27) is 
SP te A * = * 
(Gt. p)ud = dus, 


which, on account of (3.85), can also be written as 


es * 
( T° P) Yo “pes 


= ay ee : (3.87) 
By comparing (3.86) and (3.87) with (8.26) and (3.27) we see that 
1p ee and Sars satisfy identical equations; therefore they must 
be proportional to each other, Because of the normalization condit- 
ion (3.30), the proportionality constant must only be a phase factor, 
which can be chosen tobe 1. Thus, we derive the first equation in 
(3.81): 

eee en (3.88) 
Since Yo = Pp Fy isa real matrix and > = 1, the complex conju- 


gate of the above equation gives 


(ii) Because 
Je i = 


Eq. (3.26), when multiplied by Y4 0n the left, becomes 
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(-a “pt Bm) 4 YB, s a oS ¢ (3.89) 


Likewise, a similar multiplication onto (3.27) leads to 

(-o+p) 14 eee == 2s %4 ee : (3.90) 
By comparing (3.89) and (3.90) with (3.26) and (3.27) we see that 
4 U> and u = _ satisfy identical equations; consequently they 

P7s prs 

differ only in a phase factor. By choosing that phase factor tobe 1, 
we have 

"4 "B,s 7 v =p, -s 
Taking the complex conjugate and multiplying on the left by Yor 
we obtain 

ye ye 

Yo %4 “p;s Y%°-p,-s 
which, because of (3.88), leads to 

"% ice go? V-By-s 

(iit) We note that 


©, 0 On ='- 6 ;  G,a*O, = =o 
2 2 Z 2 


By first taking the complex conjugate of (3.26) and then multiplying 


it on the left by o> , We find 
Fakes * = * 
(-a- Pp + Bm) o» — i o> aoe 


A similar operation on (3.27) leads to 


7.5 A ee 
(ee Bee oe eee 
Thus o,u5 and u —_ satisfy identical equations, which implies 
2 Pp,s “p,s 
ens wes We, 
2 P,s =Pys ‘ 


5 (= eis vl Get) 
p,s 
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where the phase angle cae is real. Because % is an imaginary 
f 
matrix, the complex conjugate of (3.91) gives 
-o,u4 = se Te B92) 
2 Pys “P rs 


which can also be written as 


eee oS ae G.93) 


oO (UW) 
20s P,S 


By changing the subscript p to -p, we convert the above equa- 
tion into 


» _ _,i8 
12°85 


=PS (3,94) 
~P,s 


A comparison between (3.91) and (3.94) gives (3.84). By using (Gehl 
(3.84) and (3.92), we have 


= = Ss es = - p,s 
F Ee Wy Y =B,s s V=p;s 
ay (3.95) 


That completes the proof of (3.81)-(3.84), 

As we shall see later, the convention (3.81) is useful for discus- 
sion of particle-antiparticle conjugation, (3.82) for parity, and 3.83) 
for time reversal, We note that for a given helicity s , spinors with 


different p inthe set {u 2) are connected through rotations and 
v 


Lorentz transformations, In (3.81) we fix the relative phase factors 
between members of the set fu and the corresponding ones in 


1 u ; likewise (3.82) relates those between {u bE! and {u_— ae 
On the other hand, (3.83) connects the relative phase between oS , 
and ue 5? which are members of the same set {u— =! . Because of 


Oa as tf 
continuity, the phase factor eee in (3.91) cannot be 1 for all p; 
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as shown explicitly by (3.84), 


3.8 Two-component Theory 
Let us first consider the case of a quantized free spin-z field 
with m=0. The equation of motion (3.14) now becomes 


0 


“fi ox, $=0 , (3.96) 


It is useful to introduce 
¥5 = 1 Y9 ¥3 Y4 


Because of (3.12) we obtain 


Be aaa” «7 (3.97) 
where p= I, 2, 3, 4, and 

Y5° = | : (3.98) 
Thus, from 3.96) we also have 

q oe 

ifrge ss Sie (3.99) 
We may decompose 

= ¥ 4 Yp (3.100) 
where 

eee y.) teecnd ey). (3.101) 


From (3.96) and (3.99) it follows that iF) and %p separately satisfy 


the equation of motion; i.e. 


yp=o. (25102) 


10 andy 


In the representation (3.11), Y;, = Poo; and 14 = P34 the matrix ¥5 


is 


cae (3.103) 


When m=0, (3.26) becomes simply 
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"5s _ YD ,s 
Sue See , = Ul 
a P Wes |p | DW ess f 
—P;,5 —P;S 

which, in the representation & = Pp, 9 and Y5= 7p, can also be 
written as 

ea ac es , = , 

ig 2 ie vo Vian 
“p,s —P,s 


yo US) = = 25 US 
andes cc (3.104) 
Vo 5 Bees ae 
iS TP “Pr 
Thus for any p, us , and v_,, are eigenvectors of y, with an 
P,-2 Pr2 S) 
eigenvalue +1, while u =, and v— , are those of y, with an 
Pr2 Pama 5 


eigenvalue - 1. Because, according to (3.101), 


ew and Y5 pees . 


i. R 
the Fourier expansion (3.32) can be separated into two parts 
esi iP il aie ts 
a L JQ S 172 PrW2 - Pretz Pp,t2 (3,105) 
1 (pan apa -ip-r 
B ee yy oles 1 (Us, 1 e ate b. } V> ] (S } > 
R Sicce = z 3 “3 ~z 
Q p 42 12 P,72 ae (3.106) 


Since the equation $= ue a is simply a restatement of 
(3.32), it is therefore valid in all cases, whether m=0 or tot. How- 
ever, this decomposition is a particularly useful one in the case of 
m=0. The free Hamiltonian density 3.35) is invariant under a phase 
transformation 

tego. (3.107) 
When m=0, (3.35) becomes simply 


— 


H free ~ ol Cig. Vv) 
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which, because [ ¥51 al =0, isalso invariant under the fransfor- 
Yee . @.108) 


Therefore, we may impose a supplementary condition: Either 15% =, 


and as a result 


a ae (3.109) 
or ¥5 ¥=-¥ , so that 
p= p 5; (3.110) 


Clearly this is possible only when m=0, Physically, this can also 
be understood in a simple way: When m= 0 , under a Lorentz trans- 
formation the particle momentum p’— p", but its helicity s remains 
unchanged. However, if m#0, for any given p we can always per~ 
form a Lorentz transformation along p but with a velocity larger 
than ae, , whereupon the particle-momentum direction will change 
sign but its spin direction will be the same. Consequently, the parti- 
cle helicity s will be changed to -s. Such a Lorentz transforma- 
tion is not possible when m=0. This explains why, in accordance 
with (3.105) and (3.106), oe can only annihilate particle states 
with helicity s=- 3 (and create antiparticle states with s=+ 3) 
while %p can only annihilate those with s=+ 4 (and create anti- 


particle states with s=- +). 


Fig. 3.1. The lefthand field ¥# 
can only annihilate particle 
states with helicity s=-4, 
while the righthand field p 
can only annihilate those 
with helicity s=+4. 
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Next, we discuss the case with interactions, Let us assume that 
the interaction Hamiltonian Pa is, like the free Hamiltonian, also 
invariant under the phase transformation (3.107) and the Y5 trans- 
formation (3.108). For example, H. can be a function only of thy 
where - 

Sen aay 
In such a case we can impose the supplementary condition (3.109), 
v= a ' 
main 0. [ See Problem 3.2. ] All particle states are of helicity 


and require the physical mass of the particle Rss to re- 
s=-4 and all antiparticle states are of s=+4. Unlike the non- 
zero mass case where, in general, for each p there are four spinor 


states, u-- , and v.._ ,_, here there are only two. 
se B 


pee @ P, 


As we shall discuss later, the two-component theory is well- 


suited for neutrinos. 


Remarks, It is possible to transform the matrix representation of 


Wee een Ie by a unitary transformation 
T 


Ue a im U r 
where u isa 4x 4 unitary matrix. Equations (0.96)-(3.102) and 
the supplementary condition (3.109), or 3.110), are all invariant un- 
der such a transformation. The particular matrix representations (3.1)- 
(3.11) and (3.103) are adopted for convenience. They lead to equa- 
tions (3.26), (8.27) and the expansion (3.32), (3.105) and (3.106); in 
these expansions the subscripts p and s refer to the observed mo- 


mentum and helicity of the particle or antiparticle states. 


Problem 3.1. Show that for a free spin-3 field of mass m 


= : @) 
bp (x), 0 = =~— -m D(x 
C4 bn (03) Grae ae 
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where D(x) is given in Problem 2.1, and ps wy, : 


Problem 3.2. Let # be a usual quantized four-component Dirac 


spinor field, and a” be the corresponding two-component field de- 
fined by (3.101): 


= i 
Mr Sal ¥5) p 
We may define a two-component theory to be one in which the La- 
grangian density is a function only of ar ; ¥ | and possibly also 
other fields, but not of Pp and Be - Clearly, a two-component 
¥5%. 


(i) Show that a two-component theory which is also invariant un- 


theory is always invariant under the ¥5 transformation: } > 


der the phase transformation (3.107), } — ale ~ , implies a zero 
physical mass for the particle. [Such a theory may be called the 
Weyl theory, ] 
As we shall discuss later in Chapter 10, the phase invariance is con- 
nected with the fermion-number conservation law. 
(ii) Assume that the Lagrangian density of a two-component theory 

is given by 
at FO yy Oe he) 
where F 4 

(OD), = 9), ), 
The Hamiltonian density is then given by 

+H = of (-18-¥) ¥ + = (y! B vet ne) 
and h,c, denotes the Hermitian conjugate. Calculate the energy 
spectrum in this theory and show that the physical mass of the parti- 


cle is m. 


Thus, a two-component theory that is not invariant under the 
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phase transformation (3.107) can acquire a nonzero mass. [Such a 


theory may be called the Majorana theory. * ] 
(iii) Show that identical conclusions can be reached if an is re- 
placed by Pp = 4(1- Ys) p, 
Hint for (ii): Define the Majorana field operator 
~ € 
van = (4) + va 2 , 


which is invariant under the particle-antiparticle conjugation; i.e., 


differs from £ only by a total derivative. 
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Chapter 4 
THE SPIN-1 FIELD (m ¥ 0) 
4.1 Free Field 
The Lagrangian density for a free spin-1 field with mass m7 0 


= -1F* -}m2A* , (4.1) 


ree pv H 


where, like Xue the space components of ay are Hermitian and the 


time component anti-Hermitian, i.e. 


Fao el Se a! 
A=A_, A, = A, , 
and 
Sa ee eee (4.2) 
pV ax, v ax u 
From the variational principle 
Sed = 0 | (4,3) 
we find 
oF -m2?A =0. (4.4) 
Ox, LV v 
By taking its divergence 
e) 0 
( Eom A) = 0 
Ox SES LV, Vv 


and by noting that m#0 and a = Ga we derive for the free 
field 3 

a | = (4.5) 
As will be discussed later, this equation is not necessarily valid when 


Sh, 
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there are interactions, 
To carry out the quantization, we observe that in (4.1) £ 
does not contain Ay . Thus we may regard A, as a dependent var- 


iable. From 


io (vx Aye t 


eel 


a _ ; =e 2 
= 2 (A; Be aeyi) 


we find the conjugate momenta of a to be 


— Af 


Tee Ss =i (4.6) 


where, as before, all Roman subscripts i, j vary from 1 to 3, all 
Greek subscripts p,v vary from 1 to 4, and all repeated indices 


are to be summed over, By setting v =4 in (4.4), we have 


Peer yes tae & (4.7) 
which, together with (4.6), gives 
T= A+, 49-1) (4.8) 


In order to derive the Hamiltonian, we regard A and Tr as 


independent variables, but A, as a function of Tr through (4.7). 


4 
From (4.8), it follows that 


Tense. Gag , 


and therefore 


Thus 


2 oa 2 
free ll oe ey! el 
> oe 
= f af tes (VE) 4 (Hx Aye PAI Pe 


(4,9) 


According to the usual quantization rule, the equal-time commutator 
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between A(t, t) and T(r, t) is 
[A.(F, t), T.(, #)] = i6,, Ei oey (4,10) 


while all other equal-time commutators [A. r Ai and [TI. , TI. | 
: J 
are zero, 


To carry out the Fourier expansion, we introduce for any given 


A 


kK a set of three orthogonal unit vectors k = k/| k |, e) and en: 


> 


x> 


NN 
Ce 


Fig. 4.1. An orthonormal set of three vectors. 


At any fixed time t we may expand A(r, t) and T(r, t) in 


terms of the Fourier series: 


> = ] oo — Qo x > ee 
A(r, t) = - Jo OD (hoy ) = ee al a ( )] e€ + he) 
q é ’ (4.11) 
an 
] > rm A ae Fee fs 
rere ee Sl oican(iouamen 9 tonok(Gile “hehe 
KV 202 : ele ee 


in which h.c, denotes the Hermitian conjugate terms and, as before in 
Oia 

On = alee m= (4.13) 
The subscripts L and T indicate the longitudinal and transverse com- 


ponents respectively and the a (k) 's and a_(k) 's are all func- 


tions of t. From (4.10) and by following similar arguments used in 
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Chapter 2 to derive (2.25), we obtain the following equal-time com- 


mutator between a. (k) and a,!(k"): 


[a.(k), a, (KY = 55 oe a ; (4.14) 


All other equal-time commutators are zero; i.e. 
[a.(k), a.(k')] = 0 and fee, ae ey = (0) 
: : (4.15) 


where i and j denote either the longitudinal component L or the 
transverse components T = 1 or 2 .{See the exercise on the next page.] 


In terms of these annihilation and creation operators, H is 


free 


: tive « Hey ele 
te, = % wlaikia(h)+ Foy (k) (kK) + 3]. (4.16) 


By using Heisenberg's equation we see that 
a(k) cet and a (ke) ow et (4.17) 
From (4.7) and (4.12), it follows that 


A (eee ee ec ea ae 
4 e L900 m L 


By substituting (4.11), (4,17) and (4.18) into (4.5), we can verify that, 
for free fields, OA / 8x, = 0, 


4,2 Interacting Fields 
Next we consider the case that the spin-1 field A has inter- 
actions with other fields. For simplicity, let us assume the Lagrangian 


density to be given by 


g = -3F? -dm2A2-j Ate, (4.19) 
ote Te 
where I and the -+- terms depend only on other fields, independent 
of Au- 


From the action principle (4.3), we have 
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q yee: = 

Ox Oe i ay Ph (4.20) 
from which it follows that 

] = paee a. 

Ox, a = 2 ax, ere: (4.21) 


Since, by assumption, the current ih. is independent of A_, the ques- 
tion whether ir is conserved or not depends on the equations of mo- 
tion of other fields and on the detailed form of the current. If 


dj, / Ox, =0, then Ea 0; otherwise not. 


Just as in the previous section, the new Lagrangian (4.19) does 
not contain A, ; we shall regard Ay as a dependent variable. From 
(4.19) we see that the conjugate momentum We remains given by 
(4.6); i.e. 

(4.22) 


ie oil 
A = —+5V-T -—> 6 (4,23) 


The equal-time commutator between A. and TT, is still given 
by (4.10) and, as before, all other equal-time commutators [A. F a ] 


and (TT. ; UF ] remain zero. 


Exercise, In the present case of interacting fields, show that at any 
time t we may still expand A(t, t) and TT (r, t) in terms of the 
Fourier series (4.11)-(4.12). In addition, the equal-time commutation 


relations (4,14)-(4.15) remain valid. 


From the Lagrangian density (4.19) and by regarding A, as a 
function of TT and other field variables through (4.23), the Hamilton- 


ian density can be constructed in the usual way. Unlike the free-field 


60, INTRODUCTION TO FIELD THEORY 


case, the time dependences of a. (Kk) and a, (k) are in general 


quite complicated, in contrast to (4.17). 


Remarks. The presence of Ay makes some of the discussions of a 
spin-1 field quite different from those of a spin-O field, For a given 
momentum Ee a spin-1 particle with a non-zero physical mass, m #0, 
has three modes: longitudinal L and transverse T= 1, 2. They cor- 
respond to, in the rest frame of the particle, the three z-component 
angular momentum states is =0 and +1. Onthe other hand, be- 
cause of Lorentz invariance, the spin-1 field is represented by A 
which has four components, Consequently, one of the four components 
is not an independent variable. 

Because in many of the above expressions the parameter m is 
often in the denominator, the limit m=0 fora spin-1 field is more 
complicated than that for a spin-% field. The details will be given in 


Chapter 6, when we discuss quantum electrodynamics, 

Problem 4.1. Consider a system which consists of a spin-I field A 
— r 
and a spin- field ~. Assume that the Lagrangian density is given 


by (4.19) in which the --- term is 


Syl 0 
y 14%, Pa le 


and j_ is either 
u 


— 
—e 
— 
a 
| 


Seal 
eee oy et 
oa 
or é 
COS ST pe ad 
Jy aS 
Construct the Hamiltonian for this system and work out the details of 


, A and Ay: Use Heisenberg's equa- 


tion to obtain the equation of motion, Find out in which of the above 


the Fourier expansion for 
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dA /ax =0. 
cases i si 
Problem 4.2. Show that for a free spin-1 field of mass m 
2 0? 
WE CQ SO SS i Be 
] Vv pv . ( 


ox dx 
Vv 


where D(x) is given in Problem 2.1. 
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Chapter 5 


FEYNMAN DIAGRAMS 


5.1 Heisenberg, Schrédinger and Interaction Representations 

In quantum mechanics all experimental results can be expressed 
in terms of the matrix elements <a | S | b > of different operators 
© between various state vectors | a> and | b>. There are many 


ways to describe the time variation of such matrix elements. 


1, Heisenberg representation 
In the Heisenberg representation only the physical operators 
vary with time. All physical state vectors are time-independent, If 


we denote Ott) and | t>,, as the operator O(t) and the state 


H 


vector | t > in the Heisenberg representation, their equations of mo- 


tion are 

[H, On} = -i 0.) (5.1) 
and 

= |t>,=0, 65.2) 


where Hh is the Hamiltonian in the Heisenberg representation. 


2. Schrbdinger representation 
In the Schrdinger representation only the physical state vec- 
tors are time-dependent; all physical operators are time~independent. 
Let O-(t) and | t >, be the operator O(t) and the state vector 


| t > in the Schrédinger representation, The equations of motion are 


OL, 
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O,(t) = 0 (5.3) 
(5.4) 
where H. is the Hamiltonian in the Schrédinger representation, 


3. Interaction representation 
Let H be the Hamiltonian in the interaction representation, 


which will be decomposed into 


(ree) 5 (G5) 


int I 
We denote Ot) and | t >| as the operator O(t) and the state vec- 


tor | t > in the interaction representation. The equations of motion 


are now 

[ igi , O,()} = -i O, (t) Hi Gx6) 
and 1 3 

we ee) set a eee 
So far, the decomposition (5,5) is quite arbitrary. If H,=0, then 


0 


the interaction representation is identical to the Schrédinger repre- 
sentation; if Het = 0, then it is identical to the Heisenberg repre- 
sentation, 

We shall now show the equivalence of these different represen- 


tations. For clarity of notation, we shall write 


H= He , (5.8) 


i.e., we shall omit the subscript S when the Hamiltonian is in the 
Schrédinger representation. Likewise, the decomposition (5.5) will 
be written in the Schrédinger representation as 


H = H, + H. 
int 


0 
i.e., just as in (5.8), 
Ape ary, and yee ne) ee 
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In the Schrédinger representation, the state | b>. can be 


readily expressed in terms of its form | 0 ee at t= Ol: 
-iHt 
e | 


[tes 0> (5.10) 


5 S 
The corresponding state vector | t ae in the Heisenberg represen- 
tation is time-independent, and may be set to be equal to that in the 


Schrédinger representation at + =0; i.e. 


ie = AUS = | O> atall t . 
Hence, the state vectors | t uy and | t >> are related by the uni- 
: iHt 
tary transformation e : 
_ Ht 
[Pe He las. (5.11) 


Under the same unitary transformation, the corresponding operators in 
these two representations are related by 


_ iHt -iHt 
Ot) = e O,e , (512) 


By setting the operator O(t) to be the total Hamiltonian, we see that 
it is unchanged when we switch from the Schrédinger representation 
to the Heisenberg representation. Hence, in the notation (5.8), 


H, =H =H. (5.13) 


By differentiating (6.11) and (5.12), and by using (5.3)-(5.4) and (5.13) 


we see that 


TO.) = -i Bel Oe MN 
epee O Le iHt O slate, 
S S 
= HO, - OL) H = Hy, O4] 
and 
~ ae toy = HHH) | to, = 0 
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Hence the equations of motion (5,3)-(5.4) in the Schrddinger repre- 
sentation imply those in the Heisenberg representation. Similarly, we 
can verify that the converse is also correct, 

The state vector | t > in the interaction representation is re- 


lated to that in the Schrédinger representation by 


Jt>,= Moh | ro, (5.14) 


| 


where Ho is given by (5,9). Under the same unitary transformation 


e' Br , the corresponding operators in these two representations are 
related by 

Ott) = eof oe Mot (5.15) 
By setting the operator O(t) to be Ho we see that 

on = eo = Lee (5.16) 


Hence, Ho is unchanged when we switch from the Schrédinger repre- 
sentation to the interaction representation. In the following, Ho 
will be called the unperturbed Hamiltonian. By differentiating (5.14) 


and (5.15) and by using (5.3)-(5.4) and (5.9), we find 


AGr= oh Be eitot 0, eT iHot 
Ho iHot 0. -iHot iHot O. oot y 
= [ (Hy) , O,¢) | 
and 
= e'0'(-Hy + Mie 
= elllo! vine | os 
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iH t en iHyt LiFgt | 


t 
int rs 


iH 


(Hi) | + 


Therefore, the equations of motion (6.3)-(5.4) in the Schrédinger re- 
presentation also imply those in the interaction representation. Like- 
wise we can show that the converse is also correct, From (5.11)-(6.12) 


and (5,14)-(5.15), it follows that at any time t 
(Gen es (emo! | Big = (<a]O]b>), 


where © canbe any operatorand | a>, | b> canbe any two 
state vectors. That completes the proof of equivalence between 


these different representations, [ See also (24.100). ] 


5.2 S- Matrix 

In this section, as well as throughout the remainder of this chap- 
ter, we shall stay in the interaction representation. For simplicity, the 
subscript I will be omitted, Therefore 6.7) becomes 
ig 
i 


aie [e>= ee lites Ga 


where in accordance with (6.6) i At satisfies 


= ee 7 [Ho é Heat! : . ee 
Both Ho and Be are Hermitian. Let U(t, to) be the Green's 
function of 6.17). Then we have 
eS Oe as) | tee (1D) 
where U(t, to) satisfies 
oe 2 
eae U(t, to) = H. gtt) UC, to) ; (5.20) 


with the initial condition 


FEYNMAN DIAGRAMS 67 


Ulty P to) = | = unit matrix. (5221) 


The Hermitian conjugate of (5.20) is 


eee. yt 
ecm) ae 
Thus, ae ' 
a atl (U (t, ty) UG; to) = 0 
which, together with the initial condition (5.21), implies 
UN(t, 9) Ute tg) = 1 6.22) 
ive, U(t, to) is unitary. 
The S-matrix is defined to be the limit 
>= — lio Ur ty) E (5,23) 
to 7 - @ 
f > 00 
It connects the state vector from time = -0 to +00. Any scattering 


problem can be described by the transformation between the initial 


and final state vectors; the former is given in the remote past (t,=- a) 


0 
while the latter is in the remote future (t =+ 00). The scattering am- 
plitude is therefore given by the corresponding matrix element of the 
S-matrix, 


So far the decomposition H = H,+ ae is quite arbitrary, How- 


0 
ever, in order for the double limits (6.23) to exist, there are some sim- 
ple requirements. 

To see this, let us consider a simple example of a single har- 
monic oscillator whose Hamiltonian is given by 

H=waa 
where a and a_ are the usual annihilation and creation operators. 


Suppose H is decomposed into the sum of 
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and 


= (wo) ata (5.24) 


int 


Tine coluriomon G20 am 

We eo tol (5.25) 
where N is the occupation number operator 

N= aa 
Let | n> be the eigenvector of N with eigenvalue n. The diag- 
onal matrix element <n | U(t, tp) | n> is 

e i(@-a9)(t= to) n 


for any n#0; its limit when either Ug Gel en does not 
exist unless w = Wo: 

There are several different approaches by which we can bypass 
this difficulty. One way is to modify the differential equation (5,18) 
or (5.20) in the asymptotic region in time. For example, one may 
keep He intact but assume t+ to have an appropriate small imag- 
inary component, or in a completely equivalent way, keep t real but 


replace (5,24) by f 
(w-w) 4 a for ee | 
H. (ft) = 
int 


(o-w, - ie) ala for bt Pal a 


where ¢€=0+ and T isa large constant. Thus, (5.25) is valid only 
when to and ¢ are both within the range - T to T , but not out- 
<-T and t>T, (8.25) is replaced by 
-i(w-Wg)(t - to) N eo tlt-tg -2T)N 


side; e.g. when t 


0 
U(t, ty) =e 


which, at a fixed ¢€ >0, does have a limit as t - oa and t,>- o 


0 


r 


but this limit is not unitary. 
Of course, one may try a different modification: For example, 


(5.24) may be replaced by 
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As above, (5.25) remains valid when t, and t¢ are within the range 


0 
-T to T ; outside this range, for t+ >T and = T , we have 
Ung h= Wwe = sea 


Thus, the limit (5.23) exists and is now unitary; however, it depends 
on an artificial parameter T . 

There exists still another method, and this is the one we shal! 
adopt. There is no change in either of the differential equations 
(5.18) or (6.20) and t+ remains real. However, in this approach we 
require the spectrum of Ho te be identical to that of H. As we 
shall see, for a large class of relativistic theories, it turns out that 
this seemingly stringent condition can be easily satisfied. In the a- 
bove simple example, this condition leads to w = M9 and therefore 
nh = 0 and U=S=1. 


Next, let us consider a spin-O field whose Hamiltonian 


density is given by 


H = (114 (9)? +m? @2)+9a,2@ -E , (6.26) 


vac 


where TI is the conjugate momentum of », and m and E : 
V 


0’ %0 


are real numbers, The parameter mo is called the mechanical mass 


Cc 


and Io the unrenormalized coupling constant. We define the vac- 
uum state | vac > to be the lowest-energy state of H. The param- 


eter ee in (6,26) is determined by the condition 
H | vac> = 0 
Since in (5.26) the interaction Io” is is positive, it gives rise only 


to repulsive forces between the spin-O quanta. We may therefore 
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assume that there is no bound state in the system. From relativistic 
invariance we know that the energy spectrum of the system must be 


of the form 


E= db neJk2 4 m? (5.27) 


where m is the physical mass and Te 0, 1, 2, «+, representing the 
number of physical spin-O quanta with momentum ie Consequently, 


we may introduce 


Hole lige (V0) am Go eae (5.28) 
and EG is chosen so that the lowest energy state | Cee of Ho also 
has a zero eigenvalue, i.e. 

ay | OS = Oo, (5.29) 


Clearly, the spectrum of H, is identical to that of H provided the 


0 
parameter m in (5.28) is the physical mass, 

In a general case of interacting relativistic fields, when the 
theory has no stable bound states (as in the above example or in quan- 
tum electrodynamics, to be discussed in the next chapter), the unper- 
turbed Hamiltonian Ho will be chosen to be that of free fields, but 
with their mass parameters set to be the physical masses of the inter- 
acting system, Consequently, the spectrum of Ho becomes the same 
as that of H, which makes it possible to take the double limits (5.23) 
for the S-matrix. 

In the case that there are stable bound states, we shall still a- 


dopt the same procedure, setting H, to be the free-particle Hamil- 


0 
tonian with the m's the physical mass parameters. This enables us 
to make the formal perturbation series expansion in terms of diagrams, 
as will be discussed in the subsequent sections, Each stable bound 


state can be identified as an infinite sum of an appropriate set of 
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diagrams, After isolating these infinite sums, we can then carry out 
the limit 6.23), For the moment, we shall ignore such complications, 

Therefore, in our interaction representation all field operators 
satisfy the free equations; their time-dependences are known, For 


example, the Fourier transformation (2,20) can then be written as 


He ly (5.30) 


(x) 
h Te ee 
alba By) = y | se gik- ro ivt (5,31) 
i T Uoye : 


ae is its Hermitian conjugate, as before x = (r, it) and 


ey ee ene > 0 


in which m is chosen to be the physical mass of the spin-0 field. 


Here, the operator a= is time-independent, whereas the operator 


k : 
aj (t) in (2,20) has a time-dependence ale! in the interaction rep- 
-iwt 


resentation; these two are related by a(t) = are 
Likewise, for a spin-z field the Fourier expansion (3.32) in the 
interaction representation can be written as 


Ux) = Ui) 4 Vix), (Br32) 


where 


u(x) = l y rope (UNS POSE F (6.33) 
ps P,S P,s 


oO. 
lls » ee es 
ioe p,s Pp,s p,s 


et a (5,34) 


Vv (x) 


and 
= aes SO, 


with m_ the physical mass of the spin- field. Here, the operators 


a and bs are again both time-independent; they are related 
to the corresponding operators a_. () and bs tt ings o2 by 

. t ° f 
Gere. aie! and bh ¢) = bl Ae! . It is convenient to 
prs P, Pst een ,s 
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introduce 

B= 0h) yy, = UO) + vm) , 6.35) 
where Lime 

re aes elle rae gee (5.36) 

VG ee PO 
and ee 
_ ] mal ip-r-iE ¢ 
v(x) = TS ee are Me ne 2s ee (6287) 


Similar expansions can also be written for a spin-1 field. The details 


will, however, be omitted here. 


5.3 Time-ordered Products, Normal Products and Contractions 

In (5,30), (5.32) and (5.35), a(x), u(x) and v(x) contain on- 
ly annihilation operators, while ley, u(x) and v(x) contain only 
creation operators, Let x. x. ) be any one of these pheratorg at 
x. = (r, it.) . We Fone Ae time-ordered product of qT x. kx. )t 
be 


TX, ,) Xo (xo) ood Xi )) = er ne oo a on le 


so that the time sequence of satisfies 
i 
t SS i > I ya St 
Py a) Me PA 
Whenever t. =t, , the relative order of the corresponding operators 
x. and . is the same on both sides of (5.38). The normal product 
of T xX. a ) is defined to be 
2X (x,) X,,)* X & ): S 6 X & )X Jer X & 1, 
ee nn P Py Py Po Po P,P, 
(237) 


where the permuted sequence on the righthand side is arranged so 
that annihilation operators always appear to the right of creation op- 


erators, In both definitions (5.38) and (5.39), a5 canbe + 1 or -1, 
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depending only on the permutation of the fermion operators. If the 
order of fermion operators on the lefthand side is an even permuta- 
tion of those on the righthand side then or =+1, otherwise -1. 


The subscripts Py Por“, P. represent a permutation 


aos ' ] 2+: 
pe) ea 
The time - ordered product and the normal product of a sum are de- 


fined to be the sum of the corresponding products; i.e. 


T(A+ B) = T(A) + T(B) 
and 
>:A+B: = :A:+4+ :B: , (5.40) 


The following are a few examples of such products 


py (1) ¥ (2) fae at 
a 


TY.) ¥,@)) = p Pe Bese 
- 9,2) 9. (1) I< ty 

nat wey ag WAN) Oe) ">" 6.42) 
9(2) 9(1) cc 

~ (1 ¥,(2): = =u, (2) u. (eu (1) ) ve, (2) 
7a )vg)+v, (1) v2 Wis (5.43) 

o1) 2): = all)a)tal(2)aQ)+al() a2)+ alate) 

(5.44) 


where 1 and 2 stand for x, and X» respectively, and the sub- 
scripts q and 8 denote the spinor indices. 

The Dyson- Wick contraction between X,(1) and X, (2) is 
defined to be 

X11) X5(2) = T(X(1) XQ(2)) - + X41) X(2) 2. (5.45) 
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As an example, we may obtain the contraction between (x) and (0) 
by using (5.42) and (5,44)-(5.45): 
atk) a'(0) ~ a! (0) afk) t > 0 
o&) 90) = {Coal -al&a) + < 0 
where x= (r, it). The righthand side of the above expression can 


be written as commutators. We have 


La(x), a! (0)] weit 
ae cn a! ()] pO (5,46) 
Likewise, the contraction between ¥(x) and (0) is 
re fu (x), u,(0)} t > 0 
aoe 7 -{v,0), Fea oo On 


We note that these contractions are al] c, numbers, while the corres- 

ponding time-ordered products and normal products are operators. 
Next, we discuss the four-dimensional integral representations 

of these contractions. By using (5.31) and the commutation relation 


[ aj : of: |e 6r i, we obtain 


i : 1 _ik-r-iot 
la), «! (0) = 2 Bae 
LO). Pew = 2 ss en ik: t+ iwt 

k > 


Let us define the Feynman propagator De (x) to be the contraction 


between (x) and (0). We have 


gik: t Fiut (5.48) 


‘ : 2w Q 


De&) = 9%) 90) = X =! 
k 


in which the minus sign in the exponent holds when t+ is > 0, and 


the positive sign when t+< 0. At +=0 the function De) is 


FEYNMAN DIAGRAMS 75 


continuous. We shall now establish the following integral represen- 


tation ‘aed 
i) = =e aa (6.49) 
i = “evar ¢ 
where 
= 4. 38 
Peo kot dk =dkdky , 
Seem(eee  s 2 = 
k*= k ko and ky iky 
The parameter € is a positive real infinitesimal; i.e, ¢€=0+. To 
see this, we may first perform the integration from ky =-0 tom: 
r 2 BO akg : r Bee <0 den 
hg a) Lil a tle (kg tu -iel(ky -w + ie) 
(Ee) 


where w = /k24+ m2 > 0. 
In the complex ko-plane, the integrand of (5.50) has two sin- 

gularities ky =w-ie and -wtie. When t >0,we may consider 

the contour integral of the same integrand along the closed curve 


shown in Fig, 5.1(a). When the radius of the half-circle becomes 


a 
oe \ 

SAyesi j-wrie ‘\ 

fie Onn sire whe 
\ / 
<< 7 

Se ee 
(a) (b) 


Fig. 5.1. Contours for the Feynman integral (5.46) 
in the complex ko-plane. 
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infinite, the contour integration along this half-circle approaches 0, 
The integral (5.50) equals - 21i times the residue of the integrand 
at the pole ko =w-ie. Upon substituting it into (6.49), we obtain 
for t > Uy 

ik+r -iwt 


3 
= ] ak 7 
D-() = (208 of one e = D. (x) e (fees) 


Likewise, when + is negative we consider the contour in Fig. 5.1). 
That leads to, for t < 0 


ik-r+iwt 


— dk _ 
D(x) = (One S ee e€ =D (x) ° (S252) 


From (2.28) and (5.51)-(5.52), we see the equivalence between (5.48) 
and (5.49). The D, (x) denotes the positive frequency part of D,. (x) 
and the D_(x) the corresponding negative frequency part. 

By Coline Problem 2.1 and (5.51)-(5.52) we find the commutator 


between (x) and (0) in the interaction representation to be 


Lo), 9(0)] = -i D(x) = D, (x) - D_&) (5.53) 


Dice a en ee (5.54) 
g W 

Thus, D(x) and the Feynman propagator D(x) are closely related. 

A more direct way of understanding this relation is to use the decom- 


position (5.30) and to write 
Loe), 0)] = lak), «1 +la'&), a@)] . 6.55) 


By comparing it with (5.46) we see that its positive frequency part is 
the same as that in the contraction D_() ; its negative frequency 
part differs from the corresponding part in D-() only by a minus 
sign. 


Identical reasoning can be applied to the spin-4 field %. On 
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account of (5.32) and (5.35), the anticommutator between ¥ and its 


adjoint P= oy, in the interaction representation is 


Y &), 5 p g 


where, as before, the subscripts gq and 8 are spinor indices, From 


OM = fu &), u, (0)} + fv 6), v,(0)} (5.56) 


(5.33) we see that {u (x), u,(0)} consists only of positive frequency 
terms; i.e. terms Bo rional to a! . Likewise from (5.34), 

{v (x), v.(0)} consists only of negative frequency parts which are 
Prenee ioral to el Ep . On the other hand, from Problem 3.1 and Eq. 


(5.53), we see that the same anticommutator is also given by 


Be eee. 3 
{$&), ¥O)} = Ae Ox, - m) D&) 
fe] 
Soe ay Ox, - m) [D, &) - Di coulaeun( 3.37) 


We now equate, respectively, the positive and negative frequency 


parts of (5.56) and (5.57). That gives 


and : ap / 


- ) 
ty Gc), Vv, (0) | =m) DEX) 
‘ P i oa aB 


{u &), 0,00} = - 1, Oe, -m) Dy 6) 


II 
— 
w 


By substituting the above expressions into (5.47) and by using (5.51)- 
(5.52), we derive 
ai ) 
ee oe 5.5 
#6) BO) = - (ya - m) Dba (5.58) 
which, because of (5.49), can also be written as 
1 1 eb ik-x (4 
e 


® (x) ¥(O) = if on4 pore (m-ie)2 dk 


It is convenient to introduce (as in the exercise on page 36) 


= -jy k : (5.59) 
Ke Se 
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One can readily verify that 


(K- m) (K+ m) = K2 =m? = -k? =m? 
and 
] - K+m _ -K-m 
K-m  (K-m)(Kt+m) k2+m? 
Thus, (5.58) can also be written as 


ik+x ae 


Te 1 i = 
B(x) (0) = of; (Qny4 aim Sven e x = Sex) . 
(5.60) 
5.4 Perturbation Series 
We begin with (5.20): 
1 ) Z 
Sie te) ais) May 
Let us replace in the above 
ee i. Hae i 
and write 
a 
UNG fa = & EC ae (5.61) 


Equation (5.20) then becomes 
ro) 


ieee n a = on 
7 OF 2, x Boh to) z a dL. : ea to) 
Le BE (G67) 
By equating the coefficients of \' on both sides we have 


) 
— rai Up (t, to) =u r 5,63) 
and 1 9 
oa U (t, to) = He) Uy (t, ty) for n > 1. 6.64) 


Similarly, by substituting (6.61) into the initial condition (6.21) we 


find at tt) 


U y= (5.65) 


oto + tp 
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and 


U (to . ty) = 0 Lei. (5.66) 
Equations (5.63) and (5.65) give 
Up (t, ty) = 1. (5.67) 


The first-order perturbation term, n=1, can be readily obtained by 
using (5.64), (5.66) and (5.67), The solution is 


t 
Uy (t, to) = =| J H. (tt) dt : (5.68) 
0 
Likewise, the solution for n=2 is 
f t 
See. ] 
awe Ae! gy Hy "5! 
0 0 
ie! eens H 
~ py etie! Sy MOM) aN) 
0 0 
(5.69) 


etc. By setting }=1 and because of (5,23), we obtain the pertur- 


bation series expansion of the S- matrix 
oD 
S = U(m,-am) = 1-i fH. ,(t) dt 
=o int 


= Fhe fee) feo) 
eee ee ae 


ah a cay sen Tbe ela ie) 
es ee ino wine G 
ae (5.70) 


where, as in (5.69), T denotes the time-ordered product. For actual 
computation, it is useful to convert all these time-ordered products 
in the series into normal products. The systematics of this conversion 


is given by Wick's theorem. 
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5.5 Wick Theorem 
We first generalize the definition of the normal product (5.39) 


to include a c, number multiplicative factor: 


7c Xy Nome aa = e:X a Neate tt (5.71) 


where c isac. number. Thus, we have 


2X1 Xp Xr Xr = AX X_r Xz Xi: 

— (eee 

2X, Me Maes KX t= 6 XY Ker rec, ae 
eee n ae 2 n hey 1807/2) 


in which the definition of 6 is the same as that in (6.39); i.e., 


6 =-1 if X, and X, are fermion operators, otherwise 6 =+ 1. 
p 2 3 p 


Let the space-time position of the operator x. kx.) be, as be- 
fore, x. = (r. , it.), and Y(y) be an operator like x. but at the 


space-time point y = (r, F iy) . We first establish a lemma, 


Lemma, If 

te t for oll i= 12 <n (GRA) 
then 

X1 Xp oe = A OG SF 

pt 
t X1 X, os Y:+ 
n n 
PR Ky te KN ee ae . (5.74) 


Proof, (i) In the case that Y is an annihilation operator, we have 
: x. Y:= x. Y 2 Sinee T(X. Y) = X.Y on account of (5.73), it fol- 
lows then that 


x. Y = LC, 0 Ream a = 0 


Loy 


Hence, except for the last term : Xx, Xo see Xx Y :,all other terms on 
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the righthand side of (5.74) are zero. One easily sees that the lemma 
is correct, 
(ii) In the case that Y is a creation operator, we shall prove the 
lemma in three steps: 
(a) Suppose that x ‘ Xo tty x are all annihilation oper- 
ators, We have 


: xy Xo tee Xn = x Xo see xX, Nee (5,75) 
and 

7X. ¥: = 6. Y X. 
where 6. =-1 if Y and x. are fermion operators, otherwise 


6. =+ 1. Consequently, 


7X None ee = ees Xoo X 


= eee al Xo" us 


In addition, because of the hypothesis (5.73) we also have 
1(X, i) = x. We 

and therefore 
x. Y = 6. YX. + X.Y . 


py 
which leads to 


oe = 6 XK. to x ;.%* ay at es i* Y 
1 n ree n- n ele loa 


We can permute Y and xX -l in the first term on the righthand side: 
a " aS Ue oe el A 2 ee i ee A 
ee Nn x ee 
(eel, 


By repeating this process, we obtain 
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Xe Oe A Sr = ee tee X tir vee Xi-l en 


eos ees KY ere Ke Ke 
1 n-2 on-l on 1 n 
jee seeel es 


ae 
Since, according to (5.75) the lefthand side of the above expression 
is the same as that in (5.74), the lemma is established in this case. 


(b) Next, we suppose that X, , Xn, °**, X. are creation op- 


D Lf 
erators, but ie f ed rt, x, are annihilation operators, Be- 
cause t is <t, and Y is a creation operator, we have 

y l 


x Y 2d for t= 2 pceom | 
ey 

and 
Xx, Xo x, = Xx, x Xd x, a4 


= Xe Oe 
eee i 


oe X 3 Y 
] n 


1 


Since X, «++ X& are all annihilation operators, we can use the 
yt f A n p v 


result of (a) and apply the lemma to the last term. This gives 


cme i 
n 


] 1 eee j 2 jt eee 


+e Ko ee KY oe ee, xX x eye 
jt n jt] n-l on 
[Leen eee 
a5 4p arta Sq 
[22 n|| 


The lemma then follows since Xx, , 7+, X, are all creation operators. 


(c) We now consider the general case that each x. can be ei- 
ther an annihilation operator or a creation operator. From the defi- 
nition of the normal product (6.39) we can permute their orders so 
that on the lefthand side of (5.74) the orders of x. are arranged to 
have annihilation operators to the right of creation operators. By 
using the result of (6) we complete the proof of the lemma. 


Wick's theorem deals with the conversion of a time-ordered 
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product into a sum of normal products, 


Theorem, 
T(X, Xo see x.) ae xy Xo eee x, 
+ Xx, Xo A iti X Xo Xq x, 
EE! (ey 


Nea Ny A ees Re eee ce (5.76) 


Each term on the righthand side consists of a number of contractions 
between different pairs of the x. 's , and the righthand side is the 


sum total of all such terms. 


Proof. When n= 2, the theorem holds because of the definition of 
contraction (5.45). Let us assume that for n< N, the theorem is 
correct, We then consider the time-ordered product when n=N+1. 
Among the N+ 1 operators, Xx, : Xo A Xv , there must 
be one x. whose time t. is the earliest. Let that x. be Xe F 


Eons 


T(X, Xo woo 


t. forall j=1,2, °°, N. Hence, 


T(X, Xo moe Xu) Xx 


N*Ne = N+I 
Because of the assumption that the theorem holds for n= N, we may 
convert T(X, Xo ore Xn) into a sum of normal products by using 

(5.76). The result is that T(X, Xo see xX) Xvid can be written as 
a sum of terms; each is of the form of the lefthand side of (5,74). By 
using the lemma, we establish (5.76) for n= N+ 1. The theorem is 


then proved by induction. ° 
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5.6 Applications 
The following example illustrates how Wick's theorem can lead 
to Feynman diagrams and the evaluation of the S-matrix. 


Let the Hamiltonian of a spin-O field be 


Bl Ny oe Nie (5.77) 
sie ole (Fo)? +m2Q2: adr , (5.78) 
1 3. 1 4 3 
= eee Do Deere nus 
an ee oO Poa a Go? 1 qh fy? - dn (5.75) 


where, as before, TI is the conjugate momentum, Jo and fo are the 
unrenormalized coupling constants, m is the physical mass and My + 


defined by the following equation, is the mechanical mass 


mo = i ee (5.80) 


In the weak coupling, 6m? is assumed to be of the order of Do. 
and fy . In the following, we shall stay in the interaction represen- 
tation and expand (x) in the form of (5.30)-(5.31). Because in 
(5.78) Ho is expressed in terms of the normal product, we have 
Ah A wo of on, (5.81) 
where K 
just as in (2,44). 

We shall now discuss the scattering process in Fig. 5.2. The 


initial state is 


i 


hess chiles. (5.82) 


and the final state is 


pie = call op! [os (5,83) 
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Fig. 2,2. socattering process lb 2 I" 4 24, 
where 


i=1,2 and Pes Py are respectively the 3-momenta of particles i 
and i! . Our purpose is to compute the matrix element 


cig a2 | S | 1, 2> where S is the S-matrix given by (5,70). 


1. For simplicity, we first discuss the case 


Io = Om but fy = 0) (5.84) 


To the lowest order of fo , we have 
<2 |S |1,2>= TEA, Sf dix ct, 2 | 2976): | 12> . 6.85) 


This is because 6m? is O(fy) i hence to O(fo) , there is only 
—— fo i) in the expression (5.79) for che . In (6.85) we have to se- 
lect from : (x): only terms proportional to al as! yO i there 
are 4' = 24 such terms due to the different ways of selecting such 
factors from the four p's. Thus, to O(f5) we obtain 


4. ane 
2A 2) S|, 25 = ape ee ene so el PytPg- PIP): x 


O4y WW 814 5 


where Pre Por Py and Po are respectively the 4-momenta of 
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particles 1, 2,1' and 2', the w. and w,' are the corresponding en- 


I I 
ergies; as before, x = (r, it) and d x= or dt. The 4-dimensional 
integration yields a factor Dar’ 8"(p, + Py - Py - P>) . It is con- 


venient to introduce M: 


<1 20s m& 


ie er eee I 
or Py Po Py Po 2. * 


In this simple exomple 


: 1 
m= -if, —__—_., 5.87 
0 4 VOW 1% ( ) 


In general, 17 can be represented by a diagram, or sum of dia- 
grams, called Feynman diagrams, Their rules are called Feynman 
rules, In Fig. 5.3 we draw the diagram for the T/L given by (6.87). 
The four lines represent the two incoming and two outgoing particles; 
their intersection is called a 4-point vertex, representing the action 


a 
ofa : : interaction. 


Fig. 5.3. The lowest-order Feynman diagram for 


Eran ! eel a 
1+ 2 = 1'+ 2' when ne 7 qi fy : 
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The Feynman rule for Fig. 5.3 is: Each external line 


1 
VJ 20 


where w is the energy carried by the external line; each 4-point 


x gives a factor -j fo ? (5.88) 


The product of all these factors gives the 72 of (5.87), 


—_—_— gives a factor 


vertex 


Next, we illustrate the calculation of the cross section. Since 


PPPS Ge Me 
we have 


Our lime Al 2 ay Bae 


On the lefthand side, because of the Seefunction we may set p=0 


in the integrand. The integral becomes 
4 
de — ey 
Where the T~integration extends over the volume Q and the time- 


integration over the interval T. Both Q and T will — oo inthe 


end, Hence we can combine the above two expressions and write 
2 
[(2n)* 6(p)] = (2x) 84) aT 6.89) 


and that leads to, for the square of (5,86), 


|<, 2|S|1,2>]* = |m|? a 


4 ee 
fs) (pit P»~Py~P.) CM 
(5.90) 
Let us adopt ae laboratory frame in which particle 2 is at rest 
and particle 1 is moving with velocity yy . Assuming that the cross 
section for 1+ 2-1' + 2' is do, we consider a cylinder of volume 


Vy T do, as shown in Fig. 5.4, where v, = ly, | . Since our initial 


1 
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@) 
VAI ES 1) 


Fig. 5.4. If in the rest frame of particle 2, particle 1 
is inside the cylinder v;Tdo, then a reac- 
tion 1+ 2—-+1' + 2' will occur in time T. 


state (5.82) corresponds to a state in which there are only two parti- 
cles 1 and 2 inthe volume Q, the probability that particle 1 
lies inside this cylinder is 
v, Ido 
Q 


(5.91) 


If particle 1 is inside this cylinder, then a reaction 1+ 2—>1' + 2! 
will occur in time T. Hence, this probability is equal to 


joe Uae 2) apes | (5.92) 


where the U-matrix is given by (5.19), In the limit Q-— oo and then 


To, (5,92) becomes (5,90), and therefore upon equating it to 
(5,91) we have 


4 
2 4 
do = = lm? § (py + Po~ Py ~ Pa) ; (6.93) 
1 


where the sum extends over different 3-momenta Py and Py of the 
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final state, Because of (2,28) 


2 een 3 
y ono fd Ri 
i 
we obtain from (5.93) 
Shee At hen 
d“ py dp 2 4 
5 Im]? 8"(p, + p,- py - po) (5.94) 
] 


do = 21 f 
8 nev 


where Vy and 7M are evaluated in the rest frame of particle 2. 


‘We note that the passage from the definition (5.86) of 1 
to the above expression for do has a general validity independent 


of the special form of the interaction Hamiltonian, 


2. We now consider the general case So #0 and fo #0. For 
simplicity, we shall evaluate the S-matrix element for the reaction 
i 2-2 sanly to O(f) and O(g,°) . From (5,70) we find, 
to these orders and for | 2s | eas 

<1',2-]$|1,2> = -if, = f <tiyall sa ere meser 
(-igg)? 


Y OUecim 


& <1G 27a: ik eileen 
(5.95) 
We first apply Wick's theorem which converts the T-product in the 


second integral into a sum of normal products, then retain in this sum 


only terms proportional to at a a, 9,, as before. There are (3!)° 


terms of the form 


7 (5,96) 
4Q Voy WoW! 05 
multiplied by 
el (Py i Po) . ‘(py a Po) oe (same terms, but interchanging 
x with y) ; (5.97) 
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there are also @ 1)? terms of the form (5.96) multiplied by 


ol (PY mer Tess (Po - Po): ee (same terms, but interchanging 


x with y) ; (5.98) 
in addition there are Cue terms of the form (5.96) multiplied by 


ve See) nae (same terms, but interchanging 


x with y) . (5.99) 


In each case the (3!)* terms and the x - y interchanging terms 


exactly cancel out the factor outside the integral sign. 


I 
pes ee 
The three classes (5.97)-(5.99) of terms lead to the three diagrams in 


Fidao.2) 


s -CHANNEL t - CHANNEL u - CHANNEL 


Fig. 5.5. The three O(g,?) diagrams for reaction 1+ 2 — 1'+2!, 
The arrows indicate the directions of momentum flow. * 


To evaluate these diagrams we use the following Feynman 


rules: Asin Fig. 5.3 each external line 


Oe carries a factor | 2 (5.100) 


each internal line 


* Because each momentum component can be positive or negative, the 
arrow directions of these momenta can be arbitrarily drawn. 
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e | 
ao a carries a factor qzt+(m-ie)2 (5.101) 
where q denotes its 4-momentum and q?=q2- qo. ; each 3-point 


vertex 


Nf gives a factor igo : (5.102) 


The product of these component-factors is the contribution of the 
Feynman diagram to 7, where MM is defined by (6.86). 
" By summing over the diagram in Fig. 5.3 and those in Ele 6), 


we obtain 


1 
= p< 
le i V 2u. V 2u;' 


[-ify+ Cign)*( 


(5.103) 
where the subscript i extends over 1 and Zak Py + Py = pit Por 
en = Ppa IGG = Py Pe poe 

The differential cross section for the reaction 1+ 2-1]! +42! 
is again given by (5,94), 

The Feynman rules (5.88) and (5.100)- (5.102) can be applied to 
any Feynman diagram of arbitrary order. At each vertex the flow of 
4-momenta is conserved, In the high-order diagrams, there will be 
those that contain loops, An example is given in Fig. 5.6, which is 


one of the O(fo ) diagrams for the scattering process 1+ 2 + I'+ 2'. 


Fig. 5.6. A sample loop diagram. <r 
] MY 
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Neither Fig. 5.3 nor Fig. 5.5 contains any loop; they are called 
tree diagrams, In a tree diagram, the momenta carried by the inter- 
nal lines are all determined by the external momenta, However, in 
a loop diagram each loop carries a free momentum to be integrated 
over, For example, in Fig. 5.6 the internal 4-momentum k is a free 


variable, and that gives an additional factor 


4 
ak a (5.104) 
(204 


In any loop diagram, there is such a factor for every free momentum. 


5.7 Differential Cross Sections for 1+ 2— 1 4 2) 2 === Pin! 
1, Equation (6.94) for the differential cross section can be gener- 


alized to an n-body final state: 
142 -9lt+2'4 4 nC (5.105) 


As in (5.86) we define 1 by 
Cay’ 


ZEEE Tl Spe Ss = SRO) 6 os P’-Py~ Po) M 
(5.106) 
where p, and P; denote respectively the 4-momenta of particles 
i and i'., The process (5.105) can again be expressed as a sum of 
Feynman diagrams. By using exactly the same Feynman rules (5.88), 
(5,100)- (5.102) and (5.104), we obtain the contribution of each dia- 
gram to ML. By following the same considerations given between 


(5.90) and (5.93), we see that 


do = Ya Jie? 645 wt 
any, = 


Pyle 


where the sum extends over different 3-momenta Py , Py pit, Poe 
n 


When © — o, the above expression becomes 
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2 n=l 4e 3 
do = (ty yp |m|? 6*(5 a = paid 
] 8n i=] = 
(5.107) 
where all momenta and Vie the velocity of particle 1, are in the rest 
frame of 2. 

We note that the Feynman rule (5,101) for the internal line is 
Lorentz-invariant; so are the rules (5.88), (5.102) and (5.104) for the 
vertices and for the loop-momentum integration. However, the rule 
(5.100) for the external line is not, Thus, it is convenient to separate 


out the external-line factors in ™ by introducing 
(/2 es see W919, Mm, (5,108) 


which is invariant under Lorentz transformation. The differential cross 


section (5.107) can now be written as 


ee 2 
do = a (phase space) - | A | =~ = (5.109) 
1 Ie 
where 30, 
(phase space) = alles aot pm oP ty ee er eh) 
cits 6 53 20.) a 2 
(5.110) 


is the Lorentz-invariant n-body phase space. 

Sometimes itis convenient to choose the center-of-mass system, 
We shall show that, in the c.m. system, the differential cross section 
for reaction (5.105) is given by 


Shige eeu Ee om p! py -p,) Tap: 
|v -Vv 8x3 | 2 a] 


Tee) 
(5.111) 


where v, and Vo are respectively the velocities of initial particles 


| 
T and 2. [ Actually, (5.111) is valid in any frame { given in Fig. 


Dy 


Let Ua denote the reference frame in which particle 2 is 
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at rest and particle 1 has velocity vy . Consider another frame Y, 


as shown in Fig. 5.7, which is moving with a constant velocity U / vy 


Fig. 5.7. A frame ¥ that is moving with a uniform 
velocity uf, with respect to vee 


with respect to Ligaee In ee , choose the z-axis to be parallel to 
vy ; the 4-momenta of particles 1 and 2 become respectively 


P) = 01 (0, 0, Vie i) and Py = m(0, 0, 0, i) 


Let ie be the energy of particle i in ¥. We have, according 


to the Lorentz transformation 


ca ieee Soe 


(w1) 


i 1 - u? r 4 ae : 
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which gives 
1 = oi 
(0, W) = Wy m ae ° nl2) 
a 


The velocities of 1 and 2 in ¥ are both parallel to the z-axis; 


their components are respectively 


i aes 


a= and (vo) = =u 
Vs T-uvy 25 
Hence we have 
\o -v | eV. eV valli ris} 
1 2 5 1 2 1 l-uv x 


y I 
Throughout, or and vy without the subscript Y refer to the energy 
and the velocity of 1 in oe . Combining (5.112) and (5.113), we 


obtain 
(hp 5 |) = pT (5.114) 
Z 
Next, we note that in See since W = mM, (5.109) can be 
written as 
do. = ei (phase space) | AP l (9, 115} 
v1 n 4am : ‘ 


Since A and (phase space) are both Lorentz-invariant, by using 
(5.114) we derive the expression (5.111) for any such moving frame 


i , and therefore also for ¥ 
c.m 


2. The passage from (5.107) for do in ¥ Foto.) iin a's 


a general one, valid for particles of fee Therefore it may 
be useful to give an alternative proof. 

In any frame ¥ , let Py and Po be the number densities of 
initial particles 1 and 2, Q the volume of the system and T the 


total time interval. It is convenient to introduce the reaction rate 


R, defined by 
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(py Py R) = (total number of reactions /QT), 
z 


Because QT is the four-dimensional volume, it is Lorentz invariant, 
as is the total number of reactions. Consequently, the lefthand side 
is also Lorentz invariant; i.e. 

(p) p>) = (py Pp R) | (5.116) 

r y 

where Y' denotes any other frame of reference. In any frame Y, 
for Oy als s , the total number of reactions in QT is given by 
(5.92), except that the bra is now < 1',2', «+, n' | . Hence in the 


limit Q—-ca and T ~o we have 

SE Le [pes a) Sa | 
where the sum extends over all final 3-momenta, Let Yt be related 
to the matrix element of S by (5.106). The above expression becomes 


4 n 
ae (21) 4 In a 
R= te 8 ( Py -P,~ Pp) || 


Because of (2,28), it can be written as 


R= ber JT aes Il? 60d. ofp 17 Po) 


(nly) 


in which all momenta are to be evaluated in the same system I . 


Now, in the laboratory frame we have, on account of (5.91), 


aes ) (5.118) 


“lab 
which gives (5.107), 
Let jy and jy be, respectively, the four-dimensional current 
vectors of particles 1 and 2. In ae , since particle 2 is at rest, 


they are given by 
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G,) = p,0%,,1) 
1 ues (aa | 


and 
(j5) = p,(0, i) 
na 4 


Consider a frame Y which is moving with a constant velocity 
hy vy, with respect to Cab: On account of Lorentz transformation, 
the number densities of particles 1 and 2 in Y andin ry b are 
a 
related by 
(eg), = ae 
p - p 
ie pee Dab 
and 
(p ) = —_— (p ) 
Z % | - y2 2 Se 
Thus, il <page 
(0) Py) = ——> (yep) 
rae, Foe eine 
D Lob 
By using (5.113), we see that 


(0) Pp 1% ~%Q 1) = (py Ba / 
L lab 
which together with (5.116) and (5.118) gives 


= cca ) (5.119) 
| . aes, | 5 
Because of (5.117), the expression (5.111) for da follows, 


Problem 5.1. Let the total Hamiltonian of a spin-O field 


-», Quay 1 GEOe gh em 


aE 
lt 


Hot S I(r) o(F, #) i (5,120) 


H,=2f mls + (Vo) a eel ’ GZ) 


—— IN — = 
Gaal ac u-)?, J(r) = J(r)* is a c. number function independent 
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of time, and T(r, t) is the conjugate momentum of o(r, t) which 


satisfies 


[T(r ), 9(e, )] = -i@@-r) 
(i) Prove that 


SHS! = Ht 2X 


0 
where S is a unitary = given by 
S = exp », (- qr” ie ‘a ol iQ) ae) ’ 
ie = on? NG) eiker ae 
oe m= - S (bn 0?) | ie |? dk 
[ Note: ae = oe Aes. _ for any two operators A and B 


whose commutator [A,B] is a c. number, ] Thus, the eigenstate 


i] Al, 
= a 72 ly IE x > = ooo 
= HG 1) *(a/*) | vac >, of H,, with n-=0,1,2,-, 


lng 0 0” k 


2 
0 
is related to the corresponding eigenstate | ne > of H by | ne > 
= el | neo > oy where 

0 


AL] lhe © = cS ea oS pe 


The new vacuum state | vac > satisfies H | Vac =) ry | Were S . 


(ii) Regard 


as a functional of J(r). Show that the varia- 


J 
tional derivative 
8 = = gas As co 
i eae see oe 1 . iker ,# ciker 
= o(r) = -2, ———-; (jre ie ) 
6 J(r) 2: 4k 


Furthermore, (r) is the vacuum expectation of o(r, fe 
(r) = <0| o(r, t) | O> 


Note that because J(r) is assumed to be independent of t, so is o(r) , 
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(iii) Show that 
E (9) = QA - SIG) or) ar 


is the minimum of < | Ho | > , taken among all states | > under the 


constraint 


<|o(r, t)|> = 9(r) 


Problem 5,2, Replace (5.120) in Problem 5.1 by 


H = Ho 4p Ne 


where Ho remains given by (5,121), but 
He = S (Jo+ $m? 92) dr 
where, as before, J(r) = J(r) * isa c. number function, Regard 


Eee as the interaction Hamiltonian, In the interaction representa- 
! 


tion the propagator ———— is -i(p?- Po. + yy? - ie) where 
k 
e = O+ , and there are vertices ——»#—— = -im?, e—»— =i 
k 
and ——»—e = SN where the arrow indicates the flow di- 


rection of the momentum k, whose fourth component is 0 because 
the c. number function J(r) is assumed to be independent of time. 


By summing over graphs, show that the full propagator is 


p p PP p 


D-(p) = ——— + ——s+—— + —»—e— + 


= 


SINS <= a u2 + m2 - ie) 


and the new vacuum energy is ©(A,+ A) where 


J 


7-7. |. se _«____#) |) 6 _e s+ <.. 


J 


I 


7] Sire 2 ap Mes eaee 
aber (KS eis eed 
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“4 O-O-O0° 


1 


= nih f Be) [(R2 + y? m2) - (RE PP Dk 


Notice that the graphs e————* , e——e—— , { ) 


all have a symmetry number* factor 3 . 


Problem 5.3. (i) Consider the following matrix element of the op- 
erator ft 
a = SiH. Wn yey or Ys) a 6.122) 
Se a a> (5,123) 


where _ and Hy are both spin-z quantized fields, Cy and Ch 
are constants, | a> is the free a-particle state of helicity Sur 
mass m_ and 4-momentum a_, and |b > the free b-particle state 


of helicity sy Mass mM) and 4-momentum b 


= oy <I < Jee (5.124) 
u v 
‘a’ Sb 
where + is for v#4 and - is for y=4. Show that by using the 


exercise On page 36 and setting the volume Q=1, 


Thee = (| Cc, |? + | Cle) Cec oem oS 


* * = Cc eel I & 2 
BUGS OG Ge REN atl Syl 1 Gal, 
| | (5,125) 
where Ay = (a2+ m2) and by = (b24 Mm, ees: a= | if u=v 


but =O if uv, while e 


= 1 or - 1 depending on whether 


uv AS 
yvAS is an even or odd permutation of 1234 , and = 0 otherwise. 


* See page 500 for the definition of symmetry number. Note that each 
Hermitian boson line is unarrowed, [ In contrast, the line of a 
charged (complex) field carries an arrow pointing in the direc- 


tion of the charge flow. Cf. also pages 530-32 and 90, ] 


rf 
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(ii) Show that (5.125) remains valid, if instead of (5.123) 


oa || b> 
H H 


where | a> is the free a-particle state of 4-momentum a and 


| b> the free b-particle state of 4-momentum b 
(iii) If, instead of Eq. (5.123) 
le 0) | ob or ee < ab ii) || 0 oe 
r H r 


then es , defined by (5.124), remains given by (5.125), except for 
the change 

ST = nO, 
on the righthand side, where | ab> , or | ab >, is the state of a 
free a-particle (or a-particle) of 4-momentum a together with a 


free b-particle (or b-particle) of 4-momentum b 


Problem 5.4, Phenomenologically, the weak interaction Lagrangian 


‘ol veto- tb (5.126) 


oe hb = see (51127) 


can be written as 


and 


i 
ee ae ie ae 
ee Ho oH 
where a and b are some spin-+ hadrons, g* denotes the charged 
de, ar, 
lepranme = on (in 
F ee 
=i y (1+ y,) ¥ 
and n 
J =i ue Y4 evs CA ¥5) - 
Neglect the strong interaction of a and b, assume the hadron mass 


mo=mam, and set the lepton mass m, = 0. Show that to the 
Qa 


Q 
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lowest order in C,, and CA , the differential cross sections for re- 


Vv 
actions (5.126) and (5,127) are respectively 
do,, mE, 


Ho Eten eS Sage eae wey) 


dy 27 
Mic -|enp =o 
and = (5.128) 
Sept 2 
eee cy eG alee) 
Htc, |? =1¢,12) 2 y1 
where 
= Eo Ep 
Y= E ta 
Vv 


EY and ED are, respectively, the energies of the neutrino and ie 
in the laboratory frame (i.e., the rest frame of the initial hadron), 
Note that in any frame y=q-a/k-a for (5.126) and 


g-b/k.b for (5,127) where gq =k -k* and k ,k',a@ ,5 
HoH OW ny 
are, respectively, the 4-momenta of the neutrino, 2, a and b, 


the range of y is from 0 to 1. For further discussions see Chap- 


ters 21 and 23. 
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Chapter 6 


QUANTUM ELECTRODYNAMICS 


In quantum electrodynamics we consider the electromagnetic 
interaction between photons, electrons and positrons, If we wish, we 
may also include other charged leptons, such as ie and . Be- 
cause the photon is of spin 1 and mass 0, this also serves as an ex- 


ample of how to deal with the m=0 limit of a vector field, 


6.1 Lagrangian 
Let ¥ be the electron field, A be the electromagnetic 4- 


potential and ie be the electromagnetic field tensor, which is re- 


lated to A ra 
U 


an = Se ae a : 6.1) 


The Lagrangian density in quantum electrodynamics is 


Cee ae (6.2) 
where _ 

C= ope = (bane) 6.3 

¢ aan a ) é.3) 

Bo Sa" Gee se (6.4) 

€ V4 3) Ox 4 
and a 

ae es y,¥ 6m (6,5) 


ti (6.3) E is the electric field and B the magnetic field, related 


103. 
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E=a-VA)-A, av <A. (6.6) 
In (6.5), the electromagnetic current is 
: Ror 
aol yay (6.7) 
a 4‘u 


e is the unrenormalized charge and &m is defined to be the differ- 


ence between the physical mass m and the mechanical mass Mo : 
&m = m-m, - (6.8) 


From the variational principle (2.10), we obtain the equations of mo- 


tion for af and ¥.: 


Q Ce 

ax, i = a (6.9) 
and 9 

(fame "Say Aue : (6.10) 


6.2 Coulomb Gauge 
The Lagrangian density is invariant under the gauge transforma- 
tion 


A => Ae le 
r es, 


(6.11) 
and ; 

pre  , (6.12) 
By choosing a suitable function @, we may impose the transversality 


condition on A: 


— >ftr => => 


A=A , i.e, » VO (ON) 
This particular choice is called the Coulomb gauge. Since the theory 
is gauge invariant, any choice of gauge should lead to the same phys- 
ical results, The Coulomb gauge is, however, particularly convenient 


for the purpose of quantization, as we shall see. Since the Lagrangian 
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density (6,2) does not contain Ao , we shall regard Ay as a depen- 
dent variable, just as in Chapter4. When v=4, (6.9) becomes 


simply 
c Geetne ps 6.14) 
where \y =ip= ig! y . Because of (6.6) and 6.13), the above equa- 


tion can be written as 


V27A,=-ep - 6.15) 


In the Coulomb gauge, we regard Ay as a functional of yy , given 


by the solution of the Laplace equation 


Ao(t, th = S a ae 6.16) 
An | r-r' | 


We may ee the electric field in 6.6) into two terms: 
E-E'+ €* 6.17) 
in which the transverse component is 
ee A 6.18) 


and the longitudinal component is 


eo = Sinnee 6.19) 
Clearly, E is trrotational and Ee because of 6.13), is diver- 


gence free. Through partial integration, the following volume inte- 


gral can be reduced to 0: 


(ee eat ee A-V Ay Pe = 6 
Therefore we may replace the Lagrangian density E, in (6,3) by 
ee Eee See (6.20) 
3 


without changing the resulting Lagrangian L = { £ dr. The 
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conjugate momentum TI of the electromagnetic potential A is 


ie eo ee (6.21) 
aA 
and the conjugate momentum of the electron field is 
a sl (6.22) 
a” . 
By following the usual canonical procedure, we find the Hamiltonian 
density to be 
Ade ee ae (6,23) 
where 
a, = HEN) + 28? , (6.24) 
df, = ee V+ pm) ¥ (6.25) 
and mi +p 2 
ot. = -$ B¢-5m-3(E-) a at : (6.26) 


It is convenient to separate out from ot a part that corresponds to 


the Coulomb interaction between the charge density. We define 


Yee = (Ee ees 
Goull = 9 <a 


Because of (6.15)-(6.16) and (6.19), the space integral of Hosul is 


= See L e @ 
Hooul = SF Mou Ft = S Ag V* Ant ep Ag) dr 
= 3 fepAjdr 
Ps ae a 
= yp 2 elt) pl ee (6.27) 
An | port | 


The interaction Hamiltonian is then given by 


= ff #. ae, 


int int 


3 = eee 
-f y'g¥-6md ae al 8 fej Ad c. (6,28) 
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The total Hamiltonian H_ is given by the space integral of 
(6.23). In H, the generalized coordinates are A= A and % ; the 


generalized momenta are TI= - E” and v= iyl ‘ 


6.3 Quantization 
The quantization procedure in the Coulomb gauge can be car- 
ried out in a straightforward manner, Because of the transversality 
condition (6,13), the equal-time commutator between TT and A is 
[.(F, +), A, pls Sa(G. Vv *v, Vv.) Spa 


(6.29) 
where the factor (che = Vv, wy is to insure that the righthand 


side satisfies the same divergence-free constraints, 
V-A=0 and V-T=0. (6.30) 


Between the electron field } and its Hermitian conjugate y! we 


have the usual equal-time anticommutator 
(or, ), 9G, np = 8 -F) . (6,31) 


Likewise, the equal - time anticommutator between (and that be- 
tween pl) at different space-positions is 0,and so are the equal- 
time commutators between other pairs of field operators. 

At any given time t we may expand A(r, t) and T(r, t) in 


terms of the Fourier series 


At, = 2 se fete the] (6.32) 


py 209 


Ti (r, f= -F— = d, a lacey eo eal c. | 
i Q k 
6.33) 


and 


where w = | kK | . Because of 6.30), the ac 's satisfy 


ae(t)):k =O. (6.34) 
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The expansions (6.32) and (6.33) are valid in any representation, In 
the interaction representation, the ee 's have the same time depen- 


dence as that in the free field. We have 


viet (6.35) 


art) « e 
As in Chapter 4, we may introduce for any given k a set of 


three orthogonal unit vectors k = k/| k| A e) and G5: 


Fig. 6.1. A righthanded orthonormal set of three vectors. 


It is convenient to define 


t _ 1 
lk SS ar 


and its Hermitian conjugate 


eG tg) (6.36) 


= -G,- (4, Fie (6.37) 


eas = ie 
From (6.29) and 

[A.(r, t), A(t, t)] = IT.(r, t), T(r, a 
one can readily verify that 


(6.38) 


Q 
= 
oll 
“n 
= 
— 
™ 
Q 
x \|—-+ 
& 
“n 
= 
— 
i 


eeu os fi 


lar tt), ars (on = 0 (6.39) 
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where s and s' canbe +1 or -1. It can also be shown that the 
subscript s denotes the helicity of the photon (= its spin component 
along the direction of motion). Thus g ee. is the creation operator of 
a photon with momentum k and helicin s ; its Hermitian conjugate 
oNiee is the corresponding annihilation operator, 

The S-matrix can be derived by following the steps discussed 
in Chapter 5, Its perturbation series is given by (5.70) in which the 
interaction Hamiltonian is the integral of the normal product of 
H int 7 

roy, = |) Se 


int 


(6.40) 


int * 
where Hu. is given by (6.26), Likewise, the unperturbed Hamil- 


tonian is 


3 
woe: of feo (6.41) 


where H,, and Hf. are given by (6,24) and (6,25), 


6.4 Photon Propagator and Relativistic Invariance 

In the Coulomb gauge, while one can easily carry out the quan- 
tization procedure, the Lorentz-invariant character of QED is less ob- 
vious, but will be demonstrated using Feynman diagrams, 


Let us consider the diagram shown in Fig. 6.2. The amplitude 


ie a 
x x! 
] 2] 


Fig. 6.2. Adiagram for 1+2—> 1'+2', 
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of this diagram consists of two terms, The first is due to 


. _ i e- = pec! der dr 
-j S Hou! dt = WS S Le O(r, 4) o(r', t) Tree | dt 


where i, =ip. The second term is due to 
(-i)? urs ee < 4 A 
LOD” Pf Te? Foe) Abe) FH)-AK)) dx dx! (6.43) 
2. Gi ek 
where T denotes the time-ordered product, Their sum is 


a e? T(j.) 0 Dlg) je) doc det, 6.44) 


where 5c («-x') is the photon propagator in the Coulomb gauge: 


Das & =x’) = A,&) A.) 


if psif4 
Coul and ve j74, 
x Xx 2D «-x') = 
eae HY -i6(t-t') 
if pave4, 


At |r-r' | 


0 otherwise . 


6.45) 


t 3 
Because A. = An , inthe above expression when p=i 74 and 


v = 574 the photon propagator is given by 


tr -j d ‘k ij ik. x 
D = oon ae pe toa iam 
ij (x) on) ae S [ae (5,5 =; )e , (6,46) 
k, k, 
in which the factor (6, - a) has the same origin as the factor 


(6,.- vv. V,) in (6,29), so that, D6) = 0. AQIS. 


e = O+ and beac ke 


We note that 
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1 1 iker 3 27 ikr cos 0 
— f =e dk=—5 fe dk d cos @ 
Bre °K? 819 a 
= f- So Son") dee, 
An? 0 ikr Anr 


Thus, in the momentum space the photon propagator becomes 


eS ee ee ee 
Me ee and y= ] 74 
5 SS = J u 
“Uv = 72 if p=v=4, 
6) otherwise 6.47) 


where 


Coul Coul ~ik-x 4 
D = D e d 
i (kk i (x) x 


According to (6.44) the amplitude for the Feynman diagram in 


Fig. 6.2 is given by 

1 chee an ; Coul : 
ar (-ie)? fdxdx't[<1' (x)}1>D (x=-x') <2! (Ea Ss 
a HES Be } 5,9) | 
+ same terms, but interchanging x with x'] . (6.48) 


Let P. and Pp; be respectively the 4-momenta of particles i and i' . 
The matrix element <1'| j (x) | 1> is proportional to ee) 4) ae 


likewise <2! Hi 6 2 > is proportional to ei (Pg ~ Po )- x" Thus, we 
may write 

<1" i,60[1> = Sa, 
and 6.49) 


 gi(P2-Po)>*' b 
uu 


where a_ and b_ are independent of x and x'. Due to momentum 
Ul 


Seni (Clee a = 
15,60 


conservation, we have 


k = Py - Py = P, : (6.50) 
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Because of current conservation, we also have 


dj &) 
H 250 
Ox, 
which leads to, on account of (6.49)-@6.50), 
ea = kk bee Oe 6.51) 
Hop ove 


Transforming to momentum space, we can re-label Fig. 6.2 in 


the following form: 


Fig. 6.3. Diagram for 1+ 2 > 1' + 2' in momentum space. 


Because of 6.47), its amplitude is proportional to 


Coul ne li ee Ke 
re Gy, = of | ge (eee —_.-—— _ ) 


6.52) 
where a = (a, ia b = (b, ib ) and, as before, k2 = k2-k2, 
H H 0 ! 
For simplicity we have omitted -ie in the denominator of “ 
Since k-a = kA and k-b = ko , in accordance with (6.51), the 
amplitude (6.52) becomes 


Dees ae cise. 
ies - = (an 2 (a-b Abo) 


Consequently, we can replace the non-covariant Coulomb propagator 
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D Sou by the covariant propagator D 
Coul 
D k)b =a D k)b roo 
HW Ms HW Be re 
where . k k 
D So [6 4 SE. 6.54 
w= eae 6 ta BI 6.54) 


Because of (6.51), the Feynman amplitude 6.53) is independent of 
the parameter }. The choice of ) is therefore arbitrary, When 
X= 0, it is referred to as the Feynman gauge; when \=- 1, as the 
Landau gauge. 

It is possible to prove that this replacement is valid in all Feyn- 
man diagrams, and thereby establish the Lorentz invariance of the 


theory. 


6.5 Remarks 

Because positronium states are all unstable, quantum electro- 
dynamics is one example in which no stable bound state exists. There- 
fore, in the notation of 6.23)-@.26) the spectra of the total Hamil- 


tonian 
3 


tee deme Wt et 


and 3 (6,55) 
BO ett eat 2 is 


are the same, provided the mass m_ in Ho is the physical mass of the 
electron. Any eigenstate | n> of the free Hamiltonian, 

ae paw = le [ns 
can be written as 


levsweb bh ah | oe (6,56) 
ee Bie Bias le 
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where at P fl and a are respectively the creation 
ae ie Pict ae 


operators of the electron, positron and photon. The state | O> is the 


vacuum state of Ho 
Hy |O>= 0. (6.57) 


Let U(t, ty) be the solution of (5.20)-(5.21). It is useful to introduce 


in 


>= U(t, -~) | n> (6,58) 


ln 


and 


Se Uie, Dias. (6.59) 
where t can be any finite time, the superscripts in and f denote 


respectively the initial and final states. It can be shown * that these 


two states are both eigenstates of the total Hamiltonian; i.e., 


Hilal Ss ee ac (6,60) 


ie SS = EB ih oS, (6.61) 


For a multiparticle state, | aS represents plane waves described 
by (6,56) plus outgoing waves due to the interaction. This is illustra- 


ted in Fig. 6.4, in which the free state | n> consists of two particles 


Fig. 6.4. The evolution from a 
state of free particles 


] and 2 at time = - a 
to one with outgoing 
waves at fime ¢. 


* See, e.g., S. S. Schweber, An Introduction to Relativistic Quantum 
Field Theory (New York, Row, Peterson and Co., 1961), pages 
320-25, and T. D. Lee and M. Nauenberg, Phys. Rev. 133, 
B1549 (1964), Appendix A. = 
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1 and 2. Through the time interval from -0oo to t these two par- 
ticles have interacted continuously, leading to the outgoing-wave 
component of U(t, - a) | n>. Ina similar way, by considering the 
time evolution from t to +00, one can show that | as represents 
the superposition of plane waves plus incoming waves, The S-matrix 


between two states of "free particles" | n> and | ik ee 
<n! | SS =e ai | U(ao,-a) | n> 


where | n > and | n' > are both of the form (6.56). Because of 
(6.58)- (6.59), the matrix element of S can also be written as 


<i | S bin = xe > (6,62) 


Since the sets { rosa and {| a >} are each a complete ortho- 
normal set of basis vectors in Hilbert space, the S-matrix is simply 
the unitary transformation between these two sets. For any scattering 
process 

Leer 2 ne 
the plane-wave part of | es is associated with the initial particles 


1 +2, and that of | a with the final particles 1'+ 2'+ ++ 


Problem 6.1. Show that to order a? the differential and total cross 


. +o = + 
sections of e +e —> Heap ate 


dao = 42a? v(2-v? sin? 8) ae 


and o=}na? v(1 -3v,2)/E? where 2E, v and @ are, respectively, 
the total energy, the muon velocity and the angle between the e and 


H momenta in the center-of-mass system, a =e*/4q and, for sim- 


plicity, the electron mass m is set tobe O. 
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Problem 6.2. Show that to order g? the differential cross section 
of e +p— e +p, in the approximation that m= 0 and the strong 


interaction of the proton is neglected, is 


2 
do _ ie qc ae 
pee ules) |) See cee) | 

max P 


where Lae -is the proton mass, E is the initial e energy in the rest 
system of the initial p (laboratory system), and q? is the (4-momen- 


tum transfer)? between e and p: 


Hence, q? = q2 - qo. can vary between 0 to 


: ; 2m5 E 
max m 
uP 
(1+ DE ) 
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Chapter 7 


SOLITONS 


The usual description of a bound state is in terms of the Schrb- 
dinger equation if it is nonrelativistic, or its generalization, the 
Bethe-Salpeter equation, in the relativistic case, Such an approach 
is highly successful in the case of atoms and molecules; it is also rea- 
sonably adequate with regard to nuclear structure. In these descrip- 
tions, Planck's constant plays an essential role. These bound states 
exist only in quantum mechanics. Indeed, in the case of the coupling 
between matter and the electromagnetic field, classical physics is to- 
tally inadequate to provide a stable atomic structure against radiation. 
It is that failure which led to the discovery of quantum mechanics in 
the first place. Since then, it has usually been thought that, in a rel- 
ativistic field theory, in order to have stationary bound states, quan- 
tum mechanics must be crucial. As we shall see, this turns out not to 
be the case. Ina nonlinear field theory, with an appropriate amount 
of nonlinearity, stable bound states can exist ona classical, as well 


as quantum mechanical, level. Such bound states are called solitons. 


7.1 Early History 
The earliest discussion of the subject was given by J. Scott Rus- 
sell in the Report of the British Association for the Advancement of 


Science, published in 1845, In his own words (given below): 


Ze 
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ON WAVES. Bit 


Reporton Waves. ByJ.Scotr Russeit, Esg., M.A., F.R.S. Edin., 
made to the Meetings in 1842 and 1843. 


, Sir Joun Rosison*, Sec. RLS. Edin. 
ee) Cora ize J. Scotr Russer., PRS. Edin. 


I believe I shall best introduce this phenomenon by describing the circum- 
stances of my own first acquaintance with it. I was observing the motion 
of a boat which was rapidly drawn along a narrow channel by a pair of horses, 
when the boat suddenly stopped—not so the mass of water in the channel 
which it had put in motion ; it acenmulated round the prow of the vessel ina 
state of violent agitation, then suddenly leaving it behind, rolled forward with 
great velocity, assuming the form of a large solitary clevation, a rounded, 
smooth and well-defined heap of water, which continued its course along the 
channel apparently without change of form or diminution of speed. I fol- 
lowed it on horscback, and overtook it still rolling on at a rate of some eight. 
or nine milcs an hour, preserving its original figure some thirty fect long and 
a foot to a foot and a half in height. Its height gradually diminished, and 
after a chase of one or two miles I lost it in the windings of the channel. 
Such, in the month of August 1834, was my first chance interview with that 
singular and beautiful phenomenon which I have called the Wave of Trans- 
lation, a name which it now very generally bears; which I have since found 
to be an important element in almost every case of fluid resistance, and as- 
certained to be the type of that great moving elevation of the sea, which, with 
the regularity of'a planet, ascends our rivers and rolls along our shores. 


Fig 7. 
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Scott Russell then went on to propose that the solitary object which 
he encountered actually represents a general class of solutions of hy- 
drodynamics, which he first called "wave of translation", and later 
"solitary wave", Unlike the shock wave, which is singular at the 
shock front, the "solitary wave" is regular everywhere without singu- 
larity. The solitary wave is nondispersive and stable; therefore, it is 
different from any wave packet composed of the usual plane-wave so- 
lutions. However, Scott Russell did not succeed in convincing all his 
colleagues. As we can see from Fig. 7.2, taken from an 1876 paper 
by Lord Rayleigh, the subject of the solitary wave was still in hot dis- 
pute among various leading physicists of the time. The dispute was 
not settled until 1895, when Korteweg and de Vries * gave the com- 
plete analytic explanation in terms of what is now called the soliton 
solution of the nonlinear hydrodynamical equation——the Korteweg- 
de Vries equation. 

Nevertheless, the question remains whether such stable, non- 
singular and nondispersive solutions can occur in other domains of 
physics, outside hydrodynamics, This problem received a new impe- 
tus through the work done by Fermi, Pasta and Ulam ** in the early 
fifties. By using one of the first large electronic computers, Maniac I, 
they investigated the approach to equipartition of energy between 64 
harmonic oscillators, coupled with some very weak nonlinear coup- 
lings. Initially, all energy lay only in one oscillator, To their great 
surprise, the usual idea of how the thermal equilibrium is reached 


turned out to be quite incorrect. 


* D, J. Korteweg and G. de Vries, Phil. Mag. 39, 422 (1895). 


** Collected Papers of Enrico Fermi, general editor E. Segré (Univer- 
sity of Chicago Press, 1965), Vol. II, 978. 
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oS aS 


Ae ieee aS (ioe 


AAXIT. On Wares. By Lorp Rayieicu, AA., ’RS.* 


° @ z 


The Solitary Wave. 


This is the name given by Mr. Scott Russell to a peculiar 
wave described by him in the British-Association Report for 


18-44. 

Airy, in his treatise on Tides and Waves, still probably the 
best authority on the subject, appears not to recognize any 
thing distinctive in the solitary wave. 

On the other hand, Professor Stokes says* :-—“ It is the opinion 
of Mr. Russell that the solitary wave is a phenomenon sui 
generis, 1 NO wise deriving its character from the circumstances 
of the generation of the wave. 


Figs 72 
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266. 


STUDIES OF NON LINEAR PROBLEMS 


E. Fert, J. Pasta, and S. ULAM 
Document LA-1940 (May 1955). 


ABSTRACT. 


A one-dimensional dynamical system of 64 particles with forces between neighbors 
containing nonlinear terms has been studied on the Los Alamos computer MANIAC I. The 
nonlinear terms considered are quadratic, cubic, and broken linear types. The results are 
analyzed into Fourier components and plotted as a function of time. 


ENERGY 


hy 
| | SA AC oRN NY 
BAS PA eR LDYAN | | 
ame WNIT INS 
10 30 
t IN THOUSANOS OF CYCLES 
Fig. 1. — The quantity plotted is the energy (kinetic plus potential in each of the first five 
modes). The units for energy are arbitrary. N = 32; @ = 1/4; 847 = 1/8. The initial form 
of the string was a single sine wave. The higher modes never exceeded In energy 20 of our 
units. About’ 30,000 computation cycles were calculated. 


Fig. 7.3 
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As we can see from Fig. 7.3, after some tens of thousands of cy- 
cles, the energy invariably returned nearly completely to the original 
mode, leaving only a few percent of the total energy to very few oth- 
er oscillators, [ This is not the Poincaré cycle, which requires a much 
Jonger time duration.] The development of such collective modes is a 
general phenomenon; it can be approximately represented by the sol- 
iton solution of the Toda lattice.* An important and general feature 
of the soliton solutions is that they exist even if the nonlinear coup- 


ling is extremely weak: 
weak coupling 7 weak amplitude. (7.1) 


Since then, there has been a Jarge number of papers on soliton 
solutions, The review article by Scott, Chu and McLaughlin* in 1973 
listed a total of 267 references, However, all of these dealt only with 
classical soliton solutions, and almost all were restricted to one space- 
dimension and to only seven specific equations: Korteweg-de Vries 
equation, sine-Gordon equation, etc. Recently, there has been some 
major progress made in this field, both in classical solutions, extend- 
ing them to three space-dimensions, and in quantum soliton solutions, 
developing general techniques so that (at least for boson fields in the 
weak-coupling limit) to each classical soliton solution, there exists 
a corresponding quantum solution. These new developments will be 


the main part of our discussion. 


ee ee 
* M. Toda, Progr. Theor. Phys. Suppl. 45, 174 (1970), 


™ A. C. Scott, F. Y. F. Chu and D. W. Mclaughlin, Proc. IEEE él, 
1443 (1973), 
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7.2 Definition, Classification and Some General Remarks 

Let us begin with the definition: 

A classical soliton is any spatially confined and nondispersive 
solution of a classical field theory. 

Throughout our discussions we shall be interested only in rela- 
tivistic local field theories. In order to have soliton solutions, there 
must be nonlinear couplings; otherwise, the only solutions are plane 
waves, While wave packets can be formed through the superposition 
of plane waves, these packets are always dispersive and therefore not 
solitons. 

The following remarks are applicable to any boson-field solitons. 

1. Ina general case, the Lagrangian may consist of several fields 
and many different couplings. It is convenient to represent the vari- 
ous fields collectively as , and to write the Lagrangian density © 


- a ele ] 
ee en ey (OC) (7.2) 
y g 


where g is dimensionless and V has its minimum at ¢=0. With- 
out any loss of generality, this minimum value may be chosen to be 


zero, Thus, in a power series expansion 


3 4 
gz Vise) = 4m292+ O(a) + O(g2o )+ -, (7.3) 


in which the quadratic ?-term is independent of g . If there is 

only a single field in the theory, then m isanumber. Otherwise, » 
represents a column matrix with n components, and +m? stands 
for +@m7q where m isan nxn matrix, The equation of motion 


can be obtained through the variational principle (2.10); it is 


2 1 
Z$-Tvi(gg) = 0 7.4) 
x g 
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where V'(a)=dV(a)/do and c=go. Because of (7.3), the above 
equation becomes 


la) 
ax * 


When g= 0 the equation becomes linear. Therefore, g character- 


nee Ogg) Cigen eae (7.5) 


izes the various nonlinear couplings in the equation. As mentioned 
before, since soliton solutions are nondispersive, they do not exist 
when g=0. As we shall see, all soliton solutions are singular when 
ge de 

2, Ina classical theory, this singularity is always a simple pole. 


To show this, we may write 


Cae (7.6) 


1 
Helascical ice 


The Lagrangian density £ then becomes 


ee | 
f= me (7.7) 
where 
a0 2 
£ = -3(—) -V(o) (723) 
o Ox, 


which is g-independent. Since the classical solution is determined 

by the extremity of the action integral, the g-independence of Le 

implies that the corresponding soliton solution o@ is also g-indepen- 
dent, and that establishes (7.6), Therefore, the existence of soliton 

solutions does not depend on the strength of g,s0 long as g 7 O. 

This is why, as noted in (7.1), even in the case of weak coupling it 

is not possible to neglect the soliton solutions, Unlike the plane- 


wave solution, the soliton solution - oo when gia 0 


3. An important and delightful feature which was discovered only 


relatively recently is that for any boson-field system, once the 
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classical soliton exists there is always a corresponding quantum soli- 
ton solution, at least in the weak coupling. 
The simplest way to anticipate this is to note that the action A 


: =1.. : : 
in a quantum theory can be set tobe f__ times the classical action; 


i.e, 


ORG eee a ene on Ags (7.9) 


where £ and Lo are related by (7.7). In the quantum theory, one 
considers all paths leading from an initial to a final configuration. 


[See Fig. 7.4.] Each path carries an amplitude proportional to Ae 


f 


Fig. 7.4. In quantum theory each path from a to b 
carries an amplitude proportional to eiA 
where A is the action integral. [See Chap- 


ter 19. J 
and the superposition of all these amplitudes is the state vector, 
When fi approaches 0, the only important path is the one with a 
stationary phase, 6A = 0, and that leads to the classical description. 
The formal expansion in terms of “i gives the familiar W. K. B. ap- 


proximation, Because of (7.9), we expect g* to play the same role 


as fs: 
ge We (7.10) 
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Therefore, an expansion in g? is equivalent to thatin fi ; the lead- 
ing term must be the same as the classical limit. The details of how 
to carry out such a quantum expansion will be given in Section 7,6, 
Here, we only note that (7,10) explains why in the weak coupling the 
existence of a classical soliton implies a corresponding quantum solu- 
tion, For example, on account of (7,6)-(7.7), the energy of a classi- 


ical soliton is of the form 


Ofg). (CA) 


E : 
classical 
In a perturbation expansion, the energy of the corresponding quantum 


solution becomes then 


[1 (G2) Og) =) ge) 


=f . 
quantum classical 
Thus, 
when g—0O , (7.13) 


Pos ; 
quantum classical 


at least formally. 

Another pleasant aspect is that within the conventional class 
of renormalizable theories, all radiative corrections O(g7), O(g4), ge 
in (7,12) are expected to be automatically finite for the soliton solu- 
tions. This is closely tied to the fact that the classical soliton solu- 
tion is regular everywhere. At very high frequencies, the scattering 
amplitude of an incident plane wave by the soliton must be negligibly 
small; hence, the existence of soliton solutions should not alter the 
high-energy behavior of the theory. For the renormalizable theories, 
because all radiative corrections are finite, the limit (7.13) is valid 
in a real sense, and thereby connects the classical to the quantum 
solution, 

Because of the uncertainty principle, a quantum soliton cannot 


be confined in space all the time. The definition of a quantum soliton 
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is tied to that of the corresponding classical solution through (7.12)- 
alone 

If we restrict ourselves to renormalizable relativistic local 
field theories, then all soliton solutions can be classified into two 
general types (the details of which will be given in the next few 


sections), 


(1) Topological solitons, The necessary condition is that there 
should be degenerate vacuum states so that the boundary eondition 
at infinity for a soliton state is topologically different from that of 
the physical vacuum state, Some typical examples of the topological 
soliton solutions are those of the sine-Gordon equation* in one space- 
dimension, the vortex solution of Nielsen and Olesen**in two space- 
dimensions, and the magnetic monopole solution of 't Hooft and Poly- 


akov*** in three space-dimensions, 


(2) Nontopological solitons. The boundary condition at infinity 


for a nontopological soliton is the same as that for the vacuum state. 


Thus, there is no need of the degenerate vacuum states. The neces- 
sary condition for the existence of nontopological solitons is that 
there should be an additive conservation law, The nontopological 

soliton solutions can also exist in any space dimension ***, as we 


shall discuss in the subsequent sections, 


* See Problem 7,1 for its definition. 
* HB. Nielsen and P. Olesen, Nucl.Phys, B61, 45 (1973), 


= G, 't Hooft, Nucl, Phys, B79, 276 (1974); A. M. Polyakov, JETP 
Lett. 20, 194 (1974), 


*e*R. Friedberg, T. D. Lee and A. Sirlin, Phys. Rev. D13, 2739 (1976), 
Nucl, Phys, B115, 1, 32 (1976). 
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7.3 One-space-dimensional Examples 
For simplicity, we first consider soliton solutions in one space- 
dimension (plus the time-dimension), In view of (7.10)-(7.13), we 
need only examine the classical system, The quantum solution can 
then be derived by the perturbation series, as will be shown in Sect- 
ion 7.6. 
1. Topological soliton. Let bea Hermitian field, In accor- 


dance with (7.2), the Lagrangian density can be written as 
2 


Be See ls iN (7.14) 
H 


where x= (x, it). Through the substitution 


Son 
> g o , 
& becomes 
| 
£ = 32 Lo (18) 
where Fe 
= od x 
Le = ( ae ) WARE) (7.16) 


rv 

Since the necessary condition for the topological soliton is the exis- 
tence of degenerate vacuum, there must be more than one minimum 

of V(o). Without any loss of generality, we may choose the mini- 
mum of V tobe 0. Therefore, as shown in Fig. 7.5, V is 2 0 

and it has more than one minimum, say V(c)=0, at o=a,b,--. 
In terms of o , the equation of motion is 


Be ‘ 
oO en (7.17) 


Ase ‘do 


whose time-independent solution is determined by 


d?0 _ av 
dx ? do 


= 0 
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Fig. 7.5. The schematic drawing of V(a ) fora theory 
that has topological soliton solutions, 


We may multiply it by doa/dx and then integrate. This leads to 


dg 2 


Ga - V(e) = constant . (7.18) 


There exists a simple mechanical analog: We may consider a 
point particle with o as its"position" and x its "time", moving in 
a "potential" - V(oa), as shown in Fig. 7.6. The above equation is 
then simply the energy conservation law in the analog problem, In 
this analog problem, let us set at "time" x= - a the" position" of 


the particle o at a. We may start the motion by pushing the 


ay 


Fig. 7.6, The "potential" - V inthe 
mechanical analog problem. 
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particle very gently towards the right. As the "time" x increases, o 
moves from a towards b; as x >a, ob, because of energy 


conservation. Its analytic expression is 


we pf (7.19) 


V2V(o') 


which contains an integration constant & , as shown in Fig. 7.7. 


Fig. 7.7, A topological soliton solution. 


Returning now to the original field+theory problem, because of 
(7.14)-(7,16), the energy density for a time-independent solution can 


be written as 


E46) = (G2) + Vo) (7.20) 


From Fig. 7.7 and the fact that V(a)= V(b)=0 we find that the en- 
ergy density E(x) is of the form given in Fig. 7.8, which is confined 
in space at all times. Because the boundary conditions of the field 


¢=0/g at x=+o are different, it is called the topological 
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Fig. 7.8. A schematic drawing of energy density 
for the soliton given by Fig. 7.7. 


soliton solution, Its stability is insured by the boundary conditions 
at infinity. 

In the mechanical-analog problem, we may derive another solu- 
tion by setting at "time" x=- a, the "position" oa at b. As x 
increases, a moves from b to a. If we call the solution given by 
Fig. 7.7 the soliton, then this new solution is the anti-soliton. Both 
have the same energy. Thus, the concept of particle -antiparticle 
conjugation already exists on the classical level. 

Because of Lorentz invariance, if o(x) is a solution of (7.17), 


then 
o(yx - yvt) 


must also satisfy the same field equation, where y = (1 - v2) 


NiI- 
° 


Consequently, we also have the solution for a moving soliton, or 
anti-soliton. 

To describe the scattering between a soliton and an anti-soli- 
ton (or between two solitons or anti-solitons) we may consider the 


initial condition that at t =-a, one of them is, e.g., at x=- 0 
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moving with velocity v >0, while the other is at x =+oa moving 
with velocity -v. In general, the state will change in the course 
of time due to collision. In the special case of the sine-Gordon equa- 
tion defined in Problem 7.1), because of the presence of an infinite 
number of conservation laws, the shape and velocity of each soliton 
or anti-soliton remain unchanged even after such a head-on collision. 
We refer to this special class as indestructible solitons. Indestruct- 
ible solitons exist only in one space-dimension. If one requires rel- 
ativistic invariance, then it exists only for the sine-Gordon equation, 
2. Nontopological soliton 

To construct nontopological solitons, one does not need de- 
generate vacuum. However, as we shall see, because of the require- 
ment of an additive conservation law, there must at least be a com- 
plex field, 

Again, we shall first consider the case of one space-dimension. 
Let @ be a complex field, In accordance with our general form (7.2), 


the Lagrangian density is assumed to be 


+ 
. a ) 1 
i Se ax, re oe g2 U(g? ¢! @) AD 


where u denotes the Hermitian conjugate. By using the variation 


principle (2.10), one finds the equation of motion to be 


a*9 d t 
a5 - 6 —++ 5 U(g?9'9) = 0 (7.22) 
Ox d(g2o1 9) 


where te (x, it), as before. We shall assume U(4! 6) has a single 


minimum at ¢=Q. Furthermore, the minimum value of U is 0. 


Hence, just as in (7,3), 


se U Sh @) a. Eee (7.23) 
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where m is the mass of the usual plane wave solution. [See (7,3 5)- 
(7.36) below, | 


The Lagrangian density (7.21) is invariant under the phase trans- 


formation 
greg . (7.24) 
Hence, as can be verified directly, the current 
(| Se aaa ea (7.25) 
| ae OR 
satisfies re 
0j 
Ae = i) (7.26) 
Ox 
uu 
On account of (7.21), in our case the current j is given by 
7 
ee Boe 
i I Ox, o-io Ox, : (227) 


The particle density p is given by the time-component of j. multi- 
rt 
plied by -i. From (7,27), one finds 


tT 


eG o'o) (7.28) 


Its space integral is the particle number N, 

Sa J eer (29) 
Because of (7.26) N_ is conserved; i.e. 

N See (7.20) 


From (7.28)-(7.29) one sees that for N#0, must vary with 
time, It is not difficult to show that the lowest-energy classical solu- 
tion should be of the form 


-iwt 


o¢= — a(x)e (7.31) 


where o(x) is real. In terms of o, (7.22) becomes 
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2 
MM) pee ayes sane (7,02) 


dx? do? 


which, after being multiplied by do/dx , can be integrated. The 


result is 
do : 
ple - V(o) = constant 733) 
where 
V(a) = $U(07)-307 6? , (7.34) 


In Fig. 7.9, an example of the function U is plotted against o; as 


mentioned before, U has a single minimum at g=0., 


Fig. 7.9. An example of U(a?) vs. o . 


Let Q be the volume that encloses the whole system. When 


Q—> oo, (7,22) admits the usual plane-wave solutions 


Ps = / =, el (kx = wt) (7.35) 


where 


ne ce (7.36) 


This is because in this limit the amplitude @ becomes infinitesimal; 
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therefore, on account of (7.23), (7.22) reduces to 
2 
AD, |. ees (7,37) 
Ox 
and (7,35) is the solution. The soliton solution differs from the plane 


wave solution, since at finite x its amplitude does not become infin- 
itesimal as {2 . Furthermore, when x > 00, the soliton ampli- 
tude approaches zero exponentially; therefore w2 < m2. Hence we 
may regard these two types of solution as analytical continuations of 
each other: 

for the plane-wave solution, 


and w* < m for the soliton solution, (7.38) 


This relation is valid in any space-dimension. 

We shall now show that in order to have the nontopological 
soliton solutions, the function V=4(U-w2o7), defined by (7.34), 
must be of the form given by Fig. 7.10, at least when w2 = m cs 2 


More specifically, the condition 


UN Gas) aye = M0) (7,39) 


Fig. 7.10. A schematic drawing of V=4(U-w?a7),. 
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has, for w? < m2, besides the solution o =0 also some other o #0 
solutions, Assuming that this is indeed the case, just as in the previ- 
ous example of the topological soliton, we may consider the mechan- 


ical analog in which there is a point particle at a“position" o and 


a "time" x, moving ina potential -V=-3[U-w2o7], shown in 


Fig. 7.11. At the "time" x=- 0, we may set the particle at the 


Fig. 7.11. The "potential" - V in the 
mechanical analog problem. 


“position” o=0. Again, we may start the motion by an extremely 
gentle push towards the right. As x increases, o moves to A and 
then returns to 0 at x=+ 0. The general solution is given by 

S do 


x-£ = = 
7 V2V(c) 


where & is the integration constant, A schematic drawing of the so- 


(7.40) 


lution is given in Fig. 7.12. When x=& , o=A. At both infinities, 
the nontopological soliton solution a satisfies the same boundary con- 


dition: 


o > 0 when x > © or -o 
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Fig. 7.12. A nontopological soliton solution. 


We note that when ao +0, on account of (7.23), the function 
V=3(U- wa?) becomes 

V> 4(m? -w?2) 62+ oe) : (7.41) 
Thus, in order that in Fig. 7.10 the curve V(c) should be concave 
upward at the origin a= 0, we must have 

= m- 7 
which confirms (7.38), Furthermore, condition (7.39) can be most 


easily satisfied if the be term is <0, which corresponds to attrac- 


tion between the fields. 


As an explicit example, we may refer to Problem 7,2 in which 


Tt 
2 
= a Tee ne - 929! 4)” de | 
The solution is 
Al e 
pS | = ae (7.42) 


V+ vga cosh y 


where 


Q 
i 
-_—~ 
abs 
nr 
No 
4 
NO 
_—~ 
S| 
No 
J 
= 
No 
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y = oy moto eon) 


Equations (7.19) and (7.40) reduce the problem of finding any 
one-space-dimensional soliton solution, topological or nontopolog- 


ical, to quadrature, 


7.4 Derrick Theorem 

A theorem due to G. H. Derrick* imposes severe restrictions on 
the types of soliton solutions that can exist when the space-dimen- 
sion (excluding the time-dimension) is D >1. Let us consider a clas- 
ical system consisting only of scalar fields Opt Ory whose La- 


grangian density is 


&£= 432 162 -(Vo,)?1- ule) 


a a 
a 


where a=1,2,--, N, V_ isthe D-dimensional gradient vector 


and U is assumed to be > 0, with its minimum value given by 
min Up.) = 0 . (7.43) 


Thus, the ground state (i.e., the vacuum) is of zero energy. There 


may, however, exist more than one such ground state, 


Theorem. For D2 2, the only time-independent solutions of finite 
energy are the ground states; i.e., Dis constant everywhere for 


which U(>) = 0; 


Proof, From the Lagrangian density, it follows that the Hamiltonian 


density is 


H= 2) (12 + (Vo)? 1+ Ug.) 


*G. H. Derrick, J.Math. Phys, 5, 1252 (1964). 
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where Me = >, is the conjugate momentum of o° Let o,(r) be 
a time-independent solution of the theory; hence 9, (r) satisfies 
the field equation 
V2 = dU = (0) 
a do 


The corresponding total energy pee is 


E(1) = TY, a Vy 


with Perey. 
Ue WhO a) 
and : 


a 


= D 
f U(,(F)) Pr 
We may construct a new function o@) , defined by 


MG) = 9 ,(0F) 


a 
If everywhere the field distribution is set tobe this new function 
oF) , since it is also time-independent the corresponding total en- 


ergy is now given by 


EO) a= is ve 


T= 35 SoM)? are 


v= S Ue (F)) dr 


— — 


Because of) is obtained from o(r) through the scale transfor- 


mation 


one sees that T) and Vy are related to their values at } =1 by 
eee ala T 


and 
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-D 
oS => Vi 
Hence, the derivative of E(X) with respect to Ind is 
dex) _ s 
A D) T, DV, . 


When A=1, 0) becomes o,(r), which is a solution of the 
field equation, and therefore its total energy must be stationary a- 
gainst any small variations, Consequently dE(A)/dd is zero at A= 1, 


from which we obtain 


(27D) Ae ecees (7.44) 


Now, for D 22, both (2 - D) T, and - DV, are £0. If D is 


;= ¥, = 0. For D= 2, 


(7.44) implies V; = 0, which means that U(> ) = 0 everywhere 
and E(1) equals T 


>2, (7.44) is clearly impossible unless T 


1: Suppose that U(¢) =0 when oe either 


constant: ¢ or ex at . ace in One region of space and %, 
= c, in a neighboring region, then Vo. across the boundary of 
these two regions contains a & function and the integral of (Vo)? 
gives ~. Therefore, the only finite-energy solution is >, = same 
constant everywhere. This then completes the proof, 

Thus, when D is >1, in order to have soliton solutions, we 
must either include fields of nonzero spin, or consider time-depen- 
dent but nondispersive solutions, The former leads to the gauge-field 
topological solitons, such as the aforementioned vortex solution of 
Nielsen and Olesen in two dimensions and the magnetic monopole 
solution of 't Hooft and Polyakov in three dimensions, The latter is 


represented by the multidimensional nontopological solitons whose 


properties will be discussed in the next section, 
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7.5 Solitons vs, Plane Waves 
As already noted in (7.35), any nonlinear relativistic field 
equation always admits plane wave solutions of the form 


N ioe iwt 
e 


200 


(7.45) 


where Q > oo is the volume of the system and w= / k2+m2, 

For the topological soliton, its stability is insured against de- 
cay into plane waves because of the different boundary conditions 
eanietie’ by these two different types of solutions. For the nontopo- 
logical soliton, its stability depends on which type of solution is 
of the lowest energy. In the following, this question will be analysed 
in some detail, 

Let us consider a nonlinear theory in which, say, the particle 
number N is conserved; furthermore, we assume that the theory has 
nontopological soliton solutions, For the plane-wave solution (7.45), 


the energy is linearin N. Hence 


E(plane wave) = Nu . (7.46) 
Since 

w (plane wave) 2m , 
we have 


WY 


E (plane wave) 


Nm , (7.47) 


For the soliton solutions, the energy E is a nonlinear function of N, 
and as noted in (7,38) the corresponding w is <m. 
1, One space-dimension 
As we shall prove, in one space~dimension, if the nontopolog- 


ical solution exists, then its lowest energy E is always lower than 
Nm: 
E(soliton) =< Nim | (7,48) 
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1 SPACE-DIMENSION 


Fig. 7.13. At agiven N, the energy of a one-space- 
dimensional soliton is always lower than 
that of a plane-wave solution, 


which is illustrated in Fig. 7.13. To show (7.48) we first note that N 
and the phase angle @=wt of the complex field @ are conjugate 


variables, From Hamilton's equations we have 


Ns on (7,49) 
and 
oe aa (7,50) 


Due to the invariance under the phase transformation (7,24), the Ham- 
iltonian H is independent of @. Therefore (7.49) gives (7.30); i.e., 
N is conserved. Since w= and the value of H is the energy E, 
(7,50) may be written as 


dE 
Nie (7.51) 


@® = 


Now, according to (7,38) 
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w(soliton) < m , (732) 
ron nin plies 
“5 EKccliionieocat me (7.53) 


Next, we shall show that as w > m- and at large | x | , the 
amplitude of the nontopological soliton is of order 


Vm aa -JVmP=uF |x| 


. (7.54) 


fel = 


As can be seen from (7.42), this asymptotic behavior holds at least 
for the example cited. That this is true in general follows from the 


fact that when | x | is large, >= = must be small, From (7.41), we 


have 
Li oe 4 
V-> 3(m?2 -w7)o7+O(o) , +a o- O 
2 
In (7,54), the exponential factor arises from equating - : _ with 
x 
a ; the multiplicative factor a comes from the ap- 


proximate equipartition between the quadratic and the quartic terms 
in V(c); i.e. 
(ewe ne (7.55) 


Thus, (7,54) is valid in any space-dimension, In one space-dimension, 
asee= m= 


N te Oe Seen Sy) ees 
g 


Z 


. | D . (eee) . ° 
since | o| carries a factor *————— and the x-integration 


] 


mM” -W 


gives another factor In Figure 7.13 the dashed line 


represents the lowest-energy state w =m _ of the plane-wave solution. 


Since the nontopological soliton solution is the analytic continuation 
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of the plane-wave solution to the region w <m, the curve E (soliton) 
vs. N should be connected to the straight line E (plane wave) = Nm, 
when w >m-. From (7,56), this connection occurs at N=0. Hence 


(7.53) leads to, for the one-space-dimensional nontopological soliton, 


N N 
E(soliton) = f wdN < m f dN=mN , (707) 
0 0 


which establishes (7.48) for any N and g. 
2. Two space-dimensions 

Generalization of the nontopological soliton solutions to space- 
dimensions > 1 has been given in the literature, A detailed discus- 
sion lies outside the scope of this book, As in the one-space-dimen- 
sional case, all one needs is some nonlinear interaction which gives 
rise to attraction between the fields (or field quanta); this would 
be the case if the interaction is mediated by a scalar field, By using 


variational considerations, it is not difficult to show that 
E(soliton) < Nm , as N-=- o , (7.58) 
In either the two- or three-space-dimensional cases, by following the 


same argument which led to (7.54) we see that, as w ~ m- and at 


large radial distance r, the amplitude of the nontopological soliton 


is of order 
ee a De eea 
ape an es “=e eer. (7.59) 


Thus, in two space-dimensions, as w > m- 
N= 2m f ||? d2r = Nee Cll) (7.60) 


This is because the factor (m2-w2) in | |? is exactly cancelled 
by a corresponding factor (meee in the d?r integration. The 


result is given in Fig. 7.14, There exists a critical number No The 
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nontopological soliton solution exists only for N > N_; in that re- 
€ 


gion, the lowest-energy solution is always the soliton, not the plane 


wave, 


2 SPACE-DIMENSION 


“Nm 


Nc N 


Fig. 7.14. The solid curve is E (soliton) vs. N 
for a two-space-dimensional nontopo- 
logical soliton. 


3. Three space-dimensions 
As w ~m- and when r is large, the asymptotic behavior of 


a nontopological soliton is still given by (7.59); the corresponding 
value of N is 

No 2 Qn ye |e eee 
Because of the exponential factor in (7.59), the abr integration 
Dae 3/2 ; 


gives a factor ~ (m Hence, as w>m-, 


~ | > 
N oN ree co . (7.61) 


It can also be shown* that when w is sufficiently small, N has to 


Sheniedverd, wim. bee cand). Sinligamnysskeve Dla, 2732 (1776) 
Nucl.Phys. B115, 1, 32 (1976). 
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increase with decreasing w, and in that way we can approach the 


limit given by (7.58), This, together with 


d 
— i = 0 7.62 
aN E (soliton) a eS ( ) 
produces the rather intriguing shape of the E(soliton) curve shown 


in Fig, 7.15, When w»=m-, No but the soliton energy is Nm+. 


3 SPACE-DIMENSION 


7 


SOEIMON 


Fig. 7.15. The solid curve is E(soliton) vs. N 
for a three-space-dimensional non- 
topological soliton. 


As w decreases from m-, N also decreases until it reaches NG 
throughout this interval the soliton energy is >Nm. As w de- 
creases further, N then starts to increase; it crosses the line E= Nm 
af iN = Me . If we decrease w still further, then N keeps on in- 
creasing with E (soliton) always < Nm, until N->o. 

There now exists besides a critical point C alsoaspike S, 
with Me > Ne eerone IN N, there is no soliton solution, For 


N. iN Me , the lowest-energy solution is the plane wave; for 
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N > N. , the lowest-energy solution is always the soliton, In Fig. 
7,15, along the lower branch of the soliton curve, for N > N. , the 
soliton solution is absolutely stable, being the lowest-energy solution; 
for IN). >N> Ny , it can be shown that the soliton solution is stable 
against infinitesimal perturbations, even though it is not of the lowest 
energy. Along the upper branch, the soliton solution is always unsta- 
ble, The numerical values of N. and IN depend on the parameters 
in the theory, It is not difficult to give examples in which , and 
therefore also De , are < 1. 

In a quantum theory N takes on only integer values 0, 1, 2, ++. 
Thus, if IN <1, and if the classical results are good approximations 
of the quantum solutions, then the lowest-energy state of the system 
abruptly changes its character from the vacuum state (N= 0) to any 
N #0 state. It is important to note that, when N jis small, the clas- 
sical soliton description of an N-body bound state is quite different 
from the usual description in terms of solutions of the Bethe-Salpeter 
equation (say, under the ladder approximation). For example, in the 
soliton description there is no sharp difference between the N= 1 
and the N= 2 states; both are "blob-like". In the Bethe-Salpeter 
description, the N=1_ state is "point-like" while the N = 2 state 
isa "blob" formed by the wave function of the two "point-like" par- 


ticles, 


Remarks. Ina nonlinear system, it is not difficult to conceive of 
situations in which the ground state can change its character quite 
suddenly with only a small variation in its parameters. The above 
three-space-dimensional case is one such example; when N varies 


from < N. fo: > ING , the lowest-energy solution changes from 
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plane-wave to soliton. Similar examples can also be found in simple 
mechanical problems. 

As one such example, let us consider a single point particle 
moving in a central potential. The position vector of the particle is 
T and its conjugate momentum is p. The Hamiltonian is assumed to 


be 


> 


gp? t+3r2l(l-gr)?2 + A2] (7.63) 
where r= |r | , and g and A are real parameters. The angular 
momentum Q=r x p is conserved, At a fixed value of Q = | Q | A 


(7.63) becomes 
Ze eae’ 
where Pp. is the radial momentum and 


ip 
teen? 322) 


u 


vii = 2 
Here 2 plays the same role as the conserved quantity N in our pre- 
vious discussions. For 2 and A both not too large and g > O, 
V(r) has two local minima, say at r =r, and r. with r <t 


I Z ] 2y 


As shown in Fig. 7,16(a), when 2 =0 one sees that r= O. Hence, 


Fig. 7.16(a) 
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r, denotes the absolute minimum when 2 is small. It is easy to 

show that there exists a critical value Qe . For 2 > , the abso- 
c 

lute minimum of Vo (r) changes from ry to ry 1 as shown in Fig. 


7,16(b). Now, ina quantum theory, 2 takes on only integer values, 


r, Vy Fig. 7.16() 


eee 76. Ihre) V(r) vs. r ina simple example 
for (a) 2 =0 and (b) Q>e.. 


Thus, if a is <1, the character of the 2 =O state can be dras- 
tically different from all 2 40 states. This is quite analogous to 
our field-theoretical problem, in which depending on the parameters, 
the vacuum state (N= 0) may also be significantly different from 
all N#0 states, provided that Me is, ae 

Notice that in this example, if A is sufficiently small, one 
can always arrange to have Qe < 1, atany given g. A small g 
only means that the nonlinear solution is very far from the origin. 


If NE is small, then the soliton description of, say, the two- 
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body bound state is really quite different from the usual Bethe-Sal- 


peter description (with, e.g., the ladder approximation), 


7.6 Quantization 

We now return to the important question of quantization, which 
was briefly commented upon in Section 7.2, There are many ways* to 
carry out the quantum expansion (7,12), Here we shall follow the ca- 
nonical quantization procedure by using collective coordinates. * 

1, Lagrangian, Hamiltonian and commutation relations 

For simplicity, let us consider the one-space-dimensional non- 

topological soliton example discussed in Section 7.3. The Lagrangian 


density is given by (7,21) 


The corresponding Hamiltonian density is 


il 
| Op dp | 2 ,f 
or eee a WE oo) , 


where TI and 1! are respectively the conjugate momenta of > 


(7,64) 


and oe given by 


T= == 6 onde (7.65) 
The classical soliton solution can be written as 

-i9 
So = yok se” (7.66) 


where @ is given by (7.40), § is the integration constant and Q = wt 


a 
* See the proceedings of the Conference on Extended Systems in 
Field Theory, Physics Reports 23C (1976) for detailed references. 


> NOE. Christ end 1) Dee Phys. Rev. D12, 1606 (1975). 


SOLITONS 15] : 


+ constant. The classical solution is degenerate under a constant var- 
iation in either € or 9; i.e., > remains a solution with the same 
c 


energy under the variation 


> > Py + 8&4 (7.67) 
where : 
So = =e |S ce sono 6 Clem (7.68 ) 


The variations € > + 6€ represent a space translation and 

8 — 0+ 60 corresponds to a phase change in 9 ; their conjugate mo- 
menta are respectively the total momentum P and the particle num- 
ber N of the system, The invariance under (7.67) - (7.68) implies 
that both P and N are conserved. Classically, § and @ commute 
with P and N; therefore, when the system has a definite momentum 
P and a definite particle number N, both § and @ can vary arbi- 
trarily, resulting in the aforementioned degeneracy of the classical 
solution. As we shall see, quantum mechanically this degeneracy is 
lifted by treating € and © as collective coordinates; their conju- 
gate momenta become the derivative operators 


_ 1 2 _1 a 
Pp = a eS and N = ae (7.69) 


We shall first follow the standard procedure given in Chapter 2 
for carrying out the quantization. The commutation relations are 
given by 

[Tx ), oe, 1 = U(x 1), ofOe, 1] == 18(x-x') 

(7.70) 


and all other equal-time commutators between », >, TT and Tt 
are 0. The dynamics of the system is then determined by requir- 


ing Heisenberg's equation 


[H, Ot)] = -i O(t) 


152 INTRODUCTION TO FIELD THEORY 


to hold for any operator O(t). 
As in (2.48), we may decompose the complex field into its Her- 


mitian components: 


Se : eas | a 

DS gee Wy el) ea oa 
where >) and >, are Hermitian fields. Their Fourier series can be 
written as 

> (x, t = / (t) cos ee (t) sin kx ] 

a” a,k ,k 

7.72) 
where g=1 or 2, L is the volume (i.e., length) of the system and 


k is given by 


ae on with n=012°". (7.73) 


The Hermiticity of @ implies that x and y are also Hermit- 
a a,k a,k 


ian; i.e., 


real MS: 
sk = oa and a = a - (7,74) 


The conjugate momenta TT and Tr! can be decomposed in a similar 
manner: 


el 22! 
i om (TT, = iT.) and WT = Som (TT, oP it.) 
Ces) 


The Fourier components of Tr and TT, can be written in terms of 


the differential operators of x le and Yokes We have 


: 0 
= -j ” / 2 [ cos kx + sin kx ] 
mm ee 
(7,76) 
Because of (7.72) and (7.76) we have 
iri oo(x', t)] = -i6(x-x') & 
a B aB 


and (7.77) 
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omen, tie 1M Og ty, T(x, tle n0 
a B a B 


where a and B canbe 1 or 2, which in turn lead to the original 
commutation relation (7.70). 
In terms of these Fourier components, because 
félod = Y He +97), (7.78) 
k a,k 
ar 


the Lagrangian density can be written as 


= ifs 2 +2 a 
f &dx = Le BR? + V7) - Vix er Yd 79) 


ar 
where ; 
= ee TN, 2! 
yee ll = ag = Wigi= @ hi) dx ae (7.80) 
Correspondingly, the Hamiltonian H= f{ d€dx is given by 
d= a 
HOS (ge eee) OE |) ND, 
ax dy k k 
(ow) a,k a,k 


While the Fourier series is a convenient expansion for analys- 
ing the plane wave, it is particularly ill-adapted for the soliton solu- 
tion. We will therefore make a change of variables from the Fourier 
components to a new set. 

2. Collective coordinates 

The new set consists of two collective coordinates &(t) and Q(t), 
introduced before, and a number of vibrational coordinates she 0) 
with n= 2,3, °*. If one wishes, one may label ai (t)= E(t) and 
a = Q(t) so that the new set is Ney al . Let us choose two 
independent sets of complete, real and orthonormal c, number func- 


tions ees) and ea with the conditions 


d 
Me ee = constant times > (7.82) 
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and 
p 1%) = constant times o , (7.83) 
Hence for n= 2,3, *** , we have 
oo 7th eeigne end en (7.84) 
f dx ‘+,n a 2 =n . ; : 


Except for the above conditions, these two sets of c, number functions 
can be arbitrarily chosen, We now expand the quantum field operator 


(x, t) as follows: 


+Y Sela, te, (fia & (x-é)lje 


(7,85) 
These new coordinates é(t), Q(t) and q,. aft) are all Hermitian. 


To understand the two conditions given in (7.84), let us expand 
around the soliton solution : a(x-&) pale and regard 6£&, 60 


and le with n>2 all as small. By using (7.68) and (7.85) we 


see that 
1 ,do ; = 2 a) 
6 = [- g ae 6s + fe 2 can in ‘ Ion toi ‘ 


(7.86) 


Equation (7.84) insures that motions due to the variations in the col- 
lective variables & and © will not be mistaken for the vibrational 
modes, 

By equating (7.85) with the Fourier expansion (7.71) - (7.72), 


we obtain the coordinate transformation from 


Oo Dv 


Side +,2 : (7.87) 
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This enables us to express the differential operators 5 g and 
Xa ,k 
Q , : a a a d 
as linear functions of =, —, ~?-, ee 
8% ,k ag " a0 94,5 a _ 5 


By substituting these linear relations into (7.81), we can obtain the 
Hamiltonian H in terms of these new variables. The easiest way to 
derive the explicit form is to first consider the classical problem, 

The time derivative of (7.85) gives $ asa linear function of E ' 8, 


j eee ake. 
Vs 2 f f 


Py - rs] 
a) Ta ay (7.88) 
A,n 
where 
iD see ae 


and for notational convenience, we have set 


A é and 5 =O , (7.89) 


f 


Thus, (7.78) can also be written as 


foto ce = Fama (7.90) 
where q_ is the time derivative of the column matrix in (7.87), and 
m = MQ) (7.91) 


is a real, symmetric oo X co matrix whose matrix elements are 


? T 
b= pp (ees BLS» RL Sa a 


m a ~~ 
he Sha Ea et Oh Od an 


(Za7Z) 
By differentiating (7.90) with respect to qd, n7 We see that the con- 
jugate momentum Py a of the generalized coordinate Won is the 


(OM ais component of the column matrix 
p= Mq . (7.93) 


Classically, the Hamiltonian is 


eee on p+ Via) (7.94) 


cl cl 
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where mm! is the inverse of 7M, and the function V(q) can be 
obtained by substituting (7.85) into (7,80), Quantum mechanically, 
because the transformation (7,87) is a point-transformation, the gen- 


eralized Laplace operator in (7,81) satisfies (see Problem 7.3) 


om 0° ie pee 
2 ( a, =) =—>Pp m gp (7,95) 
a,k ask Met ie 


where the matrix element of the column matrix p is now the differ- 


ential operator 
Q 
Oca 


Poh ; (7.96) 


mm! remains the same inverse matrix in (7.94) and 


t = /det mq) . (7.97) 


On account of (7,69) and (7,89), the first two components of p are 


the total momentum P and the particle number N of the system; 


aye eae , to 
Pal = P = tae and rey = N Fel 


2 (7.78) 


The quantum Hamiltonian (7,81) is equal to the Hermitian operator 
= de eel 
a 2% p 1m fet NACE) (7.99) 


Because the classical soliton solution (7.66) is invariant under the 
variation (7.67)-(7.68) in the two collective coordinates £ and @ 
the functions V(q), (a) and Yt(q) all do not depend on é 
and @. Thus, P and N both commute with H : 


f 


PP, al) = UN Ai = Ome (7.100) 
which means that they are both constants of motion, The eigenvalue 
of P is continuous, and is the total momentum of the system. Since 


9 is a cyclic variable, N has only discrete integer eigenvalues 
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-- , -2,-1,0, 1, 2, --- , positive for particles and negative for anti- 
particles. The energy of the system is determined, as usual, by the 


Schrédinger equation 
ee =e | oe (7.101) 
3. Perturbation expansion 


To show how the eigenstate of H can be solved by the pertur- 


bation series in g , we assume that the vibrational coordinates qos 
7 


eae and their time derivatives are all O(1). Thus, (7.85) gives 

> = -4 = E+ie0) e+ Ol) . (7.102) 
Hence (7.90) is O(g~7), and it is given by 

Sf olg dk = bts 562+ 0(g"!) (7.103) 
where 

Mes =i ($2) dx ii ee =r J g2 de 7,104) 


By substituting (7.85) into (7.80), we find V(q) is also O(g"*): 


=e! dcr 5 =| 
V(a) = ce S 1(SS) + U(0)T dx+ O(@!) . 7.108) 


To simplify our analysis, let us assume the soliton is at rest; i.e., 
Pl>=o. (7.106) 


By following the steps from (7.90)-(7.99) and by using (7.105)-(7.106), 
we see that 
N2 


oe 1 (dey 2)1 d -] 
= oa ae! (Cm) + U(o2)] dx + O(g_). (7.107) 


Let us define w by setting the eigenvalue of N tobe 
N= lw . (7.108) 
Because N is also the derivative of (7.103) with respect to 9, we 


see that N=10 and therefore w is the same parameter that 
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characterizes the classical solution o. The only restriction in the 
quantum solution is that now N must be an integer. Consequently, 
on account of (7,104) and (7.108), (7.107) can be written as 

H = sf [(52) + U(o2) +02 0?] dx + O(g7!) 


g (7.109) 
By using the classical soliton solution (7.31), we find that its energy 


is of exactly the same form 


] dake 2 Ce 
EA = mea ice) Ug es oe dee (7,1 10} 


therefore, the quantum solution becomes 
Hie Sle (er) | (7.111) 


In (7.109), there seems to be an (can correction term. However, 
because o is the solution of the classical equation, it is not diffi- 
cult to show that the Ciaaa term is in fact zero, which leads to 
ZA Tels 

Thus, when g is small the existence ofa classical soliton so- 
lution insures that of a quantum solution; furthermore, when gq OF 
the quantum soliton mass is given by the same classical curve EON). 
except that N must be integers. As noted in (7.12)- (7.13), these 
properties have a general validity not restricted to the particular 


type of one-space-dimensional examples discussed in this section. 


Remarks. In this introduction to field theory we have covered the 
basic quantization procedures and the general method of evaluating 
the S-matrix. The perturbation series around the plane-wave solutions 
will be useful to describe leptons and photons which have no strong 
interactions; as we shall see, there exist compelling reasons to regard 
all known hadrons as bound states of quarks. The quarks seem to be 


permanently confined in space and that is why free quarks are not 
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seen, At distances ~ the hadron radius, the dynamics of these quark 
composites (i.e., hadrons) can be best described in terms of the soli- 
ton solution. However, at very small distances inside the hadron, be- 
cause of the asymptotic freedom property of quantum chromodynamics, 
the usual perturbation expansion around plane - wave solutions again 
becomes approximately valid. These topics will be analysed later on. 

Our discussions of particle physics in the subsequent chapters 
will consist of two main parts: symmetry and interactions. In symme- 
try, the analysis will be entirely phenomenological, and yet rigorous 
conclusions can be derived without any detailed knowledge of the 
dynamics. In the chapters dealing with interactions, specific assump- 
tions will be made about the Hamiltonian, which enable us to make 
more detailed calculations. 


We shall now go on to particle physics. 


Problem 7,1. Let the Lagrangian density of a one-space-dimensional 
Hermitian field o be 


Oa 
ae) 


where i (x, it). Show that the classical soliton solution for 


a nr ea 


2 


is o = tanh [3(x-€)] 


-~coso is o =4 tan"! ar with & as the 


1) Wo alae") 
and (ii) V(o) = 1 
integration constant, 


The field equation of (ii) is called the sine- Gordon equation. 


Problem 7,2. Let the Lagrangian density of a one-space-dimensi onal 
complex field go be 
ao! do 


Ox, Ox, 


L=- Sas) 
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Show that the classical soliton solution for 


T 
Peo 0; eee 5 
ie oo) +e?) 
is : 
ae (=) erin! (7.112) 
lee lh ai seoshiy 


where a= (1+e¢7)(1-w?) and y=2V/1-w2 (x-&), 
In both problems, for simplicity we set the scale so that g = 1 


and m= 1. 


Problem 7.3. In the transformation x qj = q.0%) where the sub- 


scripts can vary from | to n, wedefine M tobethe nxn ma- 


ax, a = x 
trix M=(M,.) = s ae , M Ne (mM.7!) its inverse and 
ij 0q; Oq; ij 
|M] = Ne its determinant. Show that 
me) Ge Ox. ) dq; 
(i) Sl = mot SU = 2 SE (Fi) 
aT aici ji oq, qed eee 
and 
e- 1 ) -1 ) 
(0) 7 8a, (Ms baa) (7.113) 
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I], PARTICLE PHYSICS 
Chapter 8 
ORDER-OF-MAGNITUDE ESTIMATIONS 


From a phenomenological point of view, there are four distinct 


interactions between particles, given in Table 1. 


Table 1 
it ti Phenomenological Quanta of the 
Eat habie Coupling Constant Mediating Field 
Strong ~] Color gluon 
eel oe 
Electromagnetic a= 495 Photon 
Weak Gm ? ~ in Intermediate 
P boson 

. ° 2 -39 . 

Gravitational @ eave se (IO) Graviton 


The four phenomenological classes of interactions. a is the fine 
structure constant, G_ is the Fermi constant for beta-decay, & is 
Newton's gravitational constant and mp is the mass of the proton; 
all these constants are in the natural units. Among the quanta of the 
mediating fields, only the photon has been detected experimentally. 


Throughout our discussions we will concentrate only on the 
strong, weak and electromagnetic interactions. Except for the quanta 


of the mediating fields, all particles can be classified into two types. 


161. 
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Those that have strong interactions are called hadrons, all others are 
leptons. For example, p,n, A, a are all hadrons; e, u, T and 
various neutrinos are leptons. (Since the mass of + is about 2 GeV, 
the word 'lepton', which means light particle, is something of a mis- 
nomer.) The detailed properties of these particles are given in a ta- 
ble at the end of this book, 

In this chapter we shall illustrate how to estimate the order of 
magnitude of physical quantities, such as various particle sizes and 
cross sections, These estimations will employ very few input parame- 
ters, listed below: 


the fine structure constent eae 


a eeie7 

the Fermi constant G = 10-°/m 2 i 

2 =) 
the electron mass MS 0.51 MeV = (4x10 ee . 
the proton mass a = 1800 mos ol) 

and 
the pio ss i) = u 
pion ma ao ue 


The art of order-of-magnitude estimations is based on 
(i) simple physical considerations, 
and (ii) dimensional analysis, 


as will be illustrated by the following examples. 


8.1 Radius of the Hydrogen Atom 
The hydrogen radius r is determined by the orbit of the elec- 


: 1 : 
tron, Therefore, the momentum of the electronis p ~ = and its 
2 
kinetic energy is ~ a . The electrostatic energy should be 
e 
et 
ie! S The energy E can then be estimated to be 
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Its minimum is determined by 
ae 
dr Z 


which leads to 


1 
r= : (8.3) 
Uae) 


By using the values of q and mo in (8.1) we see that 

r= 3x ire cm (8.4) 
which is the Bohr radius, now derived without solving any differential 
equations, 


Remarks. In quantum electrodynamics there are three important 
lengths, differing from each other by powers of q : 


] 


Bohr radius , 
Mea 
Compton wavelength of e - (8.5) 
e 
classical radius of e = 
Me 


8.2 Hadron Size 

According to Table 1, the strong interaction coupling constant 
is ~ 1 instead of gq. Therefore a glance at @.5) tells us, for the 
hadrons, there is only one length, which can be taken as the Comp- 
ton wavelength of the particle. Since the pion is the lowest-mass 
hadron, its Compton wavelength is therefore the largest. Because of 


strong interactions, pion clouds must exist in other hadrons such as p, 


164, PARTICLE PHYSICS 


n,A,-*. All these hadrons, including the pion, should be of a 
1 


size ~ a which according to (8.1) is ~ 107'3 cm = 1 fermi, 
T 
Therefore, one expects the charge radius i of the proton to 


be of the same order, Experimentally, one finds 
i = .81 fermi, (8.6) 


consistent with the above simple estimation. 


8.3 High-energy pp, mp and Kp Total Cross Sections 
Because pp has strong interactions, we expect that at high 


energy the total cross section of a pp collision will be 


= 2 
ie, ie (8.7) 
Since ris ~107!9 cm, we estimate 
p 
o ~ 3x 1072 om? ~ 30mb (8.8) 


PP 
where 1 mb= 1073 b and 1 b=1 barn = 10724 cm?, 


As we shall see later in the discussion of the quark-parton 
model, a nucleon (proton or neutron) is made of three quarks while a 
meson (nm or K) is made of two, Furthermore, at high energy we can 
treat these quarks as free particles, at least so far as total cross sec- 


tions are concerned, Thus we expect 


which is independent of the charge of + and K. By using (8.8), we 
can estimate, for the total cross sections, 


oy cus 200i Dee 
; ua (8.9) 


o in on 20 mb 


Nea 


Mee 


q 
I 
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Likewise, we expect 


(on — 


om 
np pp pp 


oc = Se (8.10) 


The present high-energy experimental values are 


~ ~ 


o. = of = 45mb , 


o o . 
pp np pp nip 
o 4 = 25mb 
and ee 
okt, = 20mb , 


all consistent with the above estimations. 


8.4 “8 e- a us 

We shall estimate the total cross section for this reaction at 
high energy. Since eS and se are leptons, the strongest interac- 
tion between them is the electromagnetic, The lowest order diagram 


is given in Fig, 8,1 where the wavy line represents the virtual photon. 


Fig. 8.1 Feynman diagram for ee ae “i, + ou 


Let o be the total cross section. In Fig. 8.1 each vertex carries a 
factor proportional to the electric charge; the Feynman amplitude is 


therefore proportional to the fine structure constant g . So far as the 
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total cross section is concerned, the only Lorentz-invariant variable 
in this problem is the square of the 4~momentum q carried by the 
virtual photon. It is useful to visualize the process in the center-of- 
mass system (which is also the laboratory system if this is a standard 
colliding beam experiment), and to denote s as the square of the 


center-of-mass energy E oe In our case, we have 
Cc: 


sa E? =-q? = q2-q?. (8.11) 


The total cross section must therefore be of the form 


o = @ f(s, m Pome) (8.12) 

c i 
where m and 7 are respectively the masses of e and uw, and 
the function f is to be determined. When E is much greater 


cm, 


than either lepton mass, we may set m=m 0 as an approxima- 
tion. Now, a is dimensionless, and in the natural units the dimen- 


sions of go and s are 


fo le= hl | and Is} =i], (8.13) 


where L denotes length. Thus, from dimensional analysis the func- 


tion f in (8.12) for large s must be proportional to a aOlses 
c~~— , (8.14) 


The Feynman diagram in Fig. 8.1 can be readily evaluated, and 
the complete answer for o in the high-energy limit is 


D 
Peo. (8.15) 


s 
[ See Problem 6,1.] The point is that without any computation it 
is possible to give an estimation of the cross section, albeit without 


the factor ai Ts 


2 
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From (8.14), one can readily estimate, e.g., that when 


5 = (1 Gey )- 


a(ee > uy ) ~ Aor cm? = .04ub , (8.16) 


Soe NGS 

Let o(vN) be the total cross section of this reaction summed 
over all final states, The initial v can be either the u-neutrino v 
or the e-neutrino ee and N is the nucleon. As before, s denotes 
the square of the center-of-mass energy. Since this is a weak process, 
its amplitude should be proportional to the Fermi constant G. Hence, 


a(vN) must be of the form 


avi = G= fis, m (8.17) 


N? 
where m,, is the nucleon mass and the function f is to be deter- 


N 


mined. For s >>m we can, as in the preceding example, set 


2 
Nie 


m,,=0 as an approximation, Since the dimension of G is 
en = h(a (8.18) 


by using (8.13) we see that in (8.17) the function f must be propor- 


tional to s ; therefore, 
a(vN) ~ Gs, (8.19) 


The laboratory system in a typical high-energy neutrino experiment 
is one in which the initial nucleon is at rest. Let EY and Py, be res- 
pectively the energy and the momentum of the neutrino in the labora- 


tory system. We have 


a ee pine ie ae 
= Si Ue my) PY gee a 
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Thus, (8.19) can also be written in terms of E : 


2 
a(vN) ~ G mie, : (8.21) 

By using (8.1), we find at high energy 
AON) - “wae (yee. (8.22) 

™N 
The experimental result is 

o(vN) = 06 x 10°38 (%) om? (8.23) 

™N 


Again, we can estimate the order of magnitude of this reaction with- 
out any computation, [ Notice the huge difference between (8.8), 


(8.16) and (8.22) at a comparable energy. | 


8.6 Compton Scattering 


The lowest-order Feynman diagrams for Compton scattering 
yar ce = yor = (8.24) 


are given in Fig. 8.2, By following the same reasoning which led to 


(8.12), we expect the total cross section o of this reaction to 
Comp 
y yk eer y(k) 
? 
e a e(p) ee a e(p ) 


(a) (b) 


Fig. 8.2. Lowest-order diagrams for Compton scattering 
in which p and k denote the 4-momenta 
of the final e and y . 
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be of the form 


_ 2 
Perey Gh, m,) (8.25) 


where, as before, s is the center-of-mass energy squared, and the 
function f is to be determined, 


2 and therefore f is a 


At the nonrelativistic limit, s 7m, 
function which depends only on mao: From dimensional considera- 


tions, we expect 


= ee N. R. (8.26) 


* Comp m 


where N.R. denotes the nonrelativistic limit. When s is >> my 
we can neglect m in (8.25), and that leads to, through dimensional 
analysis, 


2 


—— erik (8.27) 


* Comp S 
where E.R. denotes the extreme relativistic limit. 
An accurate calculation of the Feynman diagrams in Fig. 8.2 


gives * ‘< 


e : (8.28) 


G 


Our estimation @.26) differs from the accurate nonrelativistic formula 
(called the Thomson limit) only by a factor a . However, in the 
extreme relativistic case, the estimation 6.27) misses an s-dependent 
factor 2mIn — . While this is a slowly varying function of s, 


e 
the existence of such log terms has a general underlying reason, as we 


shall explain. 


* See W. Heitler, The Quantum Theory of Radiation (Oxford, Oxford 
University Press, 1944), 
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8.7 Mass Singularity and High-energy Behavior 

We first give the technical reason for the In —z factor. Let 
us consider diagram (a) in Fig. 8.2. The virtual electron carries a 
4-momentum 


di=ips (8.29) 


where p and k are, respectively, the final 4-momenta of e and Y. 


The components of p and k may be written as p= (p, i Po) and 


k = (k, iky) . Since the final e and y are both on the mass shell, 


we have 
p?+m2 = 0 and k2=0, 
le, 
Po = V pt tm? and ke = aE (8.30) 


For definiteness, we consider the laboratory frame. In the E.R. limit, 


Po ise>> mor and therefore 
2 


p lpi ae, (8.31) 
0 2Po 


~ 


In diagram (a) the electron propagator carries a denominator 
qo (Paani (8.32) 
which, because of (8.30), is equal to 
2p-k = 2p-k - 2p9k, 


In the E.R. limit and for the nearly forward scattering case, we have 


k = 
se a = Sie 0 S20 ie nel aeea-e) 
Po 
— Pa (m2 + Pg 97) (8.33) 


0 
where @<< 1 is the angle between p and k. Diagram (a) gives a 


contribution 0, to the cross section that is inversely proportional to 
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2 : ae 
(q* +m _?)°. For the region under consideration we expect the de- 
rs p 


viation of oy from the simple estimate (8.27) to be 


"a, 02 2msin Odo 4 
a) 2 mae PO 
(a (m, - Po 0°) 
Po : 
~ 2m In (—*) lip ee (8.34) 
e e 


where 2m sin 8 d@ is the solid angle, Po is there to make the 
whole expression dimensionless, and the 92 factor in the numerator 
is due to Ys invariance, as will be explained below. The new esti- 
mation (8.34) is in good agreement with the exact limit given by the 


Klein-Nishina formula* given in (8.28). 


The Y,~transformation 
pow G yo, (8.35) 


has been discussed in Section 3.8 in connection with the two compo- 
nent theory. For the electron field ¥, since m #0, the mass term 
violates the 15 invariance, However, the electromagnetic interac- 
tion is invariant under the Ys transformation, as can be readily ver- 
ified by substituting (6.35) into (6.7). In the E.R. limit, m. can be 
neglected; therefore, by following the discussions given in Section 
3.8 one sees that the helicity of the electron is unchanged through 
its electromagnetic interaction, Since the helicity of the photon is 
either +1 or -1, a helicity-conserving electron cannot emit or ab- 
sorb a photon in the exact forward direction, as can be easily seen 
through angular-momentum conservation along the direction of motion, 


Thus, for zero mo when the angle @ between D and k is 0, the 


* ©, Klein and Y. Nishina, Zeit.f. Phys. 52, 853 (1929). 
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Feynman amplitude must also be 0. Consequently, the matrix ele- 
ment for diagram (a) in Fig. 8.2 carries a factor proportional to 0, 
and that explains the 92 term in (8.34), [For m. #0 but 8=0, 
the amplitude is oc m, # terms proportional to mo do not lead to 
the mass singularity. ] 

From (8.34) one observes that in the E.R. limit the cross section 
has a logarithmic singularity (called mass singularity) when the elec- 
tron mass m, — 0. The origin of the mass singularity is associated 
with the fact that (8.33) becomes 0 when m= 9=0; i.e., the 
relevant propagator becomes infinite, which in turn means the virtual 
particle is approaching its mass shell. There is a simple, but general, 
reason for this: If we have a number of zero-mass particles moving in 
the same direction, their total energy E= e ES and the magnitude 


of their total 3-momentum p = » P become equal 
d S| ee | (8.36) 


where the subscript a denotes the an particle, Thus, when thee Oo, 


conservation of energy follows from the conservation of momentum 


whenever the momenta of e and y are all parallel; i.e., in 


all particles can be on-mass-shell in this special limit. 

A general theorem can be established which states that, for any 
process 

eee (8.37) 
although the Feynman diagrams have mass singularities, the square of 
the S-matrix element 


Doce |< Sale alee (8.38) 
Ete | 
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summed over the sets {i} and {f} which respectively contain all 
states that are degenerate (within an energy width « #0, which can 
be arbitrarily chosen) with i and f, does not, Expression (8,38) de- 
pends on the width e but has a finite limit when mi> 0 to every 
order in the perturbation expansion. This theorem is valid not only in 
quantum electrodynamics, but also in other field theories such as 


quantum chromodynamics. The proof is quite elementary, and is given 


in Chapter 23. 


8.8 ee Pair Production by High-energy Photons 

Let us consider the reaction 

yh = Ska Be (8.39) 
where Z denotes a heavy nucleus of charge Z (in units of positron 
charge). The lowest-order diagrams are given in Fig. 8.3 in which the 
wavy lines represent real or virtual photons, In order to establish the 


cross section of (8.39) we first consider the reaction of pair produc 


tion by two photons 


ea e 


Fig. 8.3. Lowest-order Feynman diagrams for (8.39), 
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+ ~ 
yy ae re (8.40) 


whose diagram is given in Fig. 8.4. By following the same argument 


Y e 


Fig. 8.4. Lowest-order diagram for y+ y > ae e 


which leads to (8.27), we may estimate at high energy 


‘% D 
o(yyree)~ =, (8.41) 


Next we compare the difference between reactions (8.39) and 
(8.40). For simplicity the nucleus is assumed to be extremely heavy, 
at rest in the laboratory system, The electrostatic potential generated 
by the nucleus at distance r is 


ee (8.42) 


7 
Thus, in the laboratory frame, the 4-momentum carried by the virtual 
photon in Fig. 8.3 is q= (q, 0); i.e., the fourth component of q_ is 
0. The distribution of q is given by the Fourier transformation of 


(8.42), and therefore it is proportional to 


a (8.43) 


a = 6 F 
The process y+Z- e +e + Z can then be viewed as a particular 
ace ics 2. of 
case of y+ ye +e  inwhich one of the y's is virtual with a 


momentum distribution given by (8.43) in the laboratory frame, 
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Accordingly, in reaction (8.39) the 3-momenta Py and P_ oe! 
and e are independent; therefore, the final-state phase space differs 
from that of (8.40) by an additional factor 


QS 
ae p2 ~ s (8.44) 
Po 

1 


where Po= (p 2+ are) and pcan be either P, or P_ . By mul- 
tiplying (8.44) and (8.41) we see that the s-factors cancel, and there- 
fore at high energy the cross section Beat for reaction (8.39) is ap- 
proximately independent of s. In Fig. 8.3, each Feynman diagram 
has three vertices, one is proportional to Ze and the other two fo e. 


Thus, o ._ is of the form 
pair 


22am.) 


c.. 

pair 
where the function f can be determined through dimensional analysis, 
We then obtain the estimation 


Fie 


“pair » me . (8.45) 


So far, we have only made the crudest estimation, ignoring completely 
the possibility of mass singularity. By following arguments similar to 
that given between (8.29) and (8.34), we can derive a better high-en- 


ergy estimation 


ie E 
ee Yt (8.46) 
pair m m 
where E is the laboratory energy of the initial y in reaction 


(8.39), The exact limit given by the Bethe-Heitler formula* is 


Cpe: E 
BS AS eee 6.47) 


go, = 
pair Zemies Me 


i 


* H. Bethe and W. Heitler, Proc.Roy.Soc. 146, 83 (1934). See also 
Heitler, The Quantum Theory of Radiation, loc, cit. 
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consistent with the above estimation, 

Equation 8.47) is valid for a point nucleus without screening, 
If one has complete screening, then the log factor in 8.47) should be 
replaced by a constant © In(183 Z °). Unlike [Comp * pair 
does not decrease with increasing energy. This has an important ex- 
perimental consequence; it means that in matter a high-energy pho- 
ton has a finite, nonzero, almost energy-independent mean free path, 
which is, e.g., about 460 meters in air (1 atm, pressure and 0° Cir 


13 cm in aluminum and 7 mm in lead. 
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Chapter 9 


GENERAL DISCUSSION 


Since the beginning of physics, symmetry considerations have 
provided us an extremely powerful and useful tool in our effort to 
understand nature. Gradually they have become the backbone of our 
theoretical formulation of physical laws. In this chapter we shall re- 
view these symmetry operations and examine their foundation, Such 
an examination is useful, especially in view of the various asymme- 
tries that have been discovered during the past quarter century. 

There are four main groups of symmetries, or broken symmetries, 
that are found to be of importance in physics: 

1, Permutation symmetry: Bose-Einstein and Fermi-Dirac statistics. 

2. Continuous space-time symmetries, such as translation, rotation, 
acceleration, etc. 

3. Discrete symmetries, such as space inversion, time reversal, 
particle-antiparticle conjugation, etc. 

4, Unitary symmetries, which include 

U,- symmetries such as those related to conservation of charge, 

baryon number, lepton number, etc., 

SU, (isospin) - symmetry, 

SU, (color) - symmetry, 
and SU, (flavor) - symmetry. 


AE, 
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Among these, the first two groups, together with some of the U)-sym- 
metries and perhaps the SU, (color)-symmetry in the last group, are 


believed to be exact, All the rest seem to be broken. 


9.1 Non-observables, Symmetry Transformations and Conservation Laws 
The root of all symmetry principles lies in the assumption that 
it is impossible to observe certain basic quantities; these will be 
called "non-observables", Let us illustrate the relation between non- 
observables, symmetry transformations and conservation laws by a sim- 
ple example. Consider the interaction energy V between two parti- 
cles at positions e and hs . The assumption that the absolute po- 
sition is a non-observable means that we can arbitrarily choose the 
origin O from which these position vectors are drawn; the interac- 
tion energy should be independent of O. In other words, V is in- 


variant under an arbitrary space translation, changing O to O'; 


=> PF 4 G and ra = Pat @ 


; Cal 


as shown in Fig, 9.1. Consequently, V is a function only of the 


Fig. 9.1, The interaction energy V between particles 1 and 2 
is invariant under a change of origin O>O'. 
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relative distance it - ie , 
Nee NIE = ro) (9.2) 


From this, we deduce that the total momentum of this system of two 
particles must be conserved, since its rate of change is equal to the 
force 

-(¥)+V,) Vv 
which, on account of (9.2), is zero. 

This example illustrates the interdependence among three as- 
pects of a symmetry principle: the physical assumption of a non-ob- 
servable, the implied invariance under the connected mathematical 
transformation and the physical consequences of a conservation law 
or selection rule. In an entirely similar way, we may assume the ab- 
solute time to be a non-observable, The physical law must then be 


invariant under a time-translation 
Late y, 


which results in the conservation of energy. By assuming the abso- 
lute spatial direction to be a non-observable, we derive rotation in- 
variance and obtain the conservation law of angular momentum, By 
assuming that absolute (uniform) velocity is not an observable, we 
derive the symmetry requirement of Lorentz invariance, and with it 
the conservation laws connected with the six generators of the Lor- 
entz group. Similarly, the foundation of general relativity rests on 
the assumption that it is impossible to distinguish the difference be- 
tween an acceleration and a suitably arranged gravitational field. 


The following table summarizes these three fundamental as- 


pects for some of the symmetry principles used in physics. 


180, PARTICLE PHYSICS: SYMMETRY 


Non-observables 


Symmetry 


Transformations 


Conservation Laws 
or Selection Rules 


eee 


difference between 
identical particles 


absolute spatial position 
absolute time 


absolute spatial 
direction 


absolute velocity 


absolute right 
(or absolute left) 


absolute sign 
of electric charge 


relative phase between 
states of different 
charge Q 


relative phase between 
states of different 
baryon number N 


relative phase between 
states of different 
lepton number L 


difference between 
different coherent mix- 


ture of p and n_ states 


permutation 


space translation 
fh a 
time translation 


totter 


rotation r — r'! 


Lorentz 
transformation 

—> > 
r-o--f 


Crs =e 


(or $= a yp!) 


Ga TSE yy 


acy 


B.-E. or F.-D. 


statistics 
momentum 
energy 


angular momentum 


generators of the 
Lorentz group 


parity 


charge conjugation 
(or particle anti- 
particle conjugation) 


charge 


baryon number 


lepton number 


isospin 


SS ee ee eee ee 


Table 9,1, 
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9,2 Asymmetries and Observables 

Since the validity of all symmetry principles rests on the theo- 
retical hypothesis of non-observables, the violation of symmetry arises 
whenever what was thought to be a non-observable turns out to be 
actually an observable. Ina sense, the discovery of "violations" is 
not that surprising. It is not difficult to imagine that some of the" non- 
observables" may indeed be fundamental, but some may simply be due 
to the limitations of our present ability to measure things. As we im- 
prove our experimental techniques, our domain of observation also en- 
larges. It should not be completely unexpected that we may succeed 
in detecting one of those supposed "non~observables" at some time 
and therein lies the root of symmetry breaking. 

The notable examples of such discoveries are the asymmetry of 
physical laws under the right-left mirror transformation, the particle- 
antiparticle conjugation and the change in the direction of time flow, 
past to future and future to past, It turns out that all these supposed 
non-observables can actually be observed, Let me illustrate the re- 
lation between "asymmetries and observables" by first considering the 
example of right-left asymmetry, commonly known as parity noncon- 
servation, 

Of course it is well known that even in daily life, right and left 
are distinct from each other, Our hearts, for example, are usually not 
on the right side. The word "right" also means correct, while the word 
"sinister" in its Latin root means left, In English, one says “right-left', 
but in Chinese fa je : jt (left) usually precedes jh (right), 
However, such asymmetry in daily life is attributed to either the acci- 
dental asymmetry of our environment or initial conditions. Before the 


discovery of parity nonconservation in 1957, it was taken for granted 
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that the laws of nature are symmetric under a right-left transformation. 
One may wonder why, in spite of the clear difference between 
right and left in daily life, before 1956 practically all physicists could 
believe in right~left symmetry in physical laws. 
Let us consider two cars which are made exactly alike, except 


that one is the mirror image of the other, as shown in Figue7e2 Canna 


GAS eAod 
DRIVER PEDAL JAq3q AAVIAG 
4 ' 


CAR a f@) falf\.2} 
(TOP VIEW) (W3IV 90T) 


Fig. 9.2. Top view of two cars that are mirror images of each other. 


has a driver on the left front seat and the gas pedal to his right, while 
bd has the driver on the right front seat with the gas pedal on his left. 
Both cars are filled with the same amount of gasoline, (For the sake of 
discussion, we may ignore the fact that the gasoline molecule is not 
exactly mirror-symmetric.) Now, suppose the driver of Car a starts 
the car by turning the ignition key clockwise and stepping on the gas 


pedal with his right foot, causing the car to move forward at a certain 
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speed, say 20 mph. The other does exactly the same thing, except 
that he interchanges right with left; i.e., he turns the ignition key 
counterclockwise and steps on the gas pedal with his left foot, but 
keeps the pedal at the same degree of inclination, What will the mo- 
tion of Car p be? The reader is encouraged to make a guess. 
Probably your common sense will say that both cars should 
move forward at exactly the same speed. If so, you are just like the 
pre-1956 physicists, It would seem reasonable that two arrangements, 
identical except that one is the mirror image of the other, should be- 
have in exactly the same way in all respects (except of course for the 
original right-left difference), This is precisely what was discovered 
to be untrue. The possibility of right-left asymmetry in natural laws 
was first suggested theoretically* in 1956 in connection with the 0-7 
puzzle (see Chapter 15). It was discovered experimentally within a 
few months in B-decay* and in m- and p-decays*™ In principle, 
in the above example of two cars one may install, say, Ga B -decay 
as part of the ignition mechanism, It will then be possible to construct 
two cars that are exact mirror images of each other, but may never- 
theless move in a completely different way; Car a may move forward 
at a certain speed while Car pb may move at a totally different speed, 
or may even move backwards, That is the essence of right-left asym- 


metry, or parity-nonconservation, 


* TT. D. Lee and C, N. Yang, Phys.Rev. 104, 254 (1956). 


** C, S$. Wu, E. Ambler, R, W. Hayward, D, D. Hoppes and R. P. Hud= 
son, Phys.Rev. 105, 1413 (1957). 


*ee RL, Garwin, L. M. Lederman and M, Weinrich, Phys.Rev. 105, 
1415 (1957); V. L. Telegdi and A, M. Friedman, Phys.Rev. 105, 
168190997), 
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As we shall discuss, the discoveries made in 1957 established not 
only right-left asymmetry, but also the asymmetry between the posi- 
tive and negative signs of electric charge, In the. standard nomen- 
clature, right-left asymmetry is referred to as P violation, or parity 
nonconservation, The asymmetry between opposite signs of electric 
charge is called C violation, or charge conjugation violation, or 
sometimes particle-antiparticle asymmetry. 

At the same time as the possibility of P and C violations was 
suggested, questions of possible asymmetries under time reversal and 
under CP were also raised,* Actual experimental confirmation did 
not come until quite a few years later, * 

Since non~observables imply symmetry, these discoveries of 
asymmetry must imply observables. One may ask, what are the observ- 
ables that have been discovered in connection with these symmetry- 
breaking phenomena? We recall that in our daily lives the sign of 
electric charge is merely a convention. The electron is considered 
to be negatively charged because we happened to assign the proton 
a positive charge, and the converse is also true, But now, with the 
discovery of asymmetry, is it possible to give an absolute definition? 
Can we find some absolute difference between the positive and neg- 
ative signs of electricity, or between left and right? 

As an illustration, let us consider the example of two imaginary, 
advanced civilizations A and B (see Fig. 9.3), These two civiliza- 
tions are assumed to be completely separate from each other; never- 


theless they manage to communicate, but only through neutral 


eee 
* T. D, Lee, R. Cehme and C, N. Yang, Phys.Rev. 105, 340) (1957) 


™ J. H. Christenson, J. W. Cronin, V. L. Fitch and R. Turlay, Phys. 
Rev. Lett. 13, 138 (1964), 
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LIVIN I ge 


UNPOLARIZED 
LIGHT 


IRINA) 


Fig. 9.3. Two imaginary civilizations communicate with each other 
through neutral unpolarized messages. 


unpolarized messages, such as unpolarized light. After years of such 
communication these two civilizations may decide to increase their 
contact, Being very advanced, they realize that they must first agree 
on (i) the sign of electric charge, 

and (ii) the definition of a righthand screw. 

The first is important in order to establish whether the proton in civil- 
ization A corresponds to the proton or the antiproton in civilization 
B. If the protons in A are the same as those in B, then a closer con- 
tact is possible, Otherwise it might lead to annihilation, The defini- 
tion of a righthand screw is important if these two civilizations decide 
to have even closer contact, such as trading machinery. The academic 
problem that concerns us is whether it is possible to transmit both piec- 
es of information by using only neutral and unpolarized messages. 


Without these discoveries of P, C and CP asymmetries, this would 
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not be feasible. Now, assuming that these two civilizations are as ad- 
vanced as ours, such an agreement can in principle be achieved, 

First, both civilizations should establish high-energy physics 
laboratories which can produce the long-lived neutral kaon K°. By 
analyzing the semileptonic three-body decay modes of Ky under a 
magnetic field, they can easily separate the decay Ke = 6) ees 
from K, ae ee v. They would discover that although the par- 
ent particle KP is neutral and spherically symmetric, nevertheless 
these two decay rates are different 


Qe 
rate (K) > e a 4 Ge Ws) 
= 1.00648 + 0,00035. (723) 


rate (Kp e+ 7 + v) 


This is indeed remarkable since it means that by rate counting one 
can differentiate e from a Thus, there is an absolute difference 
between the opposite signs of electric charge. Now, each civiliza- 
tion only needs to examine the faster decay mode in (9.3), and com- 
pare the charge of the final e with that of its "proton." If both 
civilizations have the same relative sign, then it means that they are 
made of the same matter. 

Next, we come to the second task: the definition of a right- 
hand screw. This can be done by measuring the spin and momentum 
direction of the neutrino or antineutrino in w- decay: a aa ee v 
and rn >e +9, Although te spherically symmetric, in its de- 
cay every v defines a lefthand screw, while every Va righthand 
screw; i.e., the helicity of v is always - 4 and that of ¥ ete 
as shown in Fig. 9.4. The neutrino and antineutrino can therefore be 


described* by the two-component theory, discussed in Section 3.8, 


=. Do iLee and GaN) Yang, Phys. Rev, 105, 1671 (1957); L. Landau, 
Nucl. Phys, 3, 127 (1957); A. Salam, Nuovo Cimento 9, 277 (\ann 
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Consequently, we see that through neutral and unpolarized 
messages these two civilizations can indeed give an absolute mean- 


ing to + and - signs of charge as well as to right and left. 


| 


Fig. 9.4. The neutrino is a perfect lefthand screw, while its anti- 
particle is a perfect righthand screw. 


We note that in the decay mae oy (or ¥), both C and 
P symmetries are violated; but if we interchange + with - , and 
also right with left, then it might seem that symmetry could be re- 
gained (called CP symmetry). However, CP symmetry is also vio- 
lated in the ae decay, because there is an absolute rate difference 
peieenihe finalctaies el 4 Yaand @) w 06 As we shall see la— 
ter in Chapter 15, from CP asymmetry and observed amplitudes of 
various K-decays we can deduce the asymmetry with respect to 


time-reversal 1. At present, it appears that physical laws are not 
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symmetrical with respect to C, P,T, CP, PT and TC. Never- 
theless, all indications are that the joint action of CPT (i.e., par- 


ticle <= antiparticle, right + left and past future) remains 


a good symmetry. 


Chapter 10 


U, SYMMETRY AND P, C INVARIANCE 


10.1 QED as an Example 

The use of some of these symmetry operations in a quantum 
theory can best be illustrated by considering quantum electrodynam- 
ics (QED). In this section we discuss the conservation of lepton num- 
ber and the invariance under parity P and particle-antiparticle con- 
jugation C. As in Chapter 6, we adopt the Coulomb gauge. Hence 
the independent generalized coordinates are the transverse field 


A=A" and the electron field i) . Their conjugate momenta TT and 


are given by (6.21)-(6.22), In accordance with (6,30), we have 
¥-A=0 and vou = © 
Theorem. The QED Hamiltonian H, given by (6.55), is invariant 
under the following unitary transformations: 
iLO -iLO@ | 
l. e e = 


H H (i021) 


in which @ is any real number and L is the lepton number operator 


defined by the normal product 


Le pe oleqwey. oa (10.2) 
where, as before, ae (r, it). 
2, BOM cl = H (10.3) 
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where C is the particle~antiparticle conjugation operator which sat- 


isfies 


cCAw)c'=-Ag) , citect=-ie) oa) 
and i . 

CU) Cae ae (x) (10.5) 
with 71, a8 a constant phase factor, | Te | = 1, and the components 


of #° given by, in the notation of Chapter 3, 
Pen) ue. (10.6) 
a ») ax 


ae)! =e (10.7) 


where P is the space inversion (i.e., parity) operator which satisfies 


PA(r,t) Pe! = -A(-r,t), Pitter = = Te 
sae : (10.8) 
PUCrt) P= ile Y4 b(-r,t), (10,9) 


with 1 as a constant phase factor | 1 | =1. 


As we shall see, the operators ait C and P are all unitary. 
Furthermore, because of (10.1), (10.3) and (10.7), they are all t-in- 
dependent. 


Proof, 1. We first consider the commutator between L and Px), 


which on account of (3.24) and (1 0.2), is given by 


CL, ¥&)] = -¥&) , (10, 10) 
Next, we introduce 

$k) = aire em (10.11) 
whose derivative is 

oho atom 


al LO 


ee IL tes) = -i¥y&) . (10,12) 


Equation (10.12) can be readily integrated. We find 
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Yoh) = 2 ¥5_4h) = 8 YR) , 


which leads to 


LR GTR) ae (10,13) 


From the definition (10.2) we see that L is a Hermitian and therefore 
ae is unitary, Consequently, the Hermitian conjugate of (10,13) is 
_ ie = Joa 


sD alien oan (10,14) 


Let [ be any 4x4 matrices, suchas y , iy, yo, cet, ine 
r r 
troduced in Chapter 3. It then follows that 


28 yl y _ ile a 2 l8 yl _ ile ; =i L® pais 


» 
es eat ie (10,15) 


in which we have used the fact that the matrix element of [ isa. 
number and therefore commutes with the Hilbert space operator L. 


In QED the electromagnetic current is j =i: v4 y Wee. hence, 
r r 


JSgeer ol See. (10.16) 
r r 
Furthermore, since L depends only on the fermion field, we have 
AE TE ca Ste) cle = Te, 
(10.17) 
Because = io, and A(t, t) is given by (6.16), we also have 
page) ee eee (10.18) 
0 0 
and therefore 
BM, A 7 iLe =5 A 


Hoy HoH 
Equation (10.1) now follows. By differentiating (10.1) and setting 


@=0, we obtain 


(ieee = 0: (10.19) 
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which implies L is independent of time, i.e., L is conserved. 


From the Fourier expansion (3.32), 


Lae | Pet eat -ip-F 
Mer teu | ae 39 | nae 
we have 
2 L8 -i LQ = ] iLO -iLO ip-r 
a S— => = e 
ve = ie ae se 
eellO,t iLO, iBT) 
P,Ss P,s (10.21) 


which, together with (10.13), leads to 
iLO, tT  -iLO ~i0, fT 
e b> e =e 


a (Oi22) 
and P,s P,s 
iL@ -i LO -i0 
e€ a. e = 6/8 os 
P,s prs 
whose Hermitian conjugate is 
pletelieg mee CI (10,23) 
P,s P,s 
By using 3.32)-3.33) we can readily verify that 
= (cll on (10,24) 


Ds PrS p,s PreS P;s 


As in (3.40), the Hilbert space of QED is spanned by the set of 
basis vectors 
(Os, es eh pes, of pos, 
P,s P,s P,s 
: Ty ky ‘ 
Incr nero y>= 17 1 Tal pt a | O> 
y iN jet kat Pir Pi Pye, 
. (10,25) 
, where a> is the photon creation operator given by (6, 36), 


Because of (3.41) and (10,24), 


’ 


kee Si0 -. (10.26) 
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Furthermore, by following the discussions given in Section 3.5, we 


see that 
- 4. - +. 
einen ne: iney 226 (nen) ne jinel. nny > 9, 
ae at e027, 


and therefore 
iLO - + i(n_-n,.)9 
| ees 


a ee a 


- + 
be pe re gc 


+ 
(10.28) 
which can also be established directly by using (10.22)-(10.23); then 
by differentiating (10.28) with respect to 9 and setting 9=0, we 
arrive back at (10.27). 
2. Next, we consider the operator C defined by (10.4)-(10.5). 


From the Fourier expansion it follows that 


cv@c! = oe A ina (eas Ge LPT egy ele ay ie 
= JQ fics eS Ce ES 
Pr (10,29) 


in which we have used the property that cl is a Hilbert space op- 
erator and therefore commutes with e'P’" and the c. number spinors 


Ua : and es 5° In terms of the same expansion, (10.6) can be writ- 


f tA 
ten as 
ees) = 107) 91 &) =) 
pys VQ 
fae * Store aa ipery 
BZ a aes eee P,3)y 
which, because of (3.81), leads to 
W(x) = » as (b=sanuss eS lh vy gemma 
ape /E Ne Peele (10,30) 


From (10.5) and by equating (10.29) with te times (10,30), we ob- 


tain 
(CS Ges cl = n 


be 
P,s © P,s 


r (10.31) 


C bt el i : (10.32) 


Teo 
r° c P;s 
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The Hermitan conjugate of (10,31) is 


cot cl = nob, (10,33) 


Likewise, by using (10.4) and the Fourier expansion 6,32)-6.33) and 
(6.36), we can derive for the photon creation operator 


Gall ios! 


a—_> 
P,s P,s 


(10,34) 


That there indeed exists a unitary operator C which satisfies 
(10,32) -(10.34) is indicated by the formula given in Problem 10.2, 
Here we shall give a simpler and more direct proof, Let us consider 


a linear transformation in the Hilbert space spanned by (10,25): 


Ses at (OS = po th. ee 
P,s c P,s 


(10.35) 


The orthonormality of the complete set of basis vectors is clearly un- 
changed, Hence the transformation operator is unitary, Furthermore, 
one can easily see that it satisfies (10.32)-(10.34). Therefore, C 
exists and 

oles 1. (10.36) 
In addition, in (10.35) we have fixed the overall phase factor of C 
by requiring | Oe. | 0 oe luee 


C03 | On (10.37) 
Next, we shall establish the invariance of H under C. Since 
the free Hamiltonian Ho of (6,55) can be written as 


Hy =. 2) (el coe! Sees a of 


S s s ‘ 5 ee Uerso) 
p,s=i4 P P-S Pp, P,S p,s K s=4] ’ r 
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where w = | k |, and ae Vp 2+m?_ with m the physical elec- 
tron mass, from (10.32)-(10.34) one sees readily 


tT 
Fa Gl ae (10.39) 


In accordance with our convention (3.7)-(.11), Yo = 2% is 


real and symmetric. Hence the Hermitian conjugate of 


i ii 
oy Gl = net) , _ (10,40) 
: tat 
= * = * 
cyic! = 42 (1) == NGA (10.41) 
Aa 


The electromagnetic current operator is j =i: yl TRAN bp: . By 
LU 
using (10.40)-(10.41), we find 


CF eierey Tela) CY cz 
a a 


| 
< 
> 
—, 
nw 
Sep 
2 
a, 
bo 4 
NN 
~ 


I 


> til : 
Ste Y (Yo V4 1 ae os : (10,42) 


where the minus sign is due to the exchange of the order of the fer- 
mion operators Ye and ¥,! , but with their anticommutator absent 
because of the normal product. Since Yor Y4 are symmetric and ‘4 


¥3 antisymmetric, the transpose of Y> V4 fy Yo is given by 


EE 


ae op emee? *, 1h oe (10.43) 
Substituting (10.43) into (10.42), we derive 
ec eee, | (10.44) 
H r 


Since j,=ip, if follows that 


CaCl ee es (10.45) 


which, together with (6.16), yields 
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eye! = 2 — (10,46) 


Combining (10.4) with (10.46), we can write 


€ Act ee ane (10,47) 
r u 


and that gives 


Oe eG! = fas 
HoH H op 


which establishes the particle - antiparticle conjugation symmetry of 
the electromagnetic interaction, 

3. Lastly, we examine the parity operator P, defined by (10,8) - 
(10.9), Upon substituting the Fourier expansion (10,20) into (10,9), 


we find that its lefthand side becomes 


Woe a in Pe gig Soy 
= 8 P,s 5 P,s 
P,S (10,48) 
and its righthand side, on account of (3.82), can be written as 
ee Sie ei) ip-r 
ur Y4 eta) cy Tae Y4 ae e 48 ae ee ) 
» aes OL _ epee il a ef 
oP PrS ~Py-s PrS —P,os 
i Tae Ee ‘bl a Pes 7 ee 
Prs i ‘ ** (10,49) 
Hence, by equating (10,48) with (10.49), we obtain 
ee ae (10.50) 
Prs P -P,-s 
and 7 
ie p' = 7 ee : (10,51) 
whose Hermitian conjugate is 
Bal pl = 7* = : (10,52) 


Bre p -P,-s 
Likewise, by using (10,8) and the Fourier expansion (6,32)-(6,33), we 
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can derive for the photon creation operator 


eet ee 
ee! 


Pos P (10.53) 
Pp =P 
where, as in (6,34), 
= eel 2 (0) «, (10.54) 


For photons of a definite helicity, we may use the creation operator 
defined by (6.36). Equation (10.53) tekes on the form 


P al p! =e aie : (10.55) 
2 eps Weng 
Next, we consider a linear transformation in the Hilbert space 


spanned by (10,25): 


™ i = i 
|O> + |0>, a5 .|0> pass Oe 
wl los “=, BIS FOS Bao. Saas 
P,s P ~P,7Ss P,s ~P,7s 


which, as in (10.35), preserves the orthonormality of the complete set 
of basis vectors, and is therefore unitary. One can readily see that 
the transformation operator satisfies (10,51)-(10.53). Therefore P 


exists and 


T 


pip=1]1 ; (10,57) 


furthermore, because of the first expression in (10.56), we have fixed 


the overall phase factor of P by setting 
Py: 2 ose (10.58) 


From (10.38), one observes that the free Hamiltonian is invariant un- 
der P; i.e. 


PH ph = 4 


. (10.59) 


As in (10.42), the transformation of the electromagnetic current 
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Operator j under P is given by 
U 


oe Tt. . ee t Be t 
P pt) eee ,t)P PU t) Pe 
Dau ) Ne ee a) a (cat. 
= Ne, He hi ae eae es 
7 > hen t) y=iZf4 
i. yet t) oe (10.60) 


which, together with (10.8), leads to 

OG eG! = Feet Aen. (10.41) 
Since I= teen! Vans ~ ep, we have 

P p(r, t) A(r, #) P= p(-r, #) Aj(-t ft). (10,62) 
Furthermore, because of (10.9) and its Hermitian conjugate, we obtain 

pel(r, +) pu, P' = eer ewer . 1063) 
Combining (10.61)-(10,63) with 6.28), we see that 

PH PT=H (10.64) 
Equations (10,59) and (10,64) establish the invariance of H under P. 


Remarks, Under the space inversion, the momentum p of a particle 
changes sign, but its spin o does not, and therefore its helicity 
=o. Pp >-s, in accordance with (10.50)-(10.55), For a nonrela- 


tivistic particle, its spin is decoupled from its momentum; we may re- 
place (3.27) by 


= Cage - Cae 
a. 3 Pro, = g Pro, (10.65) 
V5, 0 . eo 
52 f 


where Z is a unit vector along the z-axis, which can be arbitrarily 


chosen, and ae = 4% is the spin of the particle along z. 
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Correspondingly, (3.31) becomes 


S(t) = ae 


T 
= boee = . (10,66 
Oe ee ee 
74, 


a, 
0 0 = 
ae Eee oe £08 


From (10.52)-(10.53), one can readily derive 


Pro, a 
Po poe, bee (10.67) 
ieee P PO 


which shows explicitly that spin, being an angular momentum, is a 


pseudovector and therefore does not change sign under P, 


10.2 Applications 
1. Furry theorem 


Let us consider a state of n photons 
Tac 
any a= OF [os . (10.68) 


From (10.34) and (10.37) we have 


Clings = (-1)" | ny> : (10.69) 
Since the QED Hamiltonian is C -invariant, the U(t, to) matrix 
defined by (6.20)-(6.21) satisfies 

GuG, to) cl =) t, to) ‘ (10. 70) 
In the limits t - oc and ton -o, Ut, to) becomes the S-matrix. 
Hence, 

Cee! as aan (10.71) 


We may consider the matrix element 


Lily | S| aes | (10.72) 
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which, because of (10,69) and (10.71), is equal to 


enty | C'SC) nyo ancl) i caneatto eT Oren 


which must be zero if n+ n!' is an odd number. Therefore, we estab- 


lish the theorem 
even numbers of y + odd numbers of yo (10.74) 


valid to all orders of the electromagnetic interaction. 
The above selection rule can be easily extended to include the 
strong interaction, provided that the strong-interaction Hamiltonian 


H ' is also assumed to be C-invariant; i.e. 
S 


cH, c! =H (10,75) 


st 
Selection rule (10,74) is then valid to all orders of the strong, as well 
as the electromagnetic, interaction. 

A glance at the Table of Particle Properties at the end of this 


book tells one that the dominant decay mode of n is 


Te Satya (10.76) 
From assumption (10,75) and Eq. (10.69), we conclude a is of 


C=+ 1, and therefore 


a 7 odd number of y , (10.77) 


The experimental upper bound of the branching ratio of n — 3y is 
-6 F : ; , : 
<5x 10 °, which confirms the above selection rule and in turn gives 


support to the correctness of our assumption that ie is C-invariant. 


Remarks, In the case of QED, C-invariance is established explicit- 
ly; in the case of the strong interaction, it is assumed, In either event, 
the deduction of selection rules, such as (10,74) and (10.77), from C- 


invariance can be made independently of the details of the Hamiltonian. 
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The close correlation between the general theoretical assumptions 
and their rigorous experimental consequences makes the study of 


symmetry particularly rewarding. 


2. Positronium states 
: ers ee S| 
It is customary to label the positronium e e states as b 


J 


where the quantum number L is the orbital angular momentum, J 
the total angular momentum and S the total spin, with S=0 being 
the singlet and S=1 the triplet. We first establish that such a state 


ste iE +5 


P= = (-] and C = (-1) : (10,78) 


Proof, Because the electromagnetic interaction is both C- and P- 


invariant, we can adiabatically reduce the electromagnetic coupling 


2 


constant e? without altering the C and P quantum numbers of the 


pee Sell rae 
positronium state 2 Ly . In the limit of very small e? , the non- 
relativistic description becomes sufficient, and therefore we can neg~ 
lect the coupling between spin and orbital angular momentum as 


well as the presence of virtual photons, The state vector is then given 


by 


Sie 3 : | 
| Ly> = LS MPV (8) XC oO) Cape) 
m, oO, , 0) 
ale Ile, Dos (10.79) 
Bete Bacs 


where, as in (10.65)-(10,66), subscripts o. and o. can be i1; 

they denote the spin components of e and e along the z-axis, 

with the spin function X69 ' a) antisymmetric for the singlet, 
Zz 


but symmetric for the triplet, 


aC Cae On CO (10.80) 


Quite often in the literature one writes for the triplet state, x ain 
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for m=1, (ei Ae for m=0, and a for m=-1; 
for the singlet state one has only m=0 and the corresponding 
ss el sia/ v2 . where the subscript - is for e and + 
for et . In (10.79) the momenta of e and one p and =— 
respectively, p=p/p with p= | p L. YUM denotes the spherical 
harmonics given by (1.38)-(1.40) which satisfies 


olny (10.81) 


MiyiGe = LmiP) 
The z-component of the total angular momentum of the state is 
J, =M+m; Cham (p) denotes the appropriate Clebsch-Gordon co- 
efficient multiplied by the radial function, which is independent of 
the direction of p. 

We now apply the Hilbert space operator P onto the state 


vector (10.79) : 


2S+1 7 ; 
PN SL aoe lao ey, i 
is O_O” 
zZ zZ t 
Pa ee, OS Oe) 
rT, ~Pp,o 
Zz Zz 
Because of (10,58) and (10.67), 
Pal l ,[0>= Pai plppi Piplos 
PrO, -Pro P, 9. 79 
Zz zZ 
ote spoke (10,83) 
“Pro pags 


which, together with (10,82), gives 


on 


P Pa Fae R ANCES (o,, 0) C., &) 


io pis 
rt 


sat. bh los. oga) 


By re-labeling - p as p and by using (10.81), we can rewrite 
(10.84) : 
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2541 _ 3 - . 
le ly ee nee) 
ta z’ F 
ek bl, Oe. 
Pr, —Pr OL 
2c 
= -(-1) | Lies (10.85) 


which gives the first equation in (10.78). 
By using (10.32)-(10.33) and (10.37), we have 


aula) Bie Si hOs Siecle lle oleae 
Pe Pree Bede proe 
= ig <i es 
578, “Ph 


ees eto, seme (10.86) 
74 


Hence, the application of C to the state vector (10.79) gives 


He Sa| - 3 ie ; 
eee ae ee) ccs) CO) 
mM, o Pes i, i} 
= = ts C Ges ee 1 | (0) S 
cs Reta 


=-f fav Olle, ae es 


TE, 
nyo, 0 - 
77 fale be | O> 
ae C9 
i eee ec. ©) 
, LM mo 22 Mm 
mM, 0 7 Oo ip i 
ee ey ee Oh (10/87) 
Pro, ~Pro, 


which, because of (10.80) and (10.81), is 


pe reset ‘ 
J 
and that establishes the second equation in (10.78). 


Combining (10.78) with (10.69), we derive the selection rules: 
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states with even L+S A odd y , (10.88) 
1 @ 3 2 


which applies to, e.g., So : Po r Py A Po . states; 
states with odd L+S A even y , (10.89) 
which applies to, e.g., 36 Ip states, 


Remarks, There is a simple method for remembering the two equa- 

tions in (10.78). In accordance with (10.67), the relative parity be- 

tween e and e is -] ; under space inversion, spin is unchanged, 

Pp --p and therefore Y... > eae YF 
[ bs LM 

P= (ill) 7 


LM" Together they give 


L 


Under C, we exchange ewan e ; this gives a factor (-1) 
due to the orbital angular momentum, a factor nee due to the 
spin part and another - 1 due to Fermi statistics. Together they give 
C= (-1)r (1) (a1) = (1S, 

3. Decay of a spin-0 particle > 2y 

Let us consider the rest frame of the spin-0 particle. In its 2y 

final state, the momenta of these two photons are equal; each y car- 


ries a polarization direction which can be defined to be that of its 


electric field. We shall now establish that: 


for a scalar particle (P=+1), the polarization directions of 
these two y's are parallel, (10.90) 


for a pseudoscalar particle (P =~] ), the two polarization 
directions are perpendicular, (10.91) 


Proof. Any 2y state in its center-of-mass system can be written as 
| 2y> =f doe) alee 
12a PX(P) a; (p}a:(-p) | 0> ' (10,92) 


where a! (p) denotes the au component of the photon creation 
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operator és in (6.32)-(6.33), From (6.34) it follows that 


P. af (B) = (10.93) 


where, as before, all repeated indices are tobe summed over. For 
(10.92) tobe of spin 0, the function x, (2) must be a tensor of 
second rank under space rotation, Since it depends only ona single 
vector p , the most general form of x, (P) is 


X5i(P) = ra aii P. + Sei, (10,94) 


where 6, is the Kronecker symbol and 


+] if ijk is an even permutation of 1, 2, 3, 
a = - ] if ijk is an odd permutation of 1, 2, 3, 
0 otherwise. (10,95) 


A, B, © are functions of lp | . Because of (10.93), the term Cp. p. 
in (10.94) makes no contribution to the |2y> state of (10,92); 
Xi(P) can be simplified to 


Cale) = A 6. + Be K PK (10.96) 
On account of (10.53), we have in our present notation 
P a! (Bp) pl. ~ al (-p) (10,97) 
Hence, 
ni Qys oP de x (P) Pal(p) P Pas (-p) Pip 1o> 
3 = — _ 
=fdp Xj {P) af (-P) af (P) | 0> 


ii 


=f Pp x, (-P) of(Pa(-P) | > , (10.98) 


which means that for states with P=+1, 
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Thus we obtain 


Zn se eee es 
ee = = (10.99) 
i(P? B oie PL P= le 


i 


According to the Fourier expansion (6.33), the vector direction of g 
is the corresponding direction of E. Equation (10,99) shows that the 
polarizations of two photons are parallel when P=+ 1, and perpen- 
dicular when P=- 1, which establishes (10,90)-(10,91), 

Assuming that nm is of spin 0, we may use the final polariza- 


tion directions of the two photons in 
T = 27 
to determine the parity of nm. Inthe decay 


fo) ah = oP = 
>yty > + + + 
He Ya" NW io “a ) , “b ys 
P P Tie P 
the plane determined by the pair e, &, contains the electric field 
vector of the parent photon ie (and an identical relation between 


a ° : . ; 
ee and Y,) Via the relative orientations of the two planes, 


determined by er a8 and e" eb , Chinovsky and Steinberger * 
were able to establish that n° is a pseudoscalar; i.e., ee 


Again, this conclusion is valid so long as both the strong and electro- 


magnetic interactions are P-invariant. 


Remarks, The same results (10.90)-(10.91) can also be derived phe- 
nomenologically. We may.represent the parent meson by a spin-O 

field », and consider an effective Lagrangian density Core between 
g and the electromagnetic fields of the 2y, which will be denoted 
by a and b respectively. From Lorentz -invariance, we find that 


if is ascalar, then 


sn 
*W. Chinovsky and J. Steinberger, Phys.Rev. 95, 1561 (1954). See 


also the references cited therein. 
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Log © OF i b) o& olE(a)-E() - B(a)-B)] , (10.100) 


Ss 


and if » isa ee 


L ee o > “ane coe F, 5) co olE(a)+B(b)+ B(a)-E6)] 
i (10.101) 
+1. if pv is an even permutation of 1,2,3,4, 
Sans = - 1 if twA6 is an odd permutation of 1,2,3,4, 


0 otherwise. (10,102) 
It is clear that (10,100), (10.101) give (10.90), (10.91) respectively. 


4, Spin-1 particle A 2y 
Let us try to construct a 2y state with a total angular momen- 
tum J=1 in the center-of-mass system, Such a state must transform 
like a vector under space rotation; like the component v. of a vec~ 
tor v, it must carry a similar index i = 1,2,3 making a total of 
three J=1 states. We may therefore write 


ii 


[2y>, = S PPX @al(P)al(-P)|O> (10.103) 


where X. ijk (P ) is a tensor of third rank under space rotation. Since 


No ijk A cee only on the single vector p , its most general form is 


aie by 
Xap (P) ee eee Orc an oo eae) 
TE ae aisle os Gin y, «* Peale Mah) 
meer (10,104) 


where A, B, -**, D', E are functions only of | p | . Because 
P; al (p) = 0, in the above expression the C,D,C',D and E terms 
do not contribute to the 2y states of (10,103). The above expression 


can be simplified to 
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—> 


Xra(P) SA he Pe B'p. ike Pa (10,105) 
which satisfies 
Xia tP) = = fg ‘ (10,106) 


On the other hand, because the photons obey boson statistics, we may 


commute the two creation operators in (10.103): 
= 3 2, Lee 
which, after a re-labeling of p as - D and j,k as k, j, becomes 
3 = ai = 
27>, = S Ep xy (-P)al (Pap (-p)|0> . (10.107) 
By adding (10,103) to (10.107) and by using (10,106), we obtain 
3 = Pat etc ell ee 
| 2y> = S Ap alx sy (e) +X (-p) Tay (P) ay (-p) | O> 
=o. (10,108) 


That means it is not possible to put 2y ina total angular momentum 
J=1 state. Hence, a spin-1 particle A 2y. In the decay of posi- 
tronium, all states with J= 1 must obey the selection rule 


25:1 


Li ye De (10.109) 
However, such states can decay into 3y, 
ad ay. (10,110) 


Likewise, from mn — 2y one knows that the spin of 41. Later 


on, in Chapter 13, we shall show that the pion spin is indeed 0. 


10.3. General Discussion 


Let us consider a general system whose Hamiltonian 


ws Ho : Alas 
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is invariant under a unitary transformation  ; i.e., 


a 1 Sie 
3 Ho d& = Ho e 8H. 8 = pee CO aT 
and 


as ie (10.112) 
For example, A can be pute or C, or P, From (10.111)410.112), 


it follows that 


g Bless Ho 4 and BH. = H. (10,113) 


which, on account of (5.1) and (5.6), implies that 3 is independent 
of t in either the Heisenberg or the interaction representation, Fur- 


thermore, in the interaction representation the U(t, to) matrix, de- 


fined by (6.20)-(5.21), commutes with 3, 
ee eUG er) a0 (10,114) 


We may denote the eigenstate of the free Hamiltonian Ho by 


(10,115) 


free 
In accordance with (6.58) and (6.60), there exists a corresponding 
eigenstate | n aan of the total Hamiltonian, related to | ane 


by 


free 


| n >shys = U(t,-) | n>. (10.116) 
From (10,113), the matrices Ho and 3 can be diagonalized simul- 
taneously, Thus, in (10.115) the state | Mee oon be chosen to 
be = 

| ‘ Free 7 | A aires 


where s is the eigenvalue. Because of (10.114) and (10,116), we 


have 


fe phys = U(t,-o) J] n etree aa [e phys 


Hence, independently of the details of Ht , the invariance assumption 
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(10.111) implies that the transformation properties of the physical 


state | n> are completely determined by those of the corres- 


phys 
ponding free state | > ce! and that greatly simplifies the mathe- 


matical analysis, 


10.4. Baryon Number and Lepton Number 
To each physical single-particle state we assign the following 


eigenvalue to the baryon-number operator N : 


N= 1 for a single-baryon state, e.g., p,n,A,«-, 
N=-1 for a single-antibaryon state, e.g., p, ni pg , 
N= 0 for all other single-particle states, e.g., es oo 1, ys: 


(10,117) 
For a multiparticle state, the baryon number is given by the corres- 


ponding algebraic sum, yy N, . Hadrons with N= 0 are called mes- 
ons, otherwise baryons or antibaryons, 

By definition, N is a Hermitian operator since its eigenvalues 
are all real numbers (in fact, integers). Let @ be a real number. 


The operator 


U=e (10.118) 
is unitary, The assumption that the total Hamiltonian H is invariant 


under U;: 

UHU! = 4 (10,119) 
insures that 

iN, wis a. (10,120) 


as can be readily verified by differentiating (10.119) with respect to 
@. Thus, N is conserved, The converse is also true; i.e, (10.120) 


implies (10.119), From (10,118), we have 
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I 
(40) 
Vv 
~ 
= 
18} 
Vv 
I 
0. 
Oo 
TC 
Vv 
~ 


U|e> 


Aion Ut” |e 


U | n> 
If N is conserved, then since p_ is the lowest mass state with 


N= 1, it must be stable; e.g. 
a + 
pfety and p - Gerbay 


Thus, the stability of the proton is tied to the conservation of baryon 


number, 


Likewise, we can assign the e-lepton number Le and the p- 


lepton number L 


The lepton number of a multiparticle state is again the algebraic sum 

of the lepton numbers of its constituents, Hence, conservation of L 
2 : : oF . 

and Le implies that, e.g. in the decay of mt , depending on the 


charged lepton in the final state, the neutrino can be either vor 


' 
Yeh Loe (10,121) 
Tas ar B 
eee ° (10,122) 


Likewise, in the decay of its antiparticle m we have 


oe + 7 (10, 123) 
a oe (10,124) 
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If one wishes, one may regard (10.121)-(10,124) as the definition of 
these neutrinos and antineutrinos. Because the strong interaction can 
cause virtual transitions p = n+ a and n= p+qa,in u = cap- 
ture and in B=decay, we must have the same kinds of neutrinos and 


antineutrinos, 


By fen ae and i pre +. 0,125) 


Similarly, in y-decay, we have 


- - = + ee 
Bi Ses ce ee and fy ee ey 
fe) e€ { e€ 
The conservation of Land Le leads then to the following select- 
ul 
ion rules: 
up A ety, (10,126) 
vtnfert+p, (10.127) 
ul 
Zf (Z42) fe Seo (10,128) 


Both (10,126) and (10.127) support only the conservation of the dif- 
ference L - Le ; the absence of neutrino-less double B - decay 
(10.128) gives direct evidence for the conservation of Lo. Together 
they provide the experimental proof of these two lepton number con- 
servations. [See Section 21.1 for a discussion of | 

Historically, the two-nevtrino hypothesis, v 7 Vor was intro- 
duced to "explain" the extremely small upper bound of the branching 
ratio for the y>e+y decay, 

rate (y ze +y) g 1078 
rate (u >e pice ; 


and the high-energy neutrino experiment was suggested,* in part 

nner Se 

* T.D.Lee and C.N.Yang, Phys. Rev. Lett. 4, 307 (1960); M. Schwartz, 
ibid. 306, 
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because of the search for ways to substantiate this hypothesis. By 

comparing the rate for reaction (10.127) with the allowed process 
v tn> 7 + p, Lederman, Schwartz, Steinberger and their collabo- 
rators* were able to establish the validity of the two-neutrino hy- 
pothesis in 1962 by using high-energy neutrinos; this in turn helped 

to shape the present massive style of doing high-energy experimental 
physics. 

In addition to the conservation of baryon number N and lep- 
ton numbers an and Le , we also have the familiar conservation of 
electric charge Q. Unlike the parity P and the particle-antipar- 
ticle conjugation C, which are multiplicatively conserved, N, L , 
Le and Q are all additively conserved. The unit of electric charge 
is a measurable quantity, as evidenced by the well-known fine - 


structure constant a = In contrast, the units of N, Land 


aus 
eye 
L_ are arbitrarily chosen. This is because while Q gives rise to the 
e 
Coulomb field, so far as we know neither N nor 4 : L are the 
sources of physical fields. This disparity is perhaps a very deep one,** 
It has led people to speculate that probably conservation of electric 
charge is truly exact, while the conservations of N, L and Le are 
P aie eae fe) 
only approximate. Hence, very slow transitions such as p= e+, 
= v7 etc, may be allowed. [The present lifetime limit** of the 


HU 
proton is > 2x jie years, | 


* GC, Danby, J7-™M. Gaillard, K. Goulianos, L. M. Lederman, N. Mis- 
try, M, Schwartz and J. Steinberger, Phys.Rev.Lett. 9, 36 (1962). 


* T. D. Lee and C. N. Yang, Phys.Rev. 98 1501 (1955). 
eK Landé etal., to be published in the proceedings of the Neutrino 


'80 conference, Erice. 
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Problem 10.1. Discuss the experimental foundation of the conserva- 
mene e INO ME celal Ll , 
H e 
Problem 10,2, Prove that in QED, if we define 


C = explin DCE ee ia Glee) 


where g— a+ and b.._ are respectively the annihilation op- 
Prs" p,s Prs 


erators of y, e7 and e* with momentum p and helicity s, then 


C satisfies 
(ee 
Se ay’ 
Gaze el = bag 
p,s pP,s 
ec! =o 
P,s P;s 
Cle 22 = | 


f 


and therefore C is the charge conjugation. operator, 


Hint: Define Ma = exp[@ ). BM a. - at anal 


P,S P,S P,s 


Through differentiation, show that 


We cen al = cos G a» + sin® b_, 


Gps 0 P, prs” 
line lees VM Seen d=) + cose abs 
Oops 8 Prs Prs 
Problem 10,3, Any three-dimensional rotation Pea 90 can 


po lo 
edie ij j 
be represented by a two-dimensional rotation @ where the magni- 


tude of @ is the angle of rotation and its direction the axis of rota- 


tion (with the convention that when 0 > 0 7, Pi =r+Oxr), 
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(i) Show that, for a spin-4 field, the rotational operator 
exp (i J-9), where J is the angular momentum operator given by 


(3.62), satisfies 


> > 
« 


aGere mid ae at isa-O0 > 
exp (-iJ-@) U(r, t) exp (iJ-@) = e Vir hy) 
(ii) Verify that the QED Hamiltonian in the Coulomb gauge is 
invariant under the unitary transformation R defined by 
= Tee) ee 
2h =o Je WE) @ 


RA(F HR’ = u. ACF, #) 
and ie t J e. 
R Ti. (r, t) R = Wa. T.Gn st) 
Give explicitly the transformation properties of the annihilation and 
creation operators in the momentum space under R., 
Note that if we write R= exp (-i g 5 , then g is the to- 


tal angular momentum operator. 


Problem 10.4, Consider a Lorentz transformation x' =u x in 


Yoo = V1 Ugg = 


the interaction representation, the corresponding transformation on 


i 
the (z,t) plane where Via (l-v?)2, ete, In 


the field operators is given by 


LG) Lo = exp (5 8 x9 4) PG") 
and -] 

L aie L = ae A, (x!) 
where mt 

cosh 9 = (1-v?) ” 
Show that: 


(i) L is unitary, although the 4x 4 matrix exp G a) 5 ¥4) 


is not, 
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(ii) the interaction Lagrangian density ej A is explicitly 
HoH 
Lorentz-invariant, where iu = iv'y, y %, and 
(iii) the operator ¥°(x) transforms in the same way as U(x) un- 


der an arbitrary Lorentz transformation where 


ae t 
0) © (7p) 9g 6) 


Remark: The use of the interaction representation is by no means 


necessary; it is only for convenience. 


Chapter 11 


ISOTOPIC SPIN AND G PARITY 


11.1 Isospin 

The concept of isospin was introduced in the early '30's by 
Heisenberg to describe the approximate charge - independent nature 
of the strong interaction between protons and neutrons. From a phe- 
nomenological point of view we can adopt the usage of the proton 
field oe and the neutron field ue . Together they can be represen- 
ted by a column matrix 


‘Yo (x) 
V(x) = oes : Aly 


Each of the fields in turn is a quantized Dirac spinor operator whose 
indices are suppressed here, for clarity, Although, as we shall discuss 
(in Part I[B on interactions), neither the proton nor the neutron is ele- 
mentary; so far as their symmetry properties are concerned it suffices 


to represent them by phenomenological field operators, 


le Up symmetry 


Let us consider the following linear transformation 


ee qie2) 
where u isa 2x2 matrix. In order to preserve the anti-commuta- 


tion relation 


Z\7: 
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=> > 3 — = 
{¥. (r,t), ar) = 5 & (r-r') 
Where i and j canbe p or n, the matrix u must be unitary. 
The group spanned by all such u's is the U, group. As we shall 


see shortly, corresponding to each u there exists a unitary operator 


U in the Hilbert space such that 
UY) UT = ube) , (11.3) 


We may express ae and Te in terms of the Fourier expansion 


(G32): 


el " sop Piet pai sik 
= a (az 50) uz eH bE te) ve eT) , 
ies iker , t ike 
p= (a> (n) u- e +b> (n) vo e ) 
n Cie k,s k,s ie hoes 
oa (11.4) 


a> _(p) ar _(p) 
u( Kae Uae ne (11.5) 
ea sree) 
and i i 
noe) by> (p) 
u( jut = of s } ac) 
\PE (n) spa) 


By writing u explicitly as 


U U 
1 2 

eee ( | " (11.7) 
21 “22 


and by calling Ua-- ,(P) U 1 and U ar ,(") u!, respectively, ai P) 
and or 5") , we ee from (11.5) , 
fee) Pein Tea J T Bee au 


a> (n) 


k,s 


ie] 

4 
= 

i 


sree tal "22 
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Their Hermitian conjugates are 


Leena ik 
eee) ~ rags "12 oe 4 
H ‘ (11.8) 
ai nes "21 of .(P) oon) ap tn) 
or simply 
Tt 
a> _(p) a> _(p) 
( a \ul = ( ae (11.9) 
qj (n) ape (no) 


Likewise, by calling U ia (p) ul and U pi (n) ul ne (p) and 
t k,s ks k,s 
br (") , we have 


iE <) eel be.) aay. be a 

(11,10) 
yes = i i 
eg a ae ra 


We shall now show that for each u there indeed exists a uni- 
tary operator U in the Hilbert space which satisfies (11.3). Let us 


choose the basis vectors in the Hilbert space to be 


T ii i) i 

(OS: qj (0) |O>, by ©) | 0>, qj .(n)|0>, bye .(n) [0 >, ~ 
a Ns N N- 

|N.,N-,N_,N-> = TT NEE, 
i=] j=l 2=1 m=] 


etc., where | 0 > satisfies 
a7 (p) |O>= aj (n) ]O> = be tp) |S = [ee in) a 
The mapping re 


Jo>= |0>, oF @)|0>- of @) |o>, 
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be.) | 0 ed BE Op) | O>, af (n) | 0 De ait (a) 10 oe 
be in) |0>- BE th) |0>, =, 


Np Ns NI. N= (sta) 


IN,N.JN,NO-T TT WT 
Pe ae level fl mel 


etc., clearly preserves the orthonormality relations between these vec- 
tors, and therefore it is a unitary transformation. Furthermore, the uni- 
tary transformation matrix satisfies (11.6) and (11.9) and consequently 
also (11.3), This establishes that U exists and is unitary. In addition, 


on account of the first expression in (1 113%, 
URS = jos (11.14) 


2. Isospin transformations 
Let us separate from U the phase factor (10.118), related to 
the baryon conservation. We write 


iN®@ 
= 


i= can Gus: 
with the corresponding u as 
-i0 
U =e a 


therefore (11.3) can be converted to 

5 Vix) sf = ss) , (11.16) 
where @ is chosen such that 

det) |/s|| ca laee (11.17) 
The group {s} , spanned by all such 2x2 Unitary matrices with 


unit determinant, is the isospin — SU, group; on account of (11.16), 


so is the group {S} . The properties of {s} are exactly the same 
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as those of the usual three-dimensional rotational group (with spinors), 
except for the replacement of the ordinary space by the isospin space. 
The strong interaction Hamiltonian hee is assumed to be invar- 


iant under this SU. transformation 


2 
Soll si = |r GIN Re 
ar ap ¢ 


which will be referred to as the isospin transformation. Since p and 
n have different electromagnetic interactions, clearly the electro- 
magnetic interaction violates the isospin invariance. We may decom- 


fe) H.. into 
pose H., i 


= ae ee (11.19) 


st free int 
Both H and H. . are isospin-symmetric, with the basis vectors 
free int 
(11.11) as eigenstates of He oe . In the approximation that the elec- 
tromagnetic and weak interactions are neglected, the physical vacuum 
state | vac > as well as the physical nucleon or antinucleon states 


are all eigenvectors of nee ; on account of (6.58) and (6.60) these 


states are given by 


| p> = U(0,-«) af (p)|0> , 

|n> = U(0,-0) of (n)|O> , (11.20) 
|B> = U(0,-0) be ()|0> , 

| i> 2 UlO,-o) bi (n) | 0> 


7 


Equations (11.14) and (11.15) imply 
Ses = ose: (11.21) 


Because of (11.18), S commutes with U(0,-a). Hence 
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S| wees = UG =e5) 5) Os = | vac > F (11.22) 


Likewise, from (11.6), (11.9), (11.15) and (11.16) we have 


T 
= st be 
il 
a) 
and t (11,23) 
( eet } te 
i : i 
ee Pk) 


which, together with (11.20), gives 


NY 
Pe 
Q Q 
| os {—- 
ia) 
=~ — 
= | 
— — 
ee 
Y 
—h 


~ 
nn 


ion 
Rc oes 
“ 

me] 
dl 


s(P) = s#(P) ond s(P) = 2 (8) (11,24) 


| p> 5s {16> 
ma (is) and rele) - (11,25) 


Let us consider an infinitesimal isospin transformation; i.e. 


where 


Soe iece (11.26) 


where the components of + are the Pauli matrices given by (3.1) and 
€ is an infinitesimal vector. Correspondingly, the Hilbert space 
transformation S must also be infinitesimally close to the unit matrix; 


we may therefore write 
SS ite (11,27) 
which can also be regarded as the definition of T and will be 


referred to as the isospin operator, Because s is unitary and the Pauli 


matrices are all Hermitian, 


and therefore 
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The unitarity of S then implies 
$s bie WS ie oye) S4 (11.29) 
which leads to the Hermiticity of the isospin operator 

feat = (11.30) 
By substituting (11.27) into (11.18), we find 
e 


lee eee a ~ na By 
Se i Cane mle Ole Geely 


st S ap ” 


which gives 
[vB =. (11.31) 


A similar substitution of (11.27) into (11.16) results in 


eh G) = Wai coratien ese) =) [nee o eee 
and therefore 
[ ee), T] = 344) . (11.32) 
We shall now show that for a finite isospin transformation 
sie = 
ee ica (11.33) 
the corresponding Hilbert space transformation matrix is 
ee (11.34) 
Proof, Let 
=> A 0 > A => A 
6=|e0|, 60=—, I =I-0, + 27-0 
) fe) ° 
and : : Gigs 5) 
¥ 60) . ot lo v(x) 2 18 


The derivative of Pg (x) is, on account of (11.32) and (11.35), 


aoe Yok) = -ie P11, a) 0! 0? = dix Wok) , 
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Bah at ee 
ix? 


which, upon integration gives g(x) =e “ B&); consequently 


= el Tie) pol eee 
Pears Ge) a Vm), (11.36) 


That completes the proof, 


If the system consists only of nucleons and antinucleons, then 
by using (3.24) and (11.32) we can easily verify that the isospin op- 


=> 


erator I is given by 
ie | ae ea 3 
NG as Ura G (11,37) 


where, as before, car (r, it). Because of (11.31), i t - indepen- 
dent and therefore the choice of ¢ in the integrand of (11.37) is ar- 


bitrary. If the system contains other particles such as mesons, °*- , 


=> 


then fei, + Pee *-+ where aig is given by (11.37) and 


commutes with the nucleon field (x) , 


Remarks. Since He is isospin-invariant, it can be diagonalized 
simultaneously with T2 and L, . Let I(I+ 1) be the eigenvalue 
of the operator I2. Thus, each hadron carries the quantum numbers 
I and L, . Foragiven I, L, can vary from - I to I, making a 
total of 21+ 1 states. Under isospin rotations, the quantum number 
I is preserved; however, these 21+ 1 states of different L, trans- 
form among each other, and therefore they are degenerate with re- 
spect to the strong interaction, This mass degeneracy of hadrons is 


lifted by the electromagnetic and weak interactions; both violate the 


isospin symmetry. 


Exercise. Show that CI. > lee... lee where Ea is given 
praia ij 


j ijk k 
by (3.4), 
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Me2 GC Parity 
1. Nucleon-antinucleon system 
The proton p and the neutron n form an isospin doublet; e.g. 


we may regard p as t and n as } , corresponding to I, = 4 and 


3 
- 3 respectively. Therefore, apart from a phase factor, p should be- 
have like | and nh like t. As will be shown, the precise relations 


are: for any transformation (11.24) of the nucleon states 


SiGe) a Gia (11.38) 


n n 


we have an identical transformation of the antinucleon states 


yg (11.39) 


Proof. For an arbitrary isospin transformation, we can write, in ac~ 


cordance with (11.33), 


ale. Oy 16.0) Ty 
Wee ee 3 az (id7-0) (11.40) 
ie 
n=0 
In view of the fact that for any integer n 
CONE tos ummand 250) eo ao 


where @=|0]|, (11.40) becomes 


Q 
3 (11.41) 


+ it: 98 sin 


wh C= 0/0 . From (3.1) we see that 


and therefore 


TS = s*T, : (11.42) 


Multiplying the second equation in (11.24) by Tp on the left, we have 
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which, together with (11.42), gives 


Bee p 
9 (=) = stro (-) , 


and that establishes (11.39), 


St 


The same result can also be expressed in terms of the field op- 


erators, From (11.16), we have 


p p 
Pe p 
s(; )s = ak F (11.43) 


n n 


which leads to 


Multiplying the above equation by T, on the left and using (11.42), 


we derive . 
y y 
s( ; )st = ( ‘ (11.44) 
ie ath © 
where 7 = 
il c il 
Cho ec Ce ek eC CC 
ae aB PB "a oB "8B 


Remarks, If we adopt the notation that t and | stand for the [.= + 


3 
and - 4 states of an isospin doublet, then from (11.38)-(11.39) the 


nucleon doublet can be written as 
y= 0 | Aes, (11,45) 
while the antinucleon doublet is 
n= 1? and ee (11.46) 
2. The quantum number G 


Whenever several conservation laws operate for the same sys- 


tem it is often possible to obtain new quantum numbers and new 
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selection rules, as will be illustrated by the interplay between the 
isospin symmetry and the C invariance of the strong interaction. 


Under the particle-antiparticle conjugation C we have 

Clee 2) 
Take any axis 4 to the third axis in the isospin space. A 180° ro- 
tation along that axis would transform, apart from some important 
phase factors, 

a | wonder ls— || 
where, as before, t canbe p or n and ! canbe n or p. Now 


if we can pick the "right" axis and be in full control of the phase 


factors so that the above transformation becomes precisely 
a) , 
then, because of (11.38)-(11.39), the chain action of C together 
with this appropriate 180° isospin rotation would leave the isospin 
properties of the states invariant, which in turn can lead to a new 
quantum number, as we shall show, 

It is clear that we must be careful about the phase factors. Let 


us adopt the convention that the nucleon fields v8 and iP trans- 


form in the same way under C ; i.e., 
cych=yS and cech=9° (11.47) 
p p n n 
or, in terms of the state vector 
Giles = |e se and Ems = n> 
We define the G parity operator to be 
Oe Coa (11.48) 


where, on account of (11.36), 
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tS at (11.49) 


with 1 = 
6 =e ee eee G eae . (11.50) 


and (11.51) 


Theorem. [G,I] =0 . (11,52) 


Proof, Let us first consider the single nucleon or antinucleon state, 
By applying C onto the lefthand sides of (1 Fol) rand (52). we 
find = 


and = (lilac) 


Thus, for any isospin transformation S, we may combine (11,38) - 


(11.39) with (11.53), and derive 


Sea ecte r= ee) 
and = 5 (11,54) 
a ea ("3) 


The same considerations can also be applied to the field- operators, 
From (11.43)-(11.44) and (11.48)-(1 1.50), it follows that the equiva- 
lent form of (11,53) is 
S % 
aN oe (OM 
G G aa Cc 
te -¥5 


and (aiesS) 
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and that of (11.54) is 


Yo y 
$6 ( Piel el = Gs | Pst a! 
oe / var 
and (11,56) 
n 


ee Tn hes 
Ste) le Sie GS Sy 
ae ys 


Next, we consider the arbitrary multi-nucleon antinucleon state 
| >= IN. Not NE Ne > appearing in (11.11); from (11.56) we 
see that 

Ses = E55 
Consequently, if the system consists only of nucleons and antinucleons, 
then 

[Stel (257) 

To extend the system to include hadrons other than nucleons and 
antinucleons, we observe that starting from the initial state which con- 
sists only of nucleons and antinucleons (as in any realistic high-energy 
experiment), it is possible to reach all known hadrons through the strong 
interaction, Because the strong interaction is assumed to be isospin- 
and C-invariant, the fact that (11,57) is valid for the initial state 
means that it must also be valid for the final state. Since (11.57) holds 
for any S=e! a) , the theorem is established. 

From (11.53) or (11.55), we see that 


PS ee ee = a 
and their generalization, 
-|> if the state is of I= 4,3, 
G?|>= { les ihinestatesis of le 0), | > 


Thus, we can write 
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C2 == Th : (11.58) 


Remarks. Under C , the third component of isospin changes sign; 


€.9., p is of L, = 3, While p is of l, =-%3. Consequently, C 
does not commute with I, From C and exp (inl), we derive G, 
The importance of G lies in its commutativity with I. Since ne 
is both isospin- and C~-invariant, it is also G-invariant. This en- 
ables us to consider states which are eigenvectors of ie rae L, 


and G, thereby resulting in some rather useful selection rules, as 


will be discussed in the next section. 


11.3 Applications to Mesons and Baryons 

In this section we again consider only the strong interaction, 
and ignore the isospin-violating effects of the electromagnetic and 
weak interactions, Our discussions will be mainly on the reasoning 
that determined the quantum numbers of various hadrons. For conven- 
ience, we shall sometimes refer to the three components IL L, and 
I, of the isospin vector also as I P L and ly respectively, 


3 


1. Pion 


Since the virtual transition 


™ = NN (ite23) 

with N=p or n, can occur via the strong interaction, the pion- 

isospin L must be the same as that of NN jalees, 0 cor oeiine 
de 

fact that + and nm are of approximately the same mass, making a 


total of 21+ 1=3-fold degeneracy, means that 


I =1, (11.60) 


T 


Transition (11.59) then leads to a = pn having i = 1; likewise, 
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n has L =0,and 7 L =- 1]. Under an isospin rotation, the 
three pion states transform like a vector T= (x, y,Z) in the isospin 
space with 


al. 
ee tyond || > = 2 (11.61) 


where the sign convention is chosen in accordance with the spherical 
harmonics Y and Y given by (1.40). A 180° rotation along 
ose! 1,0 


the y-axis in the isospin space changes z to -z, and therefore 


Eee Ske (11.62) 


From (10.76), —_ 2y, we know that 


ie) 


Gillen S828" oe (11.63) 
Thus under G= Clee: the state | 7 > must change sign; i.e., 
Mee (11.64) 


Because | nm > can be transformed into an arbitrary coherent mix- 
ture of the charged pion states through isospin rofations, the commu- 
tation relation [G,I] =0 implies that the G- quantum number of 


a must be the same as that of m°. From (11.64), it follows that 

G|a>=-| > (11,65) 
where a can be either a or mE thereby we derive the selection 
rule that under the strong interaction 


even number of pions = odd number of pions, (11.66) 


which is valid independently of the pion charge. 
The assignment (11.63) relies on the 2y decay of n. Is it 
: 5 F 5 F - 9 
possible to determine the particle-antiparticle conjugation of 
without relying on the electromagnetic interaction? The answer is 


"yes", as will be shown by the following exercise. 
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Exercise, Assuming that the pion is a pseudoscalar, the strong-inter- 
action transition + NN _ can be described by the phenomenologi- 


cal Lagrangian density 


: i a i 
Cee oe Y4 ¥5 7 bo (11.67) 


int 
where gon is the m-nucleon coupling constant, ¥ the nucleon 
field given by (11.1) and > the isovector pion field. 
(i) Show that, because of (11.47), in order for £. to be C- 
t 


. F = ; ) 
invariant, the z- component of », which represents 1 , must obey 


o = ow cl 


z 
Hence, nm isof C=+1 , which is now determined by the strong in- 
teraction alone, 

(ii) Work out separately the transformations of ¢ under C, 


exp (inl, ) and G., 


2. Vector mesons 


: a Be 4 
Let us consider the e e  colliding-beam experiment: 


p —- (770) 
wo (780) 
7 > (1020) 
e +e -— virtual y > 3/¥ — (3100) (11,68) 
ys (3700) 
au (9500) 


where the numbers refer to the masses of the vector mesons in units 
of MeV . 

Because he and a are of approximately the same mass, the 
p- mesons form an isospin triplet; therefore, the isospin of p is 


a 
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All the other mesons in the final states of (11.68), such as w , > ; 

J/,-++ do not have charged states of approximately the same 

masses, Consequently, they are all isosinglets: I = IS =... = 0, 
wW 


Next, we want to show that in reaction (11.68) all the final 


mesons are of 


C= la, P= -] and spin = 1 . ies?) 


Proof, Reaction (11.68) proceeds via the intermediate state of a vir- 
tual y-, whose transformation properties are the same as those of the 
photon field A. Since CA ela A, @ virtual y must be of 
C=-1, 50 yes oor the final Bae However, the spin-parity of a 
virtual y canbe 1- or O+, since the space-component of A_ is 
a vector while its time-component is a scalar. { For example, the well- 
known Coulomb excitations in atomic and nuclear physics are all via 
the time-like component of AY, .] From this we conclude that the 
final meson can only be either 1- or 0+. Next we shall show that 
0+ is impossible. 

From the Feynman diagram in Fig. 11.1, we see that the ampli- 
tude of (11.68) is proportional to the following matrix element of the 


hadronic electromagnetic current operator Jib) : 
< meson | J) | voce > (e770) 


where ane satisfies the current conservation law 


aJ 


Ni 
a ee ahead 


¥) 


Let a be the 4-momentum of the final meson and i the 
4-momentum operator of the system, with | H where H is the 


Hamiltonian operator, The relativistic generalization of Heisenberg's 
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meson 


Fig. 11.1. Diagram for e+e — virtual y(q) > meson. 


equation (1.9) is 


(11.72) 


for any local operator O(x). By taking the matrix element of (11.72) 


between | vac > and < meson |, we find 


Subse afl Soa) | vac > =i aon < meson | Ob ) | vac > 
fe (iinz)) 


Since 


Py | vac > = 0 and Ph | meson > = a | meson > , 


(11.73) becomes 
Se keen | OFF )| vac > = -ig < meson | O(x \|vac>, 
ax Hl 


which relates the matrix element of O(x) to its value at x =0: 


< meson | O(x Wiivac > — e hes ' < meson | O(0) | vac > 
(11.74) 


Now, if the final meson is of spin-0, then since the matrix 
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element < meson | J,,0) | vac > depends only ona single 4-vector 


Wy and because it is itself a 4-vector, we can write 


< meson | sf | vac > = 2S) 


where c isa constant. By using (11.74), we find 
< meson | ues vce > = eG geet 
which, together with (11.71), gives 


0 = = < meson | J (x) | vers = =icq 2 sehen 
Ox, UU H 


Because ach =(c.m. energy)? 7 0, it follows that c=0, i.e., 
< meson | Ji) | ‘ere = 10) if spin = Owe (11,75) 


Hence the spin of the final meson cannot be 0, and (11.69) is then 
established, From C conservation, we conclude that all such mesons 


obey the selection rule 

C = -1 meson 4 any number of " . (i776; 
Because the 1n°'s are bosons, we have 

1- meson # 20° . Gale Za) 
Since fhe’ o- meson is of ae : =0 and C=-1, therefore G 
of 0° is +1. The commutation relation (11.52) implies that a is 
also of G=+1. Hence, G conservation requires that independently 
of the charge 

po ‘% odd number of pions, (11.78) 
Likewise, since wo . > , J/¥, + are all of 1= 0, and therefore 
G=-1, they obey the selection rule 

wo, >, J/P, + A even number of pions. (U7?) 


As we mentioned earlier, isospin symmetry and G symmetry are 
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violated by the electromagnetic interaction, and C symmetry by the 
weak interaction, Hence, the violation amplitude of selection rules 
(11.78)-(11.79) is of the order of the fine-structure constant, while -. 
that of (11.76) is due to the weak interaction and therefore of a much 


smaller magnitude, So far as we know, selection rule (1 1.77) is exact. 


Exercise. If | A> and | B > are eigenstates of the 4-momentum 
operator Py with eigenvalues aa and 2 , show that the x-depen- 
dence of the matrix element < B | O(x) | A> is completely known: 


Ho bX, (11.80) 


i(a 


SUAS N> = <P ci | ase 
for any local operator O(x). 


3. A and kaon 
There is only one particle which is degenerate with A° , and 
that is its antiparticle hoe Consequently, the isospin degeneracy 
aN oh 1 must be < 2, which means that We O or 4. 


Consider now the strong reaction 
1 +p he ka : (11.81) 


If IN were 3, then under an isospin rotation, say exp(inl ), a 


would transform into its isospin partner A°. Because of the decay 
fo) 
i ee (11,82) 
A? has a baryon number =+1 ; likewise since 


aa 


f 


the antiparticle A° has a baryon number = -1, When we apply the 
isospin rotation exp (in \) onto (11.81), we find the lefthand side 
remains a mixture of pion and nucleon; however, if = 3, the right- 


hand side would be a mixture of A° and kaon, and that would 
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violate baryon conservation. Hence we conclude that 
ho (11.83) 


Because the isospin of m is 1 and that of the nucleon is 1/2, 
the total isospin of (11.81) can be either 1/2 or 3/2 which, together 
with (11.83), gives the kaon isospin Ip = 1/2 or 3/2. Let Q. ; Qu 
Q, and Qy be the charges of K, 1, A and N. The charges 


A 
of wand N are related to their L's by 


Coal and Qo Ss 


T Za N z 


Ni 


Since Qa ae oe 0, reaction (11.81) implies that 


= = ae 

oR oan os a 
where L refers to that of the kaon. Consequently, if Ik = 3/2, the 
kaon state that has is 3/2 must be of charge 3/2+1/2=2. Be- 


cannot be 3/2. Thus, 


cause there is no doubly-charged kaon, | 


K 
+ -_ — 
although there are four degenerate kaon states: K , K , K° and Kae 


we conclude that 


Vee ee (11.84) 
The four kaon states form two isospin doublets 
+ =O 
K K 
( Ko) and e K-) P (11.85) 


) and (=) 
respectively. 


4, Meson and baryon octets 
Reasoning identical to that used in determining the isospin of 


A, (11.83), leads to the conclusion that no baryon can belong to the 
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n 3 : F 5 = = ar 
same isospin multiplet as its antiparticle. From nm + p> yY+kK we 
conclude has abaryon number +1, and from the known triplet 


degeneracy age r° and I we deduce 


= ji, 11.86 
ie ( ) 


- - ot 
Likewise, the allowed reaction K +p > = +K implies that the 
baryon number of = is 1; from the doublet degeneracy, =° and 


= , we deduce 


ine , (11.87) 


Similarly, from K +p > Kos ae , it follows that the baryon num- 


ber of a is 0, Since i has no degeneracy, we conclude 


L, =O, (11.88) 


It is useful to define hypercharge Y and strangeness* S: 
ye 20Q eI) 
and a vee Rs) 
where Q_ is the electric charge and N_ the baryon number, Any 
interaction that conserves Q, I, and N also conserves Y and S, 
In Table 11.1 we list the I, IL, Y and S$ of the low-lying baryon 
and meson octets (the word octet refers to the SU 


3 


to be discussed in the next chapter), The baryons are all spin-4 with 


representation 


even relative parity, while the mesons are all pseudoscalars. We 
note that p,n and the pions are all of S=0 , hence non-strange 
particles, while £,A and the kaons have $= +1 and therefore 
are called strange particles, 


From Table 11.1 we see that particles with different Ey but 


nena Nn 
* M. Gell-Mann, Phys.Rev. 93, 933 (1953); T, Nakano and K. Nishi- 


jima, Progr.Theoret.Phys. 10, 581 (1953). 
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I Y 

p n° 4 ] .@) 

x* : paE 1 fe) + 

A° ) 6) =] 

BP a QB oil =e 

a 
Ieee Oss. =] 

+ 8 1 

K K > 1 1 

es T° 1 1 re) @) 

7° ) ) ) 

K° K~ = =] - 


Table 11.1. Quantum numbers of the pseudoscalar meson 
and the spin-3 baryon octets. 


the same isospin multiplet, have the same Y,S and N, as expec- 

ted, Consequently, these quantum numbers commute with ii ; ie. 
el S15) iP SUNe i) Sr (11.90) 

On the other hand, since Q= 1, + Y/2, we have the commutation 

relations 

KO ee Lal = a 

RO ee al =) iy Cie?) 

[Q 


and 


L] = 0 


nz 
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The strong interaction conserves S. As we shall discuss, so 
does the electromagnetic interaction, but the weak interaction does 
not, Consequently, a strange particle can decay into non~strange par- 
ticles only through the weak interaction, and that makes its lifetime 
long. However, in a collision of non-strange particles such as nuc- 
leons and pions, strange particles can be produced copiously through 
the strong interaction, but only in pairs.* Historically, this explains 
the apparent paradox between the large production cross sections and 


long lifetimes of the strange particles, 


11.4  Isospin Violation 
1. Electromagnetic interaction 
As mentioned before, since p and n have different electric 
charges and I, , but belong to the same isospin multiplet, this im- 
plies that the electromagnetic interaction ne cannot be invariant 


under any isospin rotation that changes Pe ice: 
Mal ew and eh; We ee Gi (2) 


In transitions such as 


—< 


Oa ah ey and im = tila 


the L of the nucleon is unchanged. In other words, these reactions 
conserve I, . We will now make the assumption that in all electro- 


magnetic processes Dis rconseryed, mine: 
J}=0. (Ties) 
The electromagnetic interaction of a particle of charge e can 


a 
* A, Pais, Phys.Rev. 86, 663 (1952); Y. Nambu, K. Nishijima and 
Y. Yamaguchi, Progr. Theoret. Phys. Colo ole (gol): 
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be obtained most simply by replacing in its free Lagrangian 


= e a ry ee. (11.94) 
H Hu 3 


The interaction obtained this way automatically satisfies the gauge 
invariance, and is called the "minimal electromagnetic interaction"; 
the corresponding electromagnetic current Jy is called the minimal 
current. Under the isospin rotation, the minimal current, generated by 
(11.94), transforms in the same way as the electric-charge operator 
Q=-if J4 ae . Because Q= 1, + Y/2, which consists of an iso- 
vector part, I, , and an isoscalar part, Y/2, so does Jy . We may 


decompose the minimal electromagnetic current into two terms 


ew (4), (11.95) 


where the subscript O or I indicates whether the term is of I =0 
Cries cothare ot IF — 07, 


In any transition 
Gi =e ia) a ¥ 


where a and b refer to hadron states, we may define the vector of 
isospin change to be 


es ee (ae (11.96) 


Hence, under the assumption of minimal electromagnetic interaction 
and on account of (11.95), we have the following selection rules: 
Al = AY =A5S=0 nz) 


and a : 
LAT] =O Sorel (11.98) 
where the AI = 0 transition is due to the isoscalar current (J, Nh - 


while the | AT | =1 transition is due to the isovector current Ci) : 


242, PARTICLE PHYSICS: SYMMETRY 


To be sure, gauge invariance alone does not imply minimal in- 
teraction, We can always add non=minimal terms to the interaction 
i ich d d =a0A - dA instead 
Lagrangian which depend on te ) ee ) bh , instea 


of A itself; e.g., an anomalous magnetic-moment term 


nail 
y ptr : (11.99) 
aac ie 


Such a term is always gauge-invariant; it may or may not be > cong 


serving. If Y= ‘ and }!= nA , then we could have 

DS Ein ey (11.100) 
which violates B . Our assumption is that these non- minimal terms 
do not exist. Experimentally, reaction (11,100) has never been ob- 
served, giving support to the assumption of minimal electromagnetic 


interaction, On the other hand, as a further support of our selection 


rules, 


De i ey (11,101) 


does occur, and is the dominant decay mode of £°. Unlike (I 1.100), 


this is an allowed decay since it satisfies | AT | =l and AL =0. 


Remarks, We note that on account of (11.91) the total charge oper- 


ator Q=-i f Jy i commutes with the operator [2 ; 
(G22) = 6 

Thus, if a matrix element 
SI @ ka Ss Ao 


then besides the selection rules (11.96) and (11.97) we must have 


where I and |, denote, respectively, the magnitudes of the total 


isospin of the hadron states a and b. However, the electromagnetic 
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current operator J) does not commute with I 2. This is why 


y° S A + y is an allowed transition, in which ee | but a OF 


2. Weak interaction 

Isospin is violated in both the nonleptonic weak processes, 
such as 

AS a ee, ie ee (11,102) 
and semileptonic weak processes, such as 

f+ pteto,, Ko = WPeerty. (or 5.) . (11.108) 
In the former we have 

| SI (11.104) 
while in the latter 

PX Si a as (11,105) 


where the change refers only to the AI, of the hadrons, We now 
make the minimal-violation hypothesis: In all weak processes, the 


> 


change of I of the hadrons satisfies 
Ta Meccan ae (11,108) 


Let us see how to apply this rule and why if is called “minimal vio- 
lation," 

(i) A -decay 

In the decay 


ar a 
N ; 
= fe) 
tae 


the initial state has I, =0, while the final-state isospin I can 


A No 


in principle be 4 or 3. Rule (11.106) states that I, must assume 


No 


the smaller value, 4 ; i.e., 


[1 | = (11,107) 
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As we shall see in the following exercise, such a final state | t> 


can be written as 
s-o Ina > ala) 3 lpn >. (11,108) 
Thus (11.106) leads to the relative decay rates, apart from the elec- 
tromagnetic correction, 
fe) - 
fore Ips eee (11.109) 
rate (A° > nt 1) 
which is consistent with the observed branching ratios of A°— flee ue 


and nt a being (64.2 + .5)% and (35,8 + .5)% respectively, 


Exercise. In the isospin space we may represent the states p,n 


and wt by 
1 0 
| SS = (9) G | eae ( ] ) , 
i" P (11.110) 
| x >= Lae and | x elas 
where Yo on refers to the spherical harmonics given by (1.40), The 


state (11,108) is of [=4 and 1, =-%. Show that in the represen- 
tation of (11.110), it can be written as 

= 0 

1 


TF 


) (11.111) 


where f = (sin @ cos @, sin @ sin @, cos @) in the isospin space, 


By using the above expression, verify the Clebsch - Gordon coeffi- 


cients /2 and ve in (11.108), 


(it) Ko decay 


as fe) ge ar = 
In ea eorce K (or K )>a +m or 2n° , since the 
spin of K is 0, the final two pions must be in an s-state, Bose 


statistics then requires that the 2m isospin L 71 . Thus, Ieecan 


20 
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be 0 or 2. Rule (11.106) states that lo must assume the smaller 
value 
ln = 0 


Because I, = 4, we have again 


K 
Ar | = ey 11.112) 


As in the above exercise, we may represent each of the two fi- 
nal pions by a unit vector, ie and i in the isospin space, with 
the subscripts referring to, say, their different momenta, The LL 0 
state can then be written as being proportional to the scalar product 
ro tp tbe 

| re 2 | Brera oF | mom > 

a b q 6b dnb 
Hence we find, apart from the electromagnetic correction, 
o +. = 

fotos eee ee) ee (11.113) 

rate te = Qn) 
and the same ratio if K° is replaced by K°. Since te nm has 
L, =£1; it cannot be inan I, =0 state and rule (11.106) implies 
z 2m 

ee ae (11.114) 
The experimental results are 

branching ratio (Ko > a n) = 68.61 + .24% , 

branching ratio (Ke =o 20) =O aeae 24 7G 
and 

== = fe) 
(EN Se os = O07) 107° 
rate (Ke — 27) 
in agreement with (11.113) and (11.114). [ The relation between Ko. 
K° and K ie + Kea 2 will be discussed in Chapter 15. | 


o~ 


S 
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(ii) Ko3 decay 


In the decays 


KS n +o ty, (or Vo) 
ang fo) eae) ap 25 

SS) i eer.) 
where 2 =e or y, the initial isospin is ly = Le | =4 while the 
final isospin is hace fc = 1. By using the notation of (11.96), we 


have, according to the usual vector-addition rule of angular momenta, 


PAs ee a 


f » | CRS) 


| 
Nj— 
Oo 
bom 3 
Nia 


[ Note that ate 1 Aare since A|T s [7 | * wie | 
=1-3=3 always, | 
Rule (11,106) now states that between the two possible values 


of (11.115), we must have, as in (11.107) and (11.112) 


[AT |= (11.116) 


+ 
only. Since the ot K° and a are respectively -~4 and +1, 


the above selection rule implies 


Ro ieee F (11.117) 


Likewise, 


Ke = pe, (11.118) 


By using (11,116) and by following arguments similar to those that 
led from (il ViO)= (ell inthe exereisents (11.108), we can derive 


fate (Kk = a ne) 


rate (ie = 7 + g"+v,) 


and (11.119) 


2 
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rate (ooo Q+9V,) 
aNd _* ae = 9 

rate (K — r+ Q + Vo) 

In terms of K. = ee ey OE which will be discussed in Chap- 


ter 15, these results become 


ae 


rateudk eee vp (or ¥,)) 


. rate (Sp = a ye Vo (or v 
2 (i a20) 


where _ ), denotes the sum over + and -. The experimental val- 


ves are 571 = s1l0 x iO. eee 
5 uF ~ for Q= 
y.rate (K, + fw +2 +v, (or V,))= 7 
L pee 7.49 + 11 x 10°/sec 
for Q=e 


Ce Tea) 
and 


2.58 + .07 x 1G’ fee 


+ fe) ae a for Q= 

rate (K- > 7 +2 +v, (or V,))= B 
Q Q 3.90 + .04 x 10°/sec 

for Q=e, 


a2) 


which are in good agreement with (11.120). We note that in the de- 
cays of the strange particles, the selection rule (11.106) always re- 


duces to (piste edhe 


Problem 11.1. The pion-nucleon scattering at a laboratory 1 en- 


ergy ~ 300 MeV is dominated by the resonance A (1232) which is 
of isospin 3 : 


ree Ne 1232) = ne N 


Show that the ratios of the differential cross sections of 
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& + - ° - - 
TY po Pp ap Sar et anda womerinee sou vcre 
ye ale 


Problem 11.2, Prove the selection rules listed in Tables 11.2 and 
11.3 following. Discuss the nature of these rules; to what degree is 


each of them correct ? 


State 
3 1 3 3 3 
59 5) Py Po Py Po 


o : eS eS 


——————SS—=——=—— 


2 J 

di 

Ao 
| 
a 
 ? 
a 
a 
a 

x 


———————————————— SH 


a 
oO 
x 


— a fe) 
ia oO 


(x means forbidden due to I, or C , or other selection rules.) 


Table 11.2. Selection rules for p+ n > ma. 


Spin parity 


c 


nN 
2 
+ 
No) 
= 
ae 
Ao 
oe 
x 
x< 
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State 
] Sy S s 1 P, 3 Ph 3 P, 3 
peepee 
ee 
papper pai 
BE SORGEoRE 


x x 

x x 
a 

x x 

x x 


x 


x x 
x x x 


x x 
x 

x x 

x x x x 


x x 
x x 
x 


x 
“a 


x x 
x 

x x x 
x 

x 


x 


. aa 
x 


(x means forbidden due to I, or C, or other selection rules.) 


Table 11.3. 


Selection rules for B+ p ~- ma or n+n > mT. 


+ 
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These two tables are taken from T. D, Lee and C. N, Yang, 
Nuovo Cimento 3, 749 (1956). G parity was introduced in that paper. 


For earlier and related work, see 
K. Nishijima, Prog. Theoret.Phys. 6 614, 1027 (1951), 
A, Pais and R, Jost, Phys.Rev. 87, 871 (1952), 
L. Michel, Nuovo Cimento 10, 319 (1953). 
D, Amati and B, Vitale, Nuovo Cimento Ep TAPES) 


Chapter 12 


SU, SYMMETRY 


That the strong interaction may have a much wider internal 
symmetry than the Up group was first considered by Sakata*, who 
explored the possibility of SU, symmetry generated by the unitary 
transformations between p, n and A . However, Sakata's ap- 
proach encountered serious difficulties, since the A-nucleon force 
turns out to be quite different from the nucleon-nucleon force. 
Major progress was made by Y. Ohnuki ** in 1960 who avoided the 
dynamical difficulties of the Sakata model; instead he put the em- 
phasis on the kinematics of SU,. The observed hadrons are regarded 


S| 


as composites of a triplet of "baryon" fields, called X and xX 


ines 3 
by Ohnuki. These fields have the same quantum numbers as p, n 
and A, but their quanta differ from the physical baryons because 
of some unspecified dynamical bound-state mechanism, By examining 
various representations of the SU, group, Ohnuki was able to iden- 


tify the physical pions and kaons as members of an SU, octet, there- 


3 


by predicting a new pseudoscalar meson, which was later discovered 


, Oo 
and is now called n 


* S. Sakata, Progr.Theoret,Phys. 16, 686 (1955), 


** Y, Ohnuki, Proceedings of the International High-energy Confer- 
ence, CERN (1960), p. 843, 


2 ol 
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Soon after, Gell-Mann and Ne'eman* took the decisive step 
of identifying the physical baryons p,n,A,2 and =, also, as 
members of an SU, -octet, At that time the basic triplet was regar- 
ded more as a mathematical device for the construction of the octet 
(called the eightfold way) and the decuplet representations, which 
can then be directly applied to the observed hadrons. These appli- 
cations of SU,~ symmetry led to great success in bringing order to 
the complex problems of spectroscopy, dynamics and decay rates of 
hadrons, 

We now know that all hadrons can be viewed as composites of 
quarks**, In this chapter, we consider only the three low-lying quark 
fields: up, down and strange, which are sometimes referred to as dif- 


ferent "flavors". Each will be represented by an element of the col- 


umn matrix 


q = q2 : (2316 


The strong interaction is assumed to be approximately invariant under 
the transformation 

q = G (22s 
where v is unitary. The detailed form of the strong interaction will 
be considered later when we discuss quantum chromodynamics in 
Chapter 18. Here we examine only the consequences of the symme- 


try assumption, 


* M. Gell-Mann, Phys.Rev. 125, 1067 (1962); Caltech Report CTSL- 
20 (1961); Y. Ne'eman, Nucl.Phys, 26, 222 (1961). 


“ G. Zweig, CERN report (unpublished); M. Gell-Mann, Phys. Lett. 
8, 214 (1964). 
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12.1 Mathematical Preliminary 
Just as in (11.17), we can separate out the overall phase of v, 
and consider the SU, group {v} spanned by all 3x3 unitary ma- 


trices with unit determinant; i.e., 


vv = 1 and detv = 1. (i273) 


For convenience, the matrix v_ will be written as 


v1 Vo Va 
ae Se ay 
v= pe = vy Yo Va ; (12.4) 
3 3 S 
Tio ee 


the matrix elements of its Hermitian conjugate all are given by 


ote = (yr) : (12-3) 


a 
Thus, the transformation (12.2) can be written as 


go > vo ae (12.6) 


1. Tensors 


Definition: te “lh isa component of a tensor T of rank (n,m) 
es ia 

if its transformation law is 

ene) me Te ory 1 doe 19.7) 

hy nts] j j a a b,.-b 
lame aiti 1 n 1 m ein 
Throughout this section, unless otherwise indicated, all indices vary 
+ 

from 1 to 3. Thus, the above tensor has Sele components, 

From this definition, by adding or subtracting the correspond- 
ing components of two tensors of the same rank, we form a new ten- 


sor also of the same rank, By multiplying the components of a ten- 


sor A of rank (n,m) with those of atensor B of rank (q,p), we 
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can construct a new tensor of rank (n+q, m+ p) whose compo~ 


nents are 
A, Ie a” Bs ia (12.8) 
] ] p 
Isotropic tensors: * 
: fo ] if al 
() ce 7 e otherwise , (12.9) 


are components of a tensor of rank (1, 1). 


Proof. Because v v= 1 , under the transformation 


6! > os eal = 6! 


a ipa eels a 


ve | if ijk is an even permutation of 1,2,3, 
Gis we) = Sy) ae ijk is an odd permutation of 1,2,3, 
QO otherwise, (12.10) 


are components of a tensor of rank (3, 0). 


Proof, Because det v= 1, we have under the transformation 


(iii) Likewise, because det ue = ls ek given by (3.4) are 


components of a tensor of rank (0, 3). 


Contraction: From atensor T of rank (n,m), we can form new 
tensors of rank (n-=1,m-1), (n-2, m+1) and (n+1, m~2) by 
constructing respectively the following products and summing over 
repeated indices: 
ie edly (12,11) 
It Im ta 
= ee 


* Tensors whose components are unaltered under the transformations 
are called isotropic. 
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TROT <> apy ae (12.12) 
eee Jae ‘a! 
and 
Ti ool is Me 
1 om 


where a and a' are two different integers between | and n, and 
likewise b and b' are different integers between 1 and m, assum- 
ing that n and m are both 31 in (12.11), n > 2 in (12.12) 
dnédimes. 2) im (2.13): 


Definition: A tensor T of rank (n,m) is called reducible if through 
contraction a new nonzero tensor T' of rank (n',m!') can be formed 
with 

Mm aria < l@ 4° fim 3 
otherwise T is irreducible. 


Because of (12.12)-(12.13), an irreducible tensor Ta in 
] ee m 
must be symmetric with respect to any pair in Al 


an or (je Igy) 
Furthermore, in view of (12.11), T must also satisfy the trace condi- 


tion pera : 
Tl a Ol (12,14) 


ane 
Because of the symmetry and trace conditions, the components of an 


irreducible tensor may not all be independent. 


2. Representations 
Consider a tensor of rank (n,m). Let the number of its linearly- 
independent components be d, known as the dimension. From such a 
tensor, we can select d_ linearly-independent components O11 Porter by 


and write o 


Q = 
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Under (12.2), q—-vq, the transformation (12.7) can be written in 
terms of o as 

¢-V-o (12,15) 
where V isa dxd matrix, Because the V's clearly satisfy the 
same algebra as the v's, we regard {V} as forming a representa- 
tion, denoted by (d) , of the SU, group {v} . Furthermore, the 
representation is called irreducible if the tensor is; otherwise it is 
reducible, 


The following is a list of the low-ranking irreducible tensors: 


Irreducible tensor Rank Representation 
1 (0, 0) ) 
i (1, 0) (3) 
Ths (0, 1) G) 
1 (lea (8) 
Ti (2, 0) (6 
lap (0, 2) © 
Tijk (3, 0) (10) 
ie (O73) 10 
Tob (2, 2) @) 

TABLE 12.1 


where the numbers in the last column denote the dimensions. We 


i : ‘ 
note that both T and ie are of dimension three. However, because 


SU; SYMMETRY 257. 


of the difference in their transformation properties, these form two dif~ 
ferent representations, called G3) and G3) . ( For further analysis, 
see the discussions given on page 261.] Due to the symmetry condition, 
Tear cud 1 
ab 
each is different and hence they are labelled (6) and . Because 


of the constraint ih: = 0, the irreducible tensor Th is of dimension 


= | both representations are of dimension six, but 
ba’ p , 


32-1=8., For asymmetric tensor le , there are three independent 
components of the type We , six of the type aes and one of the 
type po making a total of ten and forming the representation ° 
Similarly, the irreducible tensor ne is also of dimension ten, but 
labelled qo because it forms a representation different from that 
ijk 


given by T In like manner, it is straightforward to find that the 


irreducible tensor iar is of dimension (27 


3. Decomposition of (8) x 
Let A and 5. be both of the representation. Hence, 


re B. = Ome (12.16) 
Consider the product x : 
ig] 
a B ; (12507) 


which is a reducible tensor of rank (2,2). Our task is to form linear 
functions of its 82 = 64 components so that they become irreducible. 


(i) The sum 
Gee. | (12,18) 


is clearly an irreducible tensor of rank (0,0). 
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(ii) The tensor 
F' = A'Bi-Bia! (12.19) 
a fj cl ye 
is traceless and therefore forms an irreducible 8 -dimensional repre- 
sentation, Likewise 
D' = A. B/+B. AJ- 36'S (12.20) 
2 ! 4 Ve! J 
forms another irreducible 8-dimensional representation. Since Be 
is antisymmetric in A and B, while DS is symmetric, these are 
two different functions, although both are 
(iii) The symmetric tensor 
ms A! p J _abk 
a ob 


T + all terms formed by permuting ijk 


gives an irreducible representation . Similarly, by interchang- 
ing superscripts and subscripts, we can form a representation 


in terms of the symmetric tensor 


= i j . 
cm A, BE ae + all terms formed by permuting abc. 


(iv) By symmetrizing (12.17) with respect to (i,j) and (a,b), 
we can first form 
i 


Py ae Cr oe) 
a a a 


ab b b baeec b 
which satisfies, on account of (12.18) and (12.20), 
ib i i 
Rene 2 
ab oe a - : 


We then construct the irreducible tensor 


i 2 ol ee 
lab ab oi Be Fi, ts a b a 


_d ye eet 
ee a Spy? t 


which forms an irreducible representation 27) 
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Putting together (i)-(iv), we can write 


@®x*@-O'@©+@:O+O:@. 


It is not difficult to extend the above considerations to representa- 


tions of higher dimensions, 


4, Some further properties 
Consider an infinitesimal SU, transformation which contains, 


because of det v=1, 3% -1=8 independent real infinitesimal 


quantitiés err é 
v = l+tie, Xr di2z221) 


where the do 's are eight 3x3 matrices and 1 denotes the unit 


matrix, Since 


ae = 1+ die, (ry -Ag) + O(e-) = 1 3 


we have 


These eight Hermitian matrices us wR , A. are called the gen- 


a 


erators of the SU, group; they play the same role as the three Pauli 


matrices for the SU, group. It is customary to write 


2 


Cueto Oi 0 
COO, = Pc 
(5000 0 0 0 0 


> 
\ 


1 O \ C07 
hy = 0 Oe ay a A= t ee 
0 0 0 i 0 0) 
i222) 
O90) =i O70 0 
0 0 0 > Me = [0 0 1 
io 0 i 8 
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The trace, commutator and anticommutator of two X matrices are 


tr (A, .) Ss 260, F 
es OE oe) = ‘ eee (12.23) 
th, : ml ay oe 2d on d, 
where Dee is completely antisymmetric in its indices while do mn 
is completely symmetric, The nonzero elements of nye and qo man 
are as follows: 
2mn ae 2mn qo ian 
123 118 ve 
147 s 146 s 
156 -4 157 4 
246 3 228 ve 
257 tl 247 a4 
345 + 256 $ 
367 3 338 Jt 
458 ae 344 L 
678 £J3 355 Lt Wen 
366 -3 
O77 -4 
448 -1/(2V/3 ) 
558 ~1/(2/3 ) 
668 -1/(2V/3 ) 
778 -1/2V/3 ) 
888 -J¥ 


Let {v} and {¥} betwo 3x3 irreducible representations 
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of the SU, group. If for every v there isa v_ such that 


v= Vv ee (12.25) 
o. 800 


where ve is a fixed element of {v} , then all the V's also be- 
long to {v}; therefore these two representations are regarded as 
the same, otherwise not. In Table 12.1 the representation associated 
with the irreducible tensor i is {v} , while that associated with 
Tis is {v*}. We denote these two representations as (3) and @ 


because, as we shall now prove, they are not the same, 


Proof. If we were to assume that they are, (12.25) would become 


vé=yv vee 4 (12.26) 
o oO 


Consider now an infinitesimal v_ of the form (12.21), whose complex 
conjugation is 

ve= =p A,” € 
Upon substituting this expression, together with (12.21), into (12.26) 


we find 


Pee t 
ro =a do ve 227) 


From (12.22) we see that 


do = + ro (12.28) 
where the + sign = n9 is given by 
bs + for 2 = 1, 3, 4, 6, 8 
Toe ie fone 2, 5, 7 22?) 
and therefore (12.27) becomes 
= ae ee va (12.30) 


Na o 0 6 


in which the repeated index is not summed over, but can be 1 or 2,°*°, 
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or 8, By multiplying the last equation in (12.23) on the left by ve 
and on the right by vi , we see that it is invariant under the change 


NS % r —e thus on account of (12.30) we can derive 


Q Q 


~ 19 1m ny Coan z Sr inn (12.31) 


where as in (12,30) the repeated indices refer to fixed numbers, not 
summed over, By using (12.24) and (12.29), we find that this is wrong 
for every nonzero ae . Therefore, the representations {v} and 


{v*} are different, 
Exercise. Establish first the Jacobi identity 
Dy nS ae 3 Piety | ep ke 


and then derive 


f 


Seite mig fn'k nggt fno'k omo' 7 


5. Excursion to other groups 
(i) SU, group 
In the case of the SU, group {s}, on account of (11.42) we 


have for every s 
s* = 5 ss 2 32) 


where S, is a fixed element given by 


Consequently, representations {s} and {s*} are the same (some- 
times referred to as equivalent); hence, there exists only one two- 
dimensional representation of the SU, group. 

The notion of tensors and representation can be applied equally 


well to the SU, group. We call Ws i the component of a tensor 
1 n 


SU; SYMMETRY 263, 


of rank n_ if its transformation law is 


i aS s ro8 s Mh Ty (12733) 


Neder Pepe Sin Sn 
where a. and b, can be 1 or 2. Because of (12.32), the rank 


is now characterized by only one number, Since det s=1, one sees 


ine for a=1, b=2, 
eub = - | for a=2, b=1, (12.34) 
i 0 otherwise 


is an isotropic tensor of rank 2. 
Similarly to (12,12)-(12.13), if a tensor T is not completely 
cay 

a oh a0 


symmetric in its indices, say Ls , then by 


a,a 


23 


ao ean 


constructing 
“a,4 Me a,--a 
2 2 a 
we can form a nonzero tensor of lower rank n- 2. Sucha tensor T 
is called reducible; otherwise it is irreducible. Again each tensor 
gives a representation of the group, and the representation is irreduc- 
ible if the tensor is. A tensor of rank n has 2” components which 
may not all be independent. The dimension d is defined to be the 


number of its linearly-independent components, 


Exercise, Prove the following list of irreducible tensors and repre- 


sentations of the SU, group: 


Irreducible Dimension of 
Rank ‘ 

tensor representation 
al 0 I 
T 1 2 

a 
symmetric ae 2 ) 
completely symmetric ee _ 7 4 
completely symmetric  T eae n a | 
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This classification of irreducible representations is identical to the 
usual one in terms of angular-momentum states, provided n = 2j 


where j is the total angular-momentum quantum number, 


(it) SOx group 
If we limit ourselves to the angular-momentum j=integer states, 
the corresponding group becomes SO, , which comprises all 3x 3 


real, orthogonal matrices u ; i.e., 
i Se vu =] and detu =1 . (2:35) 


Each u can be viewed as a three-dimensional rotation of the posi- 


tion vector r = (x, rXor Xa): 


Me TF Wes the 


I | 


where the subscripts i and j vary from 1 to 3. The component of a 
tensor T of rank n now transforms according to 

127 'n i 22 2 dn 
Because uu=1 and det u= 1, one sees that 5; and Ena respec- 
tively form tensors of rank 2 and 3, where 6.. is a Kronecker 
symbol and erik is defined by (3.4), A tensor is called reducible if 
it is either not totally symmetric with respect to its indices, say 


[er en Fae 
Dee) ie 


we can form a nonzero tensor of rank n- 1 by constructing 


, or it has nonzero trace. In the former 


iqinigr i 
while in the latter we can forma tensor of rank n-2 through the 


contraction 


reves 
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where a and b can be any two different integers between 1 and 
n. The notions, previously discussed, of dimension and representa- 
tion and its reducibility can be straightforwardly applied to the pres- 


ent case. 


Exercise, Establish the following list of irreducible tensors and rep- 


resentations of the SO. group: 


3 


Irreducible Dimension of 


tensor Balas representation 
] 0 ] 
LF 1 3 
le ze 5) 
We 3 7 
i . i, Q ie | 


Show that the irreducible representations can be chosen to be precise- 


ly the familiar spherical harmonics ie discussed in (1.38)-(1.40). 


12.2 Hadron States and Their Flavor and Color Symmetries 
It is convenient to denote the gq’ 's of (12.1) as the specific 


up, down and strange quarks written respectively as 


a =u, ap =d and ae =s , (12336) 


The approximate invariance under the transformation q > vq, given 


by (12.2), will be referred to as the SU, 


namic properties of these quarks will be examined later. Here we on- 


flavor symmetry. The dy- 


ly use their transformation properties, The q 's form the irreducible 


representation GQ) ; their antiparticles q,= OF qo =d and q3 ='s 
form the representation @ . The isospin SU, is a subgroup of SU; 


with u=t, d=4 forming an isospin doublet and s an isospin singlet. 


266 PARMIGRE PRY SiGS. sy VME 


In 3x3 matrix form, each 2x 2 isospin transformation matrix s 


corresponds to 


v= (2 o (12.37) 
where O stands for eithera 2x1 ora 1x2 null matrix, 


1. Pseudoscalar octet 
The eight pseudoscalar mesons listed in Table 11.1 on page 239 


are regarded as forming an SU, octet Me with 


3 
ue =o (12.38) 
which has the same transformation properties as the quark- antiquark 
system: 

M. ~ q' q, 35. a ae (12.39) 
By comparing the isospin properties of the pseudoscalar mesons with 


those of the quarks, we find 


7 etd ap = tela 


; Ki cee (12.40) 


Here the ~ indicates that its two sides have the same SU, transfor- 
mation properties, Just as in (11,45)-(11.46), the isospin transforma- 
tion properties can be exhibited by writing 

v=t , d=! (12,41) 
for the quark isodoublet, and 

d= onde ee (12.42) 
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for the antiquark states. Thus, the first expression in (12.40) gives 


Se thal 


where the first t on the left refers to the quark and the second to 


the antiquark, Likewise m ~ - 4} and yo oes Giese) 
Jd 


which are the familiar I, = -1 and 0 states of an isospin triplet. 


5 P te) 5 6 5 
Notice that in am the relative sign between t} and Jt is +, 


while according to (12.40) that between uu and dd in a ie = 


f 


which leads to, on account of (12.39), 


One ] Cee 


Vom ] 2) 


Because of the trace condition (12.38), from the three diagonal ma- 


(12.43) 


trix elements My , my and Me there are only two linearly in- 
dependent components. One is 1° and the other is ae Apart from 
an arbitrary overall phase factor, by using (12.39) one sees that the 
expression for »° is uniquely determined by its orthogonality rela- 


tion with 1° and its normalization condition. The resulting expres- 


sion is given by the last formula in (12.40), which may also be writ- 


ten as 

mo = i (-M) -M, 42M) (12,44) 

oe ! a 3 
To express M,! : My and mS in terms of « and ae we may 
temporarily refrain from using (12.38), but formally regard 
2 1 2 ) 

M. = M, + M, + M, (12.45) 
as an entity. Solving (12.43)-(12.45) for mM , we find 

m.! 2 r a n° 7: 1 mM! 


l Ve whee i 


which, on account of (12.38), gives 


(12.46) 
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- . Thus, from (12.40) it fol- 


lows that the pseudoscalar octet matrix is 


Likewise, we can solve my and M 


rm. 7° + Ke x 
Te iS \ 

i = ™ n- . 

iy = M. = - = ths K 

\ i i J2 V6 

K" aa 2s 

V6 
(12,47) 


2. Baryon spin-3 octet and spin-% decuplet 
The eight spin-5 baryons listed in Table 11.1 are also regarded 


as forming an SU, octet B.. By matching I, I, and Y, we re- 


a 
place t—>y, nor, Kt +p, Ke ane Ks = one 


78 


Roa S. ; the meson octet becomes the baryon octet and (12.47) be- 


comes 
re i 4 
= iF p 
TE IS \ 
% zs z i 
ee I - - n 
J J2 Jb 
_- 0 2A° 
7 . Jae 
(12.48) 


In the Table of Particle Properties, the low-lying spin-3 baryon 


resonances are A (1232), £*(1385), =*(1530) and Q (1672). 
These will be identified as forming an SU, decuplet pile . The as- 
signments can be done best in terms of the quark model. 

Because of the half-integer nature of the baryons, in a quark 
model they must be composites of an odd number of quarks and anti- 
quarks, The simplest way is to regard them as bound states of three 


quarks, each a spin-4 fermion, If we exhibit only the SU, - flavor 


3 
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indices, as in (12.39), then we may write 


i i a b iL 
a qq q cob, a) ee € bk 
(12.49) 


~ symmetrized q q 


The assignments of the decuplet ols in the notation of (12.36), are 


Sew Sh (iss sic S6U) 05, 
* ~ J4 (dsstsds+ssd) , 


r* ~ V% (suut+usut+suyu) , 


pro nw (sudt+sdu+usd+dsutuds+dus)//6 


(sdd+dsd+sdd) , (12.50) 


™m 
+ 
2 

Ql 


5 


OO 


i 


A 
A’ ~ V§ (duut+tudut+uud) , 
Pe A/S dds dud eddie 
A 


~ ddd, 


in which the different orders of quarks are regarded as having some 
different kinematic attributes. For the moment, if one wishes, one 
may simply choose these different attributes to be, say, different mo- 
menta p, p', p" with p + p! + p" =0. Hence, e.g., in =*° one 
may view the first term uss as referring to u having p , the mid- 
dle s having p! and the final s having p" ; the two other terms 
sus and ssu are generated by permuting the SU, indices, but 
keeping P, p', p" fixed, This, then, explains the J factor in 


=*° 50 that it is normalized in the same way as Q . [ For further 
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details, see (12.51) and (12.54)-(12.55) below.] The actual dynam- 

ics of these bound states will be analyzed later in Chapter 20. Here 

we are interested in their purely kinematic aspects, From (12.50) we 
2 


see that the charges of u, d and s mustbe 4, -4 and -3 re- 


spectively. Their spins are 3%, and hence they are fermions. 


As we shall show later, it is a reasonable approximation to as- 
sume further that each quark is in the same lowest-energy s- orbit of 
a common potential with no mutual interaction, This leads to an im- 
mediate problem: Consider, for example, the spin-$ baryon Q ~sss. 
After we sum over the different quark momenta, because of the s-or- 
bit assumption, the total orbital wave function is completely symmet- 
ric, So is the total spin wave function because all three 4 -quark 
spins are lined up to form a total 3-spin. The Fermi statistics of 
quarks would make it impossible for them to be the component of a 
completely symmetric tensor au unless we assume that the quarks 
have some other degrees of freedom. For this reason, we shall assume 
that the quarks do have another degree of freedom*, called color, 
Each quark, u or d or s +, has three varieties u(c) or d(c) or 
s(c) ---, with c= 1, 2,3. [ Sometimes, for more colorful designations 
one might choose, e.g., ¢ = red, white and blue. ] For example, in 
the second expression of (12.49), the baryon state with total spin = . 


and its z- component also = ¥, assumes then the form 


pik ~ ay (c) aj) ye " (12,51) 


Gclc 
where c, c', c" are the color indices, E clel is the totally anti- 


symmetric tensor given by (3.4), the subscripts ft and | denote 


* ©. W. Greenberg, Phys.Rev. Lett. 13, 598 (194), 
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the spin-up and -down configurations of the quark, and a, (c) rep- 
resents the corresponding anticommuting quark-field operator, Con- 
sequently, the interchange of i and j on the righthand side of 
(12.51) results in two minus signs: one from the anticommutation of 


the fermion operators and the other from e Hence, the sym- 


AS ella 
metry of aus is insured, 

Now, let us examine other hadron states with this new degree 
of freedom included. Consider, e.g., (12.40); instead of ies ud ; 
we might write u(c) d(c') which could lead to 32= 9 possible meson 
states because of different values of c and c'. In order to avoid 
this difficulty, we postulate that all interactions satisfy exact SU, = 


color symmetry and all observed hadron states are color singlets. 


Hence, 7 ig represented by 
ree). dic) (12,52) 
with the repeated color index c summed over from 1 to 3 so that 


the state becomes a color singlet, as in (12.51). The same rule applies 


to all other meson and baryon states; hence (12.39) and (12.49) be- 


come 
waite : 
MMe q a q;(c) = 1 q (c) q),( Noy 
Se [q (c) q c “ eos ‘ 
= 3 .. q (c) q (c') q (cu) aay | “ue 
and whe (12.53) 
HH) 


D 


~ a6) abe) aC) cs 
where, for clarity, the spin-dependence is not exhibited. 

As noted before, the indices that differentiate the u, d and s 
quarks are referred to as flavor indices, For example, plik has ten 


physically different flavor configurations corresponding to different 
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choices of superscript: 


- pes 


eo) 
i 


Rr aie 
ee? (5212) peep ay oleae 212) 
Tiga (Dae ei ee (12,54) 


ar E Joe (Dae lacs ; 


= |p ; 
where, for the z- component spin = 3 states, 
ooo 
D ~ s,(c) s, (c') s,(c") boc 7 
kee 
De ~ usle) 561) 5) Crew (12.55) 
313 


D ~ s,(c) u,(c') s,(c") « 


CclC mad 
etc., in accordance with the notations of (12.36) and (12,51), Through 
space rotations, decuplet baryons with different spin components can 


be readily generated. Because piik is symmetric with respect to i, 


j and k, we have from (12,54) 


p!s3 & pels 2 p33! = /] =» 
pel! = pls! _ pits S Vs ye : (12,56) 
p2!! Z p!2! 2 pl !2 As me 
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get . —%7 o = 
and similar expressions for =* , 5* , * and A. 


Remarks. For the lowest-energy baryon states, the three quarks are 
all in the same s~state. Hence, the total angular momentum equals 
the total spin, which canbe 4 or 3; the former gives the spin-4 
octet and the latter the spin- 3 decuplet. For a similarly constructed 
meson system of the s~state quark~antiquark pair, the total spin can 
be 0 or 1; the former corresponds to the pseudoscalar octet plus 


n' (958), and the latter to the vector nonet: (770), w(783), K*(692) 
and (1020). Further discussions will be given in Chapter 20, 


12.3. Mass Formulas 

Since a, K and 7 differ in their masses by a few hundred 
MeV, as do some of the different members of the baryon octet or 
decuplet, the strong interaction can at best be only approximately 
SU, -flavor symmetric. In contrast, as mentioned before, the SU, = 
color symmetry is assumed to be exact. In this section we shall deal 
only with SU, - flavor transformations; hence the word "flavor" will 


be omitted for notational convenience. 


Let us decompose 


H =H = +H (12.57) 
st sym asym 


where H is SU, invariant, while H is not. 
sym 3 asym 


eal and the spurion formulation 
asym 


We may envisage the expression of een in terms of the quark 
field q' given by (12.1). In order to conserve baryon number, the sim- 
plest form would be a linear function of the quadratic expression 
ald ees Ml transforms like an irreducible tensor of rank 


(1,1). Conservation of charge and isospin then requires nee to 
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transform as 


Ww 


—S (12.58) 


wo 


asym 
nae ar i . 
which is the i= j=3 member of an octet S,.. The precise form of 
; J 
Sy vis immaterial, since in this section we are interested only in the 
J 


. [As a concrete example, 


SU, transformation properties of H 
asym 


3 


we may assume Ss to be given by 


ry e ke 
5 = 4.6q = 4.6, 
i meio ea, ice 


where 8 is the Dirac matrix given by 3.10), and q. is the Hermit- 


ian conjugate of the quark field q! .] The energy E of a hadron h 


is then given by the diagonal matrix element 


E Sree S ; (12.59) 


In the following, we shall assume (12.57); furthermore, pio 
is supposed to be much weaker than Bee , and therefore it can be 
regarded as a perturbation. Neglecting second-order effects of ies 
in (12,59), we need the state vector | h > only to the accuracy of 


the zeroth order; i.e., | h > satisfies 


nee hs Sols (12.60) 


sym 


where y is the eigenvalue. Hence, (12.59) becomes 
a g3 
oe ne <i | ee | h> + Osea : (12.61) 


To incorporate the SU, transformation property (12.58) of ae 


into the energy calculation, we introduce the "spurion" formulation 

of G, Wentzel.* Let us examine a typical matrix element 

< hi 1H | hee Both | h > and | h' > are eigenvectors of H 
asym S 


ee a EEE 
* G. Wentzel, in High Energy Nuclear Physics (Proceedings of the 
Rochester Conference), ed. J. Ballam et al. (New York, Inter- 


science Publishers, 1956), VII[15. ~~ 


ym 
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and therefore belong to some irreducible representations of SU, . 


3 
We then consider a hypothetical SU, ~ conserving transition 


es (es a (12,62) 


where oa denotes the spurion, which transforms as an irreducible 
SU, oe representation, and carries zero 4-momentum, zero charge 
and even parity; in addition, we are interested only in the final state 
i =j=3 of the spurion, It is clear that so far as the SU, transfor- 
mations are concerned, the matrix element <h' | ae | h >, with 
gree given by (12.58), has the same properties as that of the hypo- 
thetical SU, - conserving transition amplitude for (12.61). Emitting 
a spurion with SU, symmetry conserved is identical to having an ap- 
propriate SU, - violating amplitude, but without the spurion, In the 


following we shall see how to derive various mass formulas * by using 


the spurion, 


2. Octet mass formulas 
We first discuss the matrix element (12.59) for the baryon octet 
h = B. , given by (12.48). In terms of the spurion formulation, the 


relevant transition (12.62) becomes 


Phenomenologically we may regard ee as the transition Hamil- 
tonian given by an SU, - conserving sum of the products of the three 
octets: the baryon field B= (By) ), its Hermitian conjugate B= (B°) 
and the spurion field a= oy . By using (12.19) and (12.20), we 

see that among such products there can be only two invartants: 


I 


*M, Gell-Mann, Phys.Rev. 125, 1067 (1962). S. Okubo, Progr.Theor. 
Phys. 27, 949 (1962). 
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x) S. and vi! S. (12.63) 
where. . 
xJ = Bl Bo 
and! a (12,64) 
yl e yl ad 
i 1 a 
The ee m oan be written as 
ye (a xt a Bes S. (12.65) 


where q and 8 are constants and, as we shall see, the spurion am- 


plitude can be taken to be 


| i na 
For simplicity, we do not separate out the trace of G G and 4 , 
since this would only result in a redefinition of Hoey and ee in 

the decomposition (12.57), We note that in the above expression 

ae = 0 except for i = j =3, which expresses the hypothesis (12.58) 
in the spurion language; the value - = 1 can be chosen without 

any loss of generality because of the constants q and 8 in (12.65), 
Neglecting Ole.) and combining (12.65)-(12.66) with (12.57) 
and (12.61), we can write for the baryon octet 


Z 3 3 
ne = aq X. + BY, Ty (12.67) 


where y, which is the same constant for different members of the 
octet, is given by (12.60). By taking the Hermitian conjugate of the 
baryon octet field (12.48), we have (using a bar instead of i for 


notational clarity) 


mod} 
Sl 
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Therefore, on account of (12.64), 


X= ppt hint 3 An 
and ie te ae ee (ZG?) 
Y3 =5 2+5 5 +4A A 


The diagonal matrix elements (12.59) for different members of the 


baryon octet can now be derived by using (12.67) and (12.69): 


Be Sess) ae i ane 


II 


Bey and Ep See 


where N stands for p or n, We caneliminate a, B and y among 


these four equations. The result is 


SE = 2(E 


A + E_) fice 0 (12,70) 


N z 
Identical considerations can be applied to the pseudoscalar octet. 
Through the replacements A>y, N7K, => K and >a, 


we derive from (12.70) 


SE Maye = Ay 


Both formulas (12.70)-(12.71) are valid only to the first order in Dy as 
In the evaluation of <h | ie | h >, we may assume the hadron 
state to be one with momentum k . Hence the energy E is related 


to k and the hadron mass my by 


R= k2 +4 ihe (12.72) 
its variation is 
6(mp,~) 
SE, = 3c oe (12.73) 
h 


By substituting (12.73) into (12.70) and (12.71), we obtain the mass 


formulas, which agree quite well with the experimental data: 
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ee 2 5 = 
sm) 2(m,3 + m= ) + m, 0 (12.74) 
and 
A 2 ps : 
3m, Am + m = Oy: aPA/5) 


in this derivation we employ a reference system in which the hadron 
energy E, is much bigger than the mass difference between different 
octet members, and therefore (12.73) holds. The resulting formulas 
(12.74)-(12.75) are, of course, independent of the particular refer- 
ence frame. For the baryon octet we may choose the rest frame, k= 0, 


Dee h h 
(12.74) takes on the linear form 


because 6m, is << m, ; hence (12.73) reduces to §E, = Sm, and 


3m, ~ 2(m.) + ma) + m. = 0. (12.76) 


For the meson octet, since m_ is quite a bit smaller than the mass 
TT 


difference m, - ms it is not possible to linearize (12,75), 


K 
Remarks, The two invariants in (12,63), which are formed of the 


three octets B, B and S$, can be understood by considering first 


the x multiplication of the two octets B and B. Because 


@x@-Q+@O+O+ M+ W+@® , 


the product consists of two octets whose components can be derived 

by using (12.64), and each of which can in turn be combined with 
S,. to form an invariant, This accounts for the two independent con- 
J 


stants q and B in (12.65), 


3. Decuplet mass formula 
From the product of the symmetric decuplet field owls and its 
Hermitian conjugate Di = (ole we can form only a single octet 


i = fel) 9 yo = abc 


D : W277) 


By following the same reasoning that led to (12.67), we can write Fl 
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for the baryon decuplet as 
3 
Ee =atB Z, (12.78) 


where q and 8 are constants, Because of (12.54)-(12.56), the above 


expression becomes 


Heed ps 20 +h (Ee S084 EH SH) 
Ph eh Ae A AC 
, (12.79) 
which leads to EG = o+8B6, E-.= a+ 4 pee Eee = a and 


EA a= a B . Just as in the passage from (12.70) to (12.76), we 


can arrive at the mass formula 
i Te = I -m,=m,"7 Mm, . (12.80) 
The reader can easily verify that this mass formula is in good agree- 


ment with the experimental values of A(1232), ¥*(1385), =* (1530) 
and (1672) given in the Table of Particle Properties. 


Remarks. Considering the fact that m_ is much smaller than the mass 
Se T 


K 


H m con be treated as a perturbation. A plausible explanation 
as 


differences m,,- m_ and ee -m_, it seems quite strange that 
T T 


will be given later in Chapter 20. 


Problem 12,1. Let | Be > denote the physical spin- 3 baryon octet 
state and < B | be its Hermitian conjugate. 

(i) Prove that if 5 (x) is a scalar (i.e., spin-0, parity +) local 
SU, - octet operator, then its matrix element between | BS > of 4- 


momentum k and fies of 4-momentum k+q in the limit q- 0 
I 
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is given by 
ijk LF pijk 


BI | ste |as> = (D.aik 4g eiiky ul yu (12.81) 
where u and u' are spinor solutions of (3.26) that have the same 
spin-momentum configurations as the initial and final physical bary- 
on states, 14 is the Dirac matrix given by (3.11), D. and Fo are 


constants, and the tensors 


HRS = Ae po] ate ele ple ees Pele 
de Geo Oy Oy oOo Cems Oy 
-3(6)6)eks6/ det al 6) 6k Iisa) 
and 3 s 
ee foie 2h ilk 
pe Ca a Gat (12.83) 


(ii) Show that giik is symmetric under the interchange of 
either (i,a) and (j,b), or (i,a) and (k,c), or (ji, 5) and (kc 
while plik is antisymmetric. Both tensors satisfy the trace-less con- 
dition 

ijk 
Bibe 


ijk _ 
ibe 
(iii) From (12.48) and (12.68), one sees that | p>= | B, > 


and nee 


= f 0 


Set j =b=3 and show that 


= 331 331 a 
Paice ie CR ue = 5 De F. (12,84) 
Likewise, prove that 
<A[ 5S |A>= 4D. , ee ee ’ 
Sues 12.85) 
SS Soe 2 Dok ( 


and therefore 
2<p|5>|p>+2<5/ 52 => 


Se | 5 JA>+<z| - lees 
which is the octet mass formula (12.70). 
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Problem 12.2. Let J, be), be either the vector or the axial-vec- 
tor hadron SU, - octet current operator. Using the notation of the 


previous problem, show that, depending on whether 3,6), is a vec- 
tor or axial-vector current, 
: al ipees 
a < BI | JOE [eae ; 
oe Be Ue yoyo vector 
= (aS ag aps 4 ; 
abe abe U4 Vy 15 ¥ axial-vector 
(12.86) 
where D and F are constants. Thus, if h and h' denote various 
hadrons, the above expression can also be written as 
j 
ae <h | Jy &)p | h > 
ee ae U4 % ¥ vector 
= IE RS A sf 
( ui%, Yy 2 axiai-vector 
Prove the following table of the reduced matrix elements 
<h' | Pel h> forb=2, j=1 and b=3, j =1. [These cur- 


rents are important for the Cabibbo theory of the weak interaction. | 


(12.87) 


(The table appears on the next page. ) 
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h = ht <h | fy [ho cht | fa [b> 
is ae D=-F 0 
Ee -/3 D 0 
LS -/3 D 0 
a -J/2 F 0 

= -=° D+F 0 
ep 0 (D-3F)/JV6 
ioe 0 D+F 
= + A° 0 (D+3F)//6 
= + y° 0 (D = hy ee 
so ys" 0 Dei 
Reference 


Y. Ne'eman and M, Gell-Mann, eds., The Eightfold Way (New York, 
Benjamin, 1964). 


Chapter 13 


TIME REVERSAL 


Consider the classical system of particles discussed at the be- 
ginning of Chapter 1. Let the generalized coordinates be q. where 
i= 1,2,-**, N, which may be written as a column matrix q. Time- 
reversal (T) invariance for such a system simply means that the laws 


of physics remain unchanged under 
qe= ¢ and PS a ee 


hence, if q(t) is a solution of the dynamical equation, so is q(-t). 

Suppose that we are shown a film of the motion of a classical 
system of particles. With T invariance, the time-reversed sequence 
also represents a possible solution of the dynamical equation, For 
example, the film of a drop of water falling from a faucet, hitting 
the sink and making a splash would, when shown backwards, start 
from the gathering together of the splash to re-form the drop which 
then jumps back into the faucet. T invariance says that such an im- 
probable sequence can actually happen. Of course, to make if occur 
we must reverse simultaneously all the molecular velocities involved 
in the splash. This is difficult and therefore, for practical purposes, 
does not happen. Hence if the T-invariant classical system consists 
of a large number of particles, although the time-reversed sequence 


is always possible, it is in general improbable, It is only in this 


283. 
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probabilistic sense that we can differentiate for a macroscopic sys~ 
tem any time-ordered sequence of events from its time-reversed se- 
quence, and thereby determine the direction of our macroscopic time. 

It is well-known that time-reversible dynamical equations of 
classical mechanics can produce time-irreversible thermodynamics 
in the macroscopic world, As an illustration, we may think of travel- 
ing by train between New York and Princeton. In analogy to micro- 
scopic reversibility, let us assume that for each train going from New 
York to Princeton, there is one in the opposite direction, Imagine 
now that there are no signs in the railroad station, The probability 
that a man starting from Princeton will end in New York is 1 if he 
watches the train's direction; otherwise it is +. But once he reaches 
New York, if there are also no signs in Penn Station the chance that 
he will succeed in taking a Princeton-bound train is extremely small; 
the person may end up in Boston, and go from there to Chicago, - - - F 
resulting in a macroscopic irreversibility, 

In classical physics there is a major difference between a mac- 
roscopic system and a microscopic system. If the system contains on- 
ly a small number of particles, then provided that T invariance holds, 
it is not possible in a statistical sense to differentiate between time- 
ordered and time-reversed sequences, both being similarly probable. 
As we shall see in Section 13,2, this last statement has to be modified 
in quantum mechanics, 


We now turn to the question of time reversal in a quantum theory, 


13.1 Time Reversal in the Schrbdinger Representation 


We start from the Schrédinger equation, (5.4), 


— |t> (Kap) 
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which holds for any state vector | tee: 


Definition: H is called T-invariant if and only if there exists a un- 


itary operator U_ which satisfies 


7 


al: ee 
Peru! ee (13.2) 


where, as before, * denotes the complex conjugation. From this def- 


inition, the following theorem can readily be established. 


Theorem, If H is T-invariant, then U, | t >* satisfies the time- 


reversed Schrédinger equation, 


Prootwealne(lsall), | t > isa column matrix and H a square matrix. 
Let | t >* and H* be respectively their complex conjugations, 


From the Schrédinger equation, it follows that 


* co I ) * 
ASS =e ee 
Multiplying the above formula on the left by UL and using 
7 2 
U; UL = 1, (13.3) 
we have 
y 1 a * 
* cS) Sy, eee 
UH*U. U. | t > ey Uo is 
which, because of (13.2), can also be written as 
ae jose = = eee | Se (13.4) 
T i a(-t) “T i : 


Hence U, | t >* satisfies the time-reversed Schrédinger equation. 


Thus, in quantum mechanics as well as in classical mechanics, 
T invariance means that from any solution of the dynamical equation 
one can obtain another solution which satisfies the same equation, 


but with t> -t., 
Definition: We define T to be the operator that satisfies * 


* E, P. Wigner, Gttt. Nach. Math, Naturw.Kl., p. 546 (1932). 


BENG). PARTICLE PHYSICS: SYMMETRY 


p> = BE | (G5) 
for any state vector | > and 
== eal 

TOT = U; O U, (1326) 


for any linear operator O. [In matrix notation, | > can be any 
column matrix and © any square matrix. | 


We note that for O =the unit matrix 1, (13.6) becomes 


eps]. (13.7) 


If | > is a linear superposition of two state vectors | 1 > and | 2 
Pe Sas ees 

where Cy and C4 are constants, then according to (13.5) 
Te eee ee (13.8) 


Hence, T is not a linear operator, Sometimes in the literature, T 


is referred to as “antiunitary", which carries no more meaning than 
v 


what is given above, 


13,2. Improbability of Constructing Time-reversed Quantum Solutions 
even for a Microscopic System 


In classical mechanics, as we said at the beginning of this chap- 
ter, in contrast to macroscopic systems, the time-reversed motion of a 
T - invariant microscopic system is not only possible but can occur 
with similar probability, This situation is, however, drastically altered 
in a quantum theory. 

We may give the simple example of u-decay to illustrate the 
situation, Consider a 7 at rest with its spin ic polarized in, say, 


the up direction, as shown in Fig, 13.1. In its decay 


Hegee (0) (oe (13.9) 
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—> 


Y(R) 22 By FUL) 


Lf 


YL) 


Fig. 13.1. The decay of p > e + Doe: ae 
the e , Ve and vA are emitted with helicities -3 , 4 and -4 
respectively, which are denoted by the letters L, R and L indica 
ting their helicity. [ For simplicity, we approximate the mass of the 
electron ms as 0.1] Let us examine the specific process in which 
pe final momenta of e , ms and Fi in (13.9) are respectively 


= — 
p , p- and p_ ; its time-reversed sequence is 
e v v 


e (ar v(R) ts ae i ay (13.10) 


which would start from the initial state of e , ve and v_ with mo- 
menta -P, “Ps and “ . Since both the directions of spin and 
momentum are reversed, the helicity of each particle is unchanged, 
as shown in Fig. 13,2. Assuming T invariance, this leads to a final 
state with ue at rest, but the question is what should be its spin di- 
rection $'. The reader is encouraged to pause for a few moments 

to een If the system were a classical one, then T invariance 
would require the final py spin S' to lie in the opposite direction 
from S in (13.9), i.e., downwards, as indicated in Fig. 13.2, but 


accompanied by a question mark, 
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Ye (R) es 
ome. ii 


S.(2) 


Fig. 13.2, The reversed reaction e + - a 7 , with the mo- 


menta and spins of e , Ve and v_ the opposite of those 
UW 


in Fig. 13.1. 


However, this is in general not the case for the quantum system, 
as can most easily be seen in the special case when the momenta of 
ee and v_ are parallel, as shown by Figs. 13.3 and 13.4. In the re- 
verse reaction (13.10), since all initial momenta are assumed to be a- 
long the same line, the total angular momentum along that line must 


be conserved; this necessitates the final y spin S$! being the same 
Ul 


Fig. 13.3. The decay of u e+ +v_ with 
2 


the two final neutrino momenta parallel. 
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—~ e (L) 
= oe 
0). 


Fig. 13.4. Reaction e + V+ v =u with the 


two initial neutrino momenta parallel. 


as the initial electron spin. Thus S' must be parallel to the momen- 
tum of the electron, which can lie in a totally different direction 
from -S . 

The reason is that in quantum mechanics the final state le vv > 
of p-decay, (13.9), consists of coherent outgoing spherical waves. 
Its time-reversed state 

Tle vev > 

UW 

should be composed of coherent incoming spherical waves; i.e., we 
must simultaneously reverse the momentum and spin of these three 
leptons in all possible directions and retain the appropriate phase re- 
lationships between their wave amplitudes; only then would the final 
un spin S' in (13,10) be -S . Clearly, this is extremely difficult. 

ee of the sete lies in the fact that the Schrédinger 
wave function of any quantum system has more complexity than 
any wave equation in classical macroscopic physics. Only in the 
case of a single stable particle is the quantum-mechanical time- 


E : . : 9 
reversed state a simple one, since it can also be obtained by a 180 
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rotation that reverses the momentum. In general, the quantum-me- 
chanical time-reversed state T | >= U, | >* is always a compli- 
cated and improbable one because of the very large degrees of free- 
dom involved, even for a microscopic system with T invariance. 
Consequently, for all practical purposes a test of T invariance in 
quantum mechanics never involves a direct verification of the time- 
reversed Schrbdinger equation (13.4). Rather, it is through the con- 
firmation or violation of either the reciprocity relations or certain 
phase-angle equalities, as we shall discuss, But before that, we must 
first familiarize ourselves with the properties of the antiunitary T 


Operator, 


13.3 Properties of the T Operator 

1, QED as an example 

Let H be the QED Hamiltonian, As in Chapter 6, we adopt 
the Coulomb gauge; hence the independent generalized coordinates 
are the transverse electromagnetic field A = RE and the electron 
field ~, In this section, we shall stay within the Schrédinger repre- 
sentation, Thus, both A and ¥ are independent of time t. We 


may write 
w(r, t) = U(r, 0) , A(r, t) = A(r, 0) 


and likewise for the conjugate momentum TI of the electromagnetic 


field, 


T(r, t) = T(r, 0} 
Both A and TT satisfy the transversality condition 
Vv . A = @) and Vv ° TT = 0) 


in accordance with (6,30), 
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Theorem. H, given by 6.55), is T invariant, where T satisfies 


T ¥(r, 0) TT! = UL #*(r, 0) u! = po W(r,0) , (13.11) 


TAG, 0)T' = UA*(r,0)u," = -ACr,0) , 3,12) 
T(r, 0)T | = U(r, 0) ua! = Ti(r, 0) (13.13) 
with n, asa constant phase factor, | ny | =1, and Or is given by 


(3.6). 

Proof, We shall first assume the existence of the operator T, de- 
fined by (13.11)-(13.13), so that we may use it to establish the time- 
reversal invariance of H, Afterwards, we shall come back and 


prove that such a T operator indeed exists. 


Since, according to 6.6) and 6.21), 


B=aVxA and E —a— I 


~ 


the free electromagnetic Hamiltonian density 6.24), 
alien = 
Bey = aM 
clearly satisfies the T- invariant condition 


Tt alee ; 
Y Y 


because of (13.12)-(13.13), Under T, the free-electron Hamiltonian 
density 6.25), 


—> 


0, = W(-1F. 9 + pmo , 
becomes 


Te 
e 


fy hos Tie GS ee * it 
Die tee eee Gon) YU 


i} 


Al Wo See * * T 
U; # Ur (ia Vem) UL? U, 


which, on account of (13,11) and its Hermitian conjugate 
‘me =e es yn ck: ae 
TOG One = U, [4 GO) Ur = nf P(r, 0) 0 , 
(13.14) 
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is equal to 
Wo (iat. V+ ptm)o,% (13.15) 
We recall that in (3.10), a= Py a and B= Pa - Consequently, 
oy a* 0 = aa and oD) B*o, =( (13.16) 
by means of which (13,15) becomes de , and therefore 
Tu T= # 
e é 
The electromagnetic current operator is 
P ee 
=i: Ws ig (37 
I le 
By using 
: p) % = 4. for p=j74 
me = J J (13,18) 
B i for u=4 


and (13.16), we have 

o5(i ‘4 at % ro ad ‘4 iy , (13.19) 
from which it follows that 

Sad a1 Peels =] 
Ti¥ ee! = TY T ee eel 
ee 4 earl 
= ¥ 0 (i yy %) 65/0 iS -i¥ vA aS 

By combining the above equation with (13.17), we derive 

Gee Se) (13,20) 

r y 


This formula has a direct interpretation: because j= (ie ip), under 
time reversal the vector j reverses its direction and becomes ~j; 


the charge density p is unchanged, 
T p(t, 0)T! = ofr, 0) 


But because i — -i, that makes Ve ip aA . In the Coulomb 
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gauge, Ay is derived from p via (6.16). The T invariance of p 


implies 
= =] a 
T Ag(r, 0)T = Ag(r, 0) 


which, together with (13.12), leads to 
TA (, 0) Tls- A (=, 0) 13.21) 


where A = (A, iA By using (13.20)-(13.21) we establish the T 


0: 


invariance of the interaction Hamiltonian density (6.26), and conse- 


quently also of H ; i.e., 


Tit = Ho (13.22) 


From (13.11), we note that 


emery, : 
= wv) 
ToT Ti 0, = U(n, 0 p)* UL 
oo ” ie Gana 
Because 0," =" 0, , We have o,* 05 =~ 1, which converts the 
above expression into 
iO 1s Se (13.23) 


i.e., the time reversal of the time-reversed ¥ is -¥ , 


We note further that under the phase transformation 


be yt = ala 
(13.11) becomes 

= TvailpaiecsiO.) a2) aeeie Bazi 
T#¥T -—- TY'T =e 1) =e Top ae not. 


Hence, if we define ne by 


ee = bee 


then 
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Since QED satisfies lepton-number conservation, the phase of # can 
be arbitrarily chosen; therefore we can without any loss of generality 


select one so that the resulting phase factor i= 1, and consequent- 


ly (13.11) becomes 


(ea Sa ee, (13.24) 


ae 

or through multiplication on the left by Oy, 
oy T ¥(r, 0) T! = o(¢, 0) . (13,24a) 
It remains for us to establish that T, defined by (13.11)-(13.13), 


exists. By substituting the Fourier expansion (3.32) at += 0 


a ay < ! ipeiasiet -ip-T 
MO 27 ce ee 
ee (13.25) 


into (13.24a), we have on the lefthand side 


= -] 1 -l « -ip- 
te (i = ye — (Ta. T ure 
2 2 a ion Bis p,s 


eee 
Ps Pys 
which, because of (3.83), can be written as 
y =e aa. Tih, pico. ese ecb 
p. 5 VO Prs [P72 , 
| Ss es 5 | 
Ps ~P,s 
while the righthand side is simply (13.25), By equating the coefficients 
Of Mie Jer ae and) yo meme deme derive 
Prs P,s 
I) Ges ta = Tet Clg 
Ps = . 
Th. PT) seh gt 
P,s Toe 
and through Hermitian conjugation, 
T on oT! = Bs al me 
"oy oe (13.27) 
Tbs.) %= 6 apse 
P,s “P,s 
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By using (3.84) and remembering the antiunitary nature of the T op- 


erator, we see that 


r a Tt = Bal aee 10> i = - ol. 
P,s P,S P,s 
Bad ; ne, (13.28) 
i ape = cana ee Eps 7 alll 
P,s P,s P,s 


in conformity with (13.23), Next we substitute the Fourier expansion 


(6.32)-(6.33) af t=0, 


> 1 iker 
Ae OL = > [a> e + hc] 
i oR a 
and 
T(r, Oe 2 a lee Uae ] 


into (13.12)-(13.13); we have 


-T > al -iker 
TA(r, O)T = : DO [Tae e hse. | 
a -A(r, 0) 
and etn 
TLC, 0) T! =e) = (ves 7 DS ee 
re 2 k 
= eli 0) a 
which yield 
Te! = aap 
and (13322) 
eee ae 
T a5 T = ay 
The transversality condition v.-A=V-TT=0 implies, as before, 
sob toh 
ar: k = aT, = 0) 
If we now make use of (6,36) 
mel = ] aif A ee A Ta 
“set ~ ee Te Ue oe 


296, PAAR INICILIS RIRNSIC Se SAAIMIMIE WRAY 


where, as in Figure 6.1, ey (k) F é4(k) and k= k/| k | form the 
standard righthanded set of orthonormal vectors, then under T we 
have 
Fao ee A ei (13.30) 
k,s=i1 GE 2 : i 


Because e (ei é,(k) ea olk Ake fam righthanded set of 


orthonormal vectors, we may set 


6, (-k) = 1 (k) r é4(-k) = = aah) r 
which converts (13.30) into 
ie! oe 
T he. T = cag ; (13.31) 
with its Hermitian conjugate given by 
“1 
ieee = 7 SL s 


Let us consider the Hilbert space basis vectors (3.40), which may be 


represented by real column matrices: 


1 0 

0 1 
/ o> = 0 p EL Os = 0 : 

0 ie 0 

0 

‘ 0 
bee Oe >. <n (13.32) 
P,s 0 


As in (10,35) and (10,56) we introduce the linear transformation onto 


the set of basis vectors (10,25) in the Hilbert space: 


[ess |e. . ail fos Bess ae los. 
P,S =P,s 
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is 


bl, fis, eer tes yl [Oss al |O> + =a (os, 
p,S -p,s loys -k,s 
and in general 
Re ey 
- + a ¥ 
|S, Tas VS =e) i i 
t i=] jel lel 
ies i0_, 
si EET al, e igal bt al, One 
eRe: Puri Pier 
(13733) 


Clearly, the orthonormality of this complete set of basis vectors is 
unchanged. Hence, the transformation operator is unitary, called UL : 
We may now construct an antiunitary T from this Ur and the com- 
plex conjugation, in accordance with (13.5) and (13.6). Because 
these basis vectors are all real, as shown in (13.32), one can easily 
see that the T operator thus constructed satisfies (13.26), (13.27) and 


(13.31) with 
TOs = | Ose (13.34) 


This establishes the existence of U_ and T ; it also completes the 


t 
proof of the theorem. 

Remarks, The above discussions can be easily extended to include 
other fields. For example, we may choose ¥ to be the field of any 
charged spin-3 particle, such as muon, quark, proton, «°° . Because 
the particle interacts electromagnetically, the assumption of T ins 
variance requires its field $ to satisfy (13.11) and its Hilbert space 
vectors to transform similarly to (13.33). For neutral particles, such 
Sey iil 5 5° and A, their fields must also satisfy (13.11), as can be 
inferred from either the assumption of T invariance of the strong in- 
teraction, or from that of the electromagnetic interaction through 


their magnetic moments. The same conclusion also applies to neutrinos 
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if we assume T invariance for the weak interaction, an assumption 


that will come under critical scrutiny in our later discussions, 


2. Time reversal and angular momentum 
Let us first consider a system of spin-% particles. The angular 


momentum operator J is given by (3.62): 
Hoare yi(T+40) yar 
where 2 =-ir* VY. From (13.11) and (13.14) it follows that 


tii. = i vo, (8 + he) 0, bdr 


—_ — 


which, because Q*=-2@ and 0, 9 s 0, =- 0 , can be written as 
ie = =a (13.35) 


Since all physical states can be produced by using spin-4 particles, 
the above relation is valid for all systems, provided T invariance 
holds. 

Next, we consider any T-invariant system with H, J and 
yp as the Hamiltonian, the total angular momentum operator and its 


z= component. Let | j,m> be the eigenstate which satisfies 
ae ieenie = ey in > f 


J? |j,m> = jG+D]j,m> (13.36) 
and 

J, li,m> = m|j,m> 
where m can vary from -j, -j+1, +, j. 

(i) We first discuss the simple case that, besides the 2j +1 ro- 


tational degeneracy, the state | j,™> does not have any other de- 


generacy, Applying T onto the last equation in (13.36), we obtain 


elias = ai li.ms , 
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which, because of (13.35), can be written as 
oe eth rai mh ym > 
Likewise, from the two top equations of (13.36) we find T | Tp (ul 
to be also an eigenstate of H and J2 with the eigenvalues E and 
j (j+1). Hence, by our assumption of no other degeneracy, T | To 


must be proportional to | j, -m>; i.e., 
Tp emote) erm) 3137) 


Let us construct the (2j+ 1) - dimensional space whose basis 


vectors are eh Se ie |S ero li,-g> . We write 


i 0 
[ic [i \ 
ini = 0 ’ li,j-1> = | 0 aes 


" 


VW 


; li, -j> 


In this space, the Hermitian operators JU i J and the unitary 
operator U, are all (2+ 1) (2) +1) matrices. As we shall see, 


it is possible to choose 


J. ; J. real, 
* imaginary, (13:39) 
U, = ein also real, 

and, because the basis vectors ne m>*=]j,m> in accordance 


with (13.38), 
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; a limes 
tes Sipe = WE om = STA i, n> 


Ee EU as (13.40) 
which fixes the phase factor in (13.37), 


Proof, In the case j = 3, we have j= 1G whose standard repre- 
sentation fulfills the condition dy ; J, real and J imaginary, as 
can be seen by taking its components to be Cee 2) a and 
3 of 3.1). In order that (13.35) should hold, the 2x2 uni- 


tary matrix U> must satisfy 


On = T 
Zz 


—P i — 
* — a 
U, Go U, o 
By using (11.41), we see that U, must be of the form 
ie eit zl ot oy 


T 


[ist : De 
where e is an arbitrary factor; our convention is simply to choose 
ia 
e 


= 1, which makes in this two-dimensional space 


UL = gl 27% real, 
and therefore (13.40) is valid. 

By considering the direct product of two such j =4 two-di- 
mensional spinor spaces, we obtain a four-dimensional space, which 
can be decomposed into a three-dimensional space for j=1 anda 
remaining one for j=0. Since J , 4, and J, are se and 
UL multiplicative, it is easy to see that our choice of J and U, 
matrices for j=%4 leads to (13.39) and (13.40) for j=l as well. 
In the same way, by examining the direct product of N_ such j=2 
spinor spaces, we can show that the same choice also gives (13.39 
and (13.40) fora general j . 

We note further that from (13.40) 


$2 any 4 (13.41) 
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in agreement with the minus sign in (13.23). 

(ii) For discrete states, e.g. a single particle at rest, sometimes 
H may have other degeneracies, such as the exact one between p 
and p, or the approximate one between p and n. In the former, 
the additional degeneracy can be separated out by requiring | ‘eles 
also to be states with a definite baryon number; in the latter, the 
degeneracy can be removed by including the electromagnetic inter- 
actionin H. Consequently, in either case, (13.39) and (13.40) hold, 

(iii) For free particles in a continuum state, the degeneracy can 
be removed by first specifying the species of particles, which reduces 
the problem to that of a single free particle, since the multi-free-par- 
ticle wave function is a product of single-particle wave functions, 
Next, we may put the whole system in a large spherical box of radius 
R. For R finite, states of different angular momenta have different 
energies; thereby the degeneracy is removed, Consequently, (13.39) 


holds, Such states will be labeled as 
| j,™m ; free> 


and they satisfy (13.40), i.e., 


Tae ta ; free> = (ye lj,-m ; free> . (13.42) 


Since both (13.39) and (13.40) are valid for any finite R, they are 
also valid in the limit R- oa. 

For free-particle states that are eigenstates of linear momentum, 
but not angular momentum, the transformation under T is given by 
(12233): 

(iv) For interacting particles in a continuum state with a defin- 
ite angular momentum J, we may consider either 6.58), the "initial" 


state, E 
|(G,m) > = U(0,-a) |j,m; free > (13.43) 
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or 6.59), the "final" state 
| Ge Bi" > = Glen 0) | die m; free > (13.44) 
where for convenience we have set t= 0 in 6.58)-6.59). As we 


shall prove later in (13.75), T invariance implies 


1 UCOles) eeu Ones 


which, because of 


UC es) (co, Oye WOO) e il 
and 


ey OV UK) Se. 


can also be written as 


PUG@,-eane |) = ets. G) (13.45) 
Mencembyrucira’ 1s 42153 40M ave 

Ty m)" > = ene Ges s 
ST a) eee | Gp =m)" > “ea 


Hence, under time reversal the roles of initial and final states are in- 


terchanged. 


Exercise. Show that in the (2j + 1)-dimensional space (13.38), 
the non-vanishing matrix elements of J ; H and 1 can be 


written as 


Nl— 


Zot igi i yeeriees|))| ae 


<jemtl [Jo |jpm> 


al 
<ipieell (Do [iain == 20 (sean) Gems Ie @ee7) 
and y 


S' 


nail |, ia = 
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13.4 Time Reversal in Different Representations 
1. Heisenberg representation 


The Heisenberg representation operator O,, is related to that 


H 
in the Schrddinger representation by 
ait -iHt 
O.,() =e O, e ; 
and therefore it satisfies Heisenberg's equation 
ee ee 
Ot toe Ot) (13.48) 
in accordance with (5.1) and (6.12). Under the T operation, O1,(t) 
becomes 
-| _ -iH* t oe bdetesorat 
T O71 (t) T = U; e O, Ur 
_ -—iH*t |, f va res | the te 
= U; UL Ie Uy U, UL 


If the theory is T-invariant, then because of (13.2) and (13.6) we 
can re-write the above expression as 


Poor! = eo" ewe ae (13.49) 


which satisfies 


1 


WE} Gime, TRIE) 


C) 


a SCH 


teat) Te 
as can be readily verified by differentiating (13.49) directly. Thus, 
iT O1,() tT satisfies the time-reversed Heisenberg equation. 

Let us now continue our discussion of QED, but carry it out in 


the Heisenberg representation. In the case O=¥% , we have 


Tel pias -iHt 
e 


AG t) =e ¥¥(r, 0) (13,51) 


where, at t=0, 
Tae) = Gy O) = Ge, 


Equation (13.49) gives 
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eG, 1 fee ee te 0) (13,52) 
which, on account of (13.11) and (13.51), leads to 
MONG Un aa at, tn 


14 % vr, -t) 
We observe that if the subscript H is omitted, the above equation 
takes on the form 


Gate ¥(F, 1) (13,53) 


ia 
which is now also valid in the Schrédinger representation, since in 
that representation W(r, i= w(r, Q) and therefore (13.53) becomes 
(13.11), Because T is antiunitary, as in (13.24), if we wish we may 


sc( ca 1 without any loss of generality. 


Likewise, from (13.13), (13.20) and (13.21) we have 


TAC Sea eee 
H : H 
Tj Gt) 1 eee (13.54) 
and is zs 4 mi Bo 
T Wee ty = T(r, -t) 


Furthermore, (13.26), (13.27) and (13.29) can now be written as 


ale te T Sle Oo algae 
P, eae ire Teal =e P aaa ie 


f 


~1_ 
oe T =e 


f 


ego : t ar 
Tee =e P, S eae eae I =e “Ps Peet 


Tar T= -a_p (Ht), ee Ne 


Kes ~ ale ; 


(13255) 
Both (13.54) and (13.55) are valid in the Heisenberg and Schrtdinger 
representations, 


2. Interaction representation 


Let us decompose the total Hamiltonian into the sum of two 
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terms: 

H = Ho & Het ; (lige 560) 
which will be written as 

He = oo Hint). , (13,57) 


in the Schrédinger representation, and 


) (13.58) 


in the interaction representation, as in (5.5) and (5.9), The state vec- 
tor | t > and the operator Ort) are related to those in the Schrb- 
dinger representation by (5.14) and (5.15) 

Dima 


| eee 0 Jie (13,59) 
es Olt) = Eon O, ene'o! (13.60) 
heretannoredhin’ 6,16), 

4. = (Ho) = (Ho) (13.61) 


From (13.59)-(13.60) it follows that the equations of motion (5.6) - 
(5.7) hold; i.e., 


ee 0 
Ga) eee (13.62) 
and , 
Beh Of] eri Of) : (13.63) 
We shall assume that both He and Ho satisfy the T -invar- 
iance condition (13.2): 
ae Penis 
i HoT = U, He Ur = H. (13.64) 
and oo ae 
T Ho 7 = Uy Ho U, = Ho : (13.65) 


Under the T operation, [es and O;(t) become respectively 
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-i Ha* t -i HA*t i 
0 0 * 
e e U, Ur | # >. 


(13,66) 


ie = Ue [ae = U, 


S 
ae aan * be ae 
Legit - ue! Mo bog ao 


-iHo*t , f i ale oe 
= 0 * 0 
U, e Up U; O.* Uy Ue Ue. 


— 


By using (13.65) one sees that these two expressions can be written as 


al Hot 


Pi = iaiteee (13.67) 


and : : 
weno = oO) qansy | alist (13.68) 


By direct differentiation, one can show that T | t >| and T O,() ii. 
satisfy the same equations of motion (13.62) -(13.63), except for the 
replacement of t >-+t ; i.e., they satisfy the time-reversed equa- 


tions of motion, 


Exercise, Show that in the case of QED, (13.53)-(13.55) are also 


valid in the interaction representation. 


13.5 T invariance of the S-matrix 


Theorem. If T invariance holds, then the S-matrix, defined by 
(5.23), satisfies 
oe = 6! (13.69) 


Proof, According to (6,.20)-(5.21), in the interaction representation 
the U(t, to) matrix satisfies 


Pe y 
ere U(t, ig) = H._(H U(t, to) (13.70) 


with the boundary condition 


U( 1 (13.71) 


9 ; to) = 
where Hy tt) = Oh of (13.58), but with the subscript | 
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omitted for simplicity. Under T , (13.70)-(13.71) becomes 


1 a “1 -1 =| 

Tas ae U(t, to) J Y= al) U(t, to) T 
ee ‘ (hga7 2) 
fj U(tp ; ty! Ta ee (ge75) 


Substituting this expression into (13.68) for O= H. , we obtain 


TH) da eee 


a et) : (13.74) 
Hence, (13.72) becomes 
1 9 a. Zi 
fee ale te to) = Tel) 1 U(t, to) oy 
from which it follows that 
-] 
T U(tet) T= Ul-t, to) (13.75) 


since both sides satisfy the same first-order differential equation in 


t, and both = unit matrix when t=+t,. Because the S-matrix is 


0 

given by 

S = Wes, oe (13.76) 
(13.75) implies 

TST! = U-w, 0) . (13.77) 
By using 

ite td) U(#, to) = U(t, to) (13.78) 
and the unitarity of U(t, to) , we see that 

-] 
Ul-0, @) = Ule, -@)"| = Ul@, -«)" . 


Consequently (13.77) becomes 
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TST) ome) 


which establishes the theorem, 


13.6 Reciprocity 


1. Reciprocity relations 


Consider now the reaction 
@ baie) = iG bia... (1379) 


in which each of the particles carries a definite momentum and helic- 


ity, labeled as p. and s, on the lefthand side (i =a, b, -+) and 
y P. yb, 


a 


particle state vectors for the left- and righthand sides respectively 


and y on the right (j=a', b', +). Let us denote the free- 
as | p. S. > and | Py 7 ; > . From the above theorem, we can 
establish the reciprocity relation 
<P 8 PS eer s. >| = Koon s|5]-P, i > | 
(13.80) 
Proof. Under time reversal, a free particle reverses its momentum 


and spin vectors; therefore it retains its helicity, Consequently, we 


have 9 
i =6., 5.5 
and P (13.81) 
pee eos ces Teall 
io a aie 


9 oe 
where e'” and el? are phase factors, Let us take the complex 


conjugation of the matrix element < P s a | S | P., Ss; os 


=| 


= I aa = =p 1 = nae 
pene [Silene 2° = eae [i sal T | Pee 


i i 
which, because of (13.69) and (3781) is 
ee es = mie ie Ea 
e Sse | eae = ae SO Pee: 


J 


~ 
a 
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and that gives the reciprocity relation (13.80), 

We note that if we start from the initial state atb+--- con- 
sisting of only plane waves, the final state in (13.79) would be 
a' + b! +--+ with outgoing spherical waves, whose time -reversed 
wave function should be a'+b'+ ++» with incoming spherical waves, 
As noted before, such a time-reversed function is nearly impossible 
to construct physically. However, the reciprocity relation equates: 
the transition amplitude for reactions in which both initial and final 
states consist of only plane waves and therefore can be directly 


checked experimentally. 


2. Two-body reactions 
Most of the tests of reciprocity relations are for two-body reac- 


tions 


atb > a'+b'! (13.82) 
ies) = eyaelsy o (13.82a) 


and 


Let j. ‘ k. 7 E. and v. be respectively the spin, momentum, energy 


and velocity of particle i with 
ie—e oc b..a" and b: 
It is convenient to stay in the c.m. system, and denote 


on oe 


; pe kKo=ky =-k 


a! 


a (13.83) 


where in spherical coordinates 
k = {k,9,o) and k* = (k', 0", g') 
with 9, 9' the polar angles and , 9! the azimuthal angles. We 


shall now show that if in (13.82) and (13.82a) the initial particles are 


not polarized and the final polarizations are not measured, then 


do(a+b—a'+b') ier ei!) singe de" de’ 


do(a'+ b' + a+ b) A Can 1) sin 8 dO do (13.84) 
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Proof, In reaction (13.82), we may denote the initial and final 
states as [ks s, > and | k" $1 5,, > where s. is the helicity 
ab a! bt i 


of the particle i. From the reciprocity relation (13.80), we have 


gles. sy 151K 5.5 >] = [<-ks 5 |s|-Ks 5, >| 


Under a 180° rotation along the direction k x k' , the vector k is 
changed into - k, and k' into -k' . Hence, (13.85) becomes 

I< k' Sar Sh) |S|k 5% >| =|<k 5, 5,15 [k' Sa Shy an 
(13.86) 
On the left side of (13.84), the differential cross section for 


a+b-a'+b!' canbe written as, because of (5.111), 


oe k'? d cos @' dq dkt 
AIA SS DCA PN | eas | dE 
ca — 2 
y I<k'sy a, 1m ksi5, >| (13.87) 
where 
c= E + EN = Et EY (13.88) 


is the total energy of the system, the sum extends over all four helic- 
ities Sao and Tru is related to the S-matrix by (5.106). 
From (13,86), it follows that 71 satisfies 


|< k am sy mks 5 >| = I<k sis, | m™ |k hi a ea: 
(13.89) 


Since for any particle i, E. d E. = k. d k. , we have, on account of 


(13.88), 
dE dE. in dE, 


= Ve ieee Mies: eV 
dk’ dk dk at * Yy = | o 


in the c.m, system, Substituting it into (13.87), we obtain 
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ha er em d | <k' $41 5h! lm| Ks s.> |2 k!2 dcos 0! dg! | 

zt ier) (2) | any | Vey | 
Equation (13.84) now follows from (13.89), the above expression and a 
similar one for da(at+ b' > a+b). 


If we integrate over all angles, then from (13.84) we have the 


following relations for the total cross sections: 


o(at+b— a'+b') (Qe V@apye ie) = 


aia) b! > cl b) Giga P(2i, \) k= 

teiteay by but 6’ =b' ; 
: Pit ed — by bur ao 7b", (13.90) 
] 


otherwise 


where if a#b but a'=b', then because of symmetry due to identi- 
cal particles the solid angle f dcos®' do' is only 21, while 
Sf dcos@ do is 4x; that accounts for the factor 3. Likewise, there 
isa factor 2 if a=b but a'#b'. 
3. Pion spin 
5 oF ap 
For reactions +d—->pt+p and p+p7>a +d, (13.90) 


takes on the form 


o(m+d—p+p) 5 2S | ee (13.91) 
o(pt+po7ntd) SE ar Ih) ka : 


where Kop = ke ke < k, and the numerical factor on the righthand 
side is due to jg =l1, jp =4 and, because a' =b' =p, there is an 
additional factor 4 . From this relation, the pion spin was first deter- 


mined * tobe 0, 


* R. Durbin, H. Loar and J, Steinberger, Phys.Rev. 83, 646 (1951). 
See also R. Marshak, Phys.Rev. 82, 313 (O51) aan 
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4, Remarks 
Reciprocity relations have been tested for several strong pro- 


cesses, Among these are * 


Maal +d = yee © 
and 24 . 27 (13.92) 


Mg +a = Al” + p 


which give support for the T invariance of strong interaction, to an 
accuracy ~3%, 

For QED, T invariance can be directly established by using 
the known Lagrangian. For weak processes, reciprocity relations are 
difficult to use. Instead, T invariance is tested by phase-angle meas- 
urements, as we shall discuss. In contrast to reciprocity relations, 
which are valid to all orders of the interaction provided T invariance 
holds, the phase-angle measurements as tests of T invariance are ac~ 


curate only to the lowest order of the relevant interaction. 


13.7  Phase-angle Relations 


1. B decay 
Consider the 8 decay of hadron a to b, 


+ = 
a~bte +9. (or v.) (13.93) 


ped 
where, e.g., we may have a=n and b= Pp, OF a= and b= ee: 
etc. The phenomenological interaction Hamiltonian is given by the 


Fermi theory (modified to include parity violation): 


3 
Mo = f 1) &) | &) he Wea (13,94) 
B po ou 
eee 
* W. G. Weitkamp, D. W. Storm, D. C. Shreve, W. J. Braithwaite 
and D. Bodansky, Phys.Rev. 165, 1233 (1968); W. von Witsch, 
A. Richter and P, von Brentano, Phys. Rev. Lett. 17, 924 (1967): 
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in which the lepton current Je is known explicitly, 


ieee i y! 14 ae Paps ae 
with we and », as the fields of e and vo: The hadron current 
operator Ju will be analysed in our later chapters on interactions, 
Here, we are only interested in its matrix elements between states 
| Gn and | b> . From (11.80), it follows that 

(a,,- b 


)x 


cela elee = <li TO ike a HH (3275) 


where a and b_ are the 4-momenta of |a> and |b >. In most 
B -decay examples, the 4-momentum transfer q = Vet, is ex~ 
tremely small. Hence, <b | J,,(0) | a > depends only on the c, num- 
ber Dirac spinors UL and Up of the initial and final hadron states; 


from Lorentz-invariance, its most general form is given by 
ab) 
< bj J,0)} o> = 1h yl Gy ~ Sa ve) O (13.96) 


where G,, and G, are constants. Phenomenologically, in the limit 


V A 
ahh 0, we may replace (13.96) by the operator 


me, | : 
Ji, = mae YA Ny, Ga Y5) ee (2.77) 
where ue and i are the field operators of a and b. 
Theorem 1. Gy / Gy is real, if T invariance holds, 
Proof. With T invariance, we have (13.53). Hence, 
—> -] — 
TY (r, t)T = 1, % .(r, ~ t) 
where i=a,b,e or v. Thus, by using (13.97), we find 
Ta A ont (G Gy.) o, > 
me Mela b 21405 Vibe 5 2 "a 


which, on account of (13.19) and is ile = real, can also be 
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written as 
: ii * * 
“V0 gh au ey 2 one) ee 
at r and =+, Likewise, we have 
. ~_ =| i ‘i —> 
T ee DT aerate Lite 1H) 4 (13.98) 


Thus, in order for H, tobe T- invariant, we must have Gy / Gy 
real, which establishes the theorem. 

As can be seen from the Table of Particle Properties at the end 
of this book, for B -decay of neutron decay the phase 6, defined by 


Ga Ga 


is determined experimentally to be 
6 = (180,20 + .19)° (13.99) 
in agreement with the requirement of T invariance. 


2G decay 
According to (11.107)=(1 1.108), in the A° ~ decay 


Sam rtN, (13.100) 


the final mN_ system is mainly in the isospin I = 4 state. In the 


rest frame of oe the state of A° is completely characterized by 


its spin wave function 


= 
where a and b are respectively the amplitudes of spin t and spin |. 
Likewise, in the rest frame of N_, the nucleon spin wave function 
Ui determines the physical state of N'. Because of the superposi- 
tion principle, the relation between these two spinors must be a lin- 


ear one; i.e., 
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UA = aN 


where M isa 2x2 matrix function. Since (13.100) is a two-body 
decay, besides spin, the kinematics is uniquely specified by a single 


unit vector 


A 


ares 3 fe) 
k = direction of the nucleon momentum in the rest frame of A” ; 


so is, therefore, the functional dependence of M. From rotational 


invariance, we see that M must be of the form 
i See eae (13.101) 
S P 


where o is the Pauli spin matrix, A. and A_ are constants. Be- 
cause A. refers to the spherically-symmetric part, it is called the s- 
wave amplitude; similarly, we call a the potent amplitude, since 
in (13,101) it is multiplied by a linear function of k. Let be the 
relative phase between an and A. , defined by 
ae e? 2 | (13.102) 
As As 


Theorem 2. If T invariance holds, then 


ope, Sameer 68 (13.103) 


where o. and 6. are, respectively, the p-wave and s-wave mN- 
scattering phase shifts (due to the strong interaction) in the I= 4, 


j =4 state. 


Proof, Since the A®° -decay is a weak process and the aN system 


has strong interactions, the T- invariance assumption applies to both 
strong and weak interactions, To first order of the weak-interaction 
Hamiltonian AL , but to all orders of the strong interaction Ee ; 


the amplitude A, is given by 


Q 
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(@) 
A, = < (aN), ; free | U(w, 0) oN | A os (13.104) 


where | (tN), ; free > is the free aN state, but with isospin 

I=4, orbital angular momentum 2 , total angular momentum j = 4 
and its z- component m. For A. , we have 2=0, and for A, 
2 =1. Clearly, because of rotational invariance, the matrix element 
(13.104) is independent of m. The U-matrix is determined only by 
the strong interaction; i.e., it satisfies (5,20) with Hee referring to 
the strong interaction, From (6,59), we see that the physical final 


wN state is given by 
U(eo, 0)! | (aN), ; free> (13.105) 


Let |A® > denote the physical A°-state, Both (13.105) and |A° 5 
are eigenstates of the strong-interaction Hamiltonian. According to 
the perturbation formula, the matrix element of ah between these 
two states is the first-order transition amplitude, and that gives 
(13.104), By taking the complex conjugation of (13.104) and using 
(2G ee Gy cee Oe U,=1, we find 


7 


A*= <aN, ; free|T! T Uo, 0) TT ne 


0 Q/ k 
Because of (13.40), (13.42), (13.75) and the assumption of T invar- 


7 Tie : 
m 


iance, the above expression can be written as 
° 
a . - 
Aji = <mN, ; free | U(- 0, 0) HE ies ear S.No 
We may use (13.78) and the unitarity of the U-matrix to obtain 


U(-0,0) = U(0,-«)' = U(0,-«)! 


\ 


[ U(O, o) Wis cea! 
= Ul, =a)! U(@,0) = StU(e, 0) . (13,107) 


By substituting this expression into (13.105) and using the complete- 


ness theorem, we derive 
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T fe) 
* ° 
Aj’ = <aN, ; free| S’ U(co,0) Hy | A> 


<aN, ; free| S| n><n| U(oa, 0) H | Wes 


-m 
(13.108) 
where the repeated index n denotes the sum over the complete set 


of all free-particle states. Here the S-matrix refers to that of the 


strong interaction. Thus, 


"0 when jase | tN, i free > 
Pal 26 (13.109) 


teh 


<aN, ; free| S!|n> = 


2 otherwise. 


This is because the S-matrix connects | TN) ; free > only to had- 
ron states of the same quantum number and the same energy. At the 
7 free > 


itself. Since S is a unitary matrix, if in any row it has only one non- 


fe) : 
energy =A mass, there is only one such state, namely | aN 


vanishing matrix element, then that element must be a pure phase fac- 
tor Ba a) where 6) is the usual phase shift. Equation (13.109) 
then follows. By combining (13.108) with (13.109), we have 


-2i6 
AS ae Ay + 
which leads to Theorem 2, 
The phase » in (13.102) can be determined directly by meas- 


uring the density matrix of N (Problem 13.1); its experimental value, 


from the Table of Particle Properties, is 
ee 8 a 


This is to be compared with the strong - interaction phase - shift meas- 


urement * 


6 Seg f = 6k ee” 
p S 


* S. W. Barnes, H. Winick, K. Miyake and K. Kinsey, Phys.Rev. 117, 
238 (1960). 
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Remarks. As we shall discuss in Chapter 15, time-reversal asymmetry 
; 0 =o 

has been detected in the decay of the K - K system, The amount 

of T violation observed is, however, extremely small. Its real sig- 


nificance is still not fully understood. 


Problem 13.1, In a-N scattering, 
Te Nee es 


let K and k' be the initial and final momenta of N in the c.m. 
system, 

(i) Assuming symmetry under both space inversion P and time 
reversal T, show that for an initially unpolarized nucleon, the final 
nucleon can be polarized, but with its spin direction o perpendi cu- 
lar to the plane containing k and ki : 

(ii) Under P , we have Cake = and c; 
this is why P symmetry makes it impossible to observe pseudoscalars 
such as o- k and o-k' . Under T , we expect Le k, kt + =k 
and go >- 3, Why is it that T symmetry does not prevent one from 


observing the apparently T-odd term o-(k Xk‘) ? 


Problem 13.2. 
(1) Show that in the decay of a completely polarized A° the 
spin-density matrix D of the final nucleon measured in its rest sys— 


tem is given by 


Die! (eee cos 8) (1+ S,). G) 
where 


Sy = (I+a See. [ (a + cos Q) k + B(k* Sy) 


+ y(kx$,) xkI, 


a= -] * 
Clas A tA 2Re( A. A.) , 
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a 2 2\71 * 
ere et | fala 2im(A™ A \, 
-1 
= 2 2 Ane 2 
r= CAL TASTY CAL? 1A) 
a is the initial A=spin direction, k is the momentum direction of 
the nucleon, both measured in the rest system of A° , and 


92 gee Ss Note that a? +B? + y?%=1 and PS te 


(ii) If the A° is not completely polarized, but with its spin- 


density matrix Dj, given by 


show that the angular distribution of N in the rest system of A? is 
given by 


trace ON = l+a S, cos 9 


ProbJem 13.3. Consider the decay of a spin- J particle X toa 


nucleon and a pion 
X > N+ T 


Let @ be the angle between the nucleon momentum and any fixed 
direction, measured in the rest system of X. Prove that 


(i) | < cos @> 2 Ola 


Av. | 
(ii) if the decay distribution is known to be a linear function in 
cos 9, then 


| < cos 8 > s (Cie 


Av. | 


[ See Phys.Rev. 109, 1755 (1958). The spin of many hyperons, such as 


A,1, ete., is determined by using these inequalities. | 


Chapter 14 


CPT INVARIANCE 


At present, there is good evidence that in our universe each of 
the three discrete symmetries C, P and T by itself is only approx- 
imately valid. The same applies to any of the bilinear products Cr 
PT, TC, CT, etc. However, as far as we know, the triple product 
CPT (or its permutations PTC , TCP, -+-) does respresent an exact 
symmetry, Hence, we regain symmetry when we interchange particles 
with antiparticles, right with left and past with future. That nature 
should favor such combined symmetry operations fits harmoniously 
with our present theoretical forumulation. As we shall see, in the 
framework of a local field theory, Lorentz invariance and the usual 


spin-statistics requirement automatically lead to CPT - invariance. 


14,1. CPT Theorem * 
Let us consider a local field theory in which there are N. 


spin-j fields, denoted by 
spin-0 : ?y (x), 5 (x), Re No) , 


spin-3 : p (x), p &), Co Ae (x) ’ 
ie NS (14.1) 

eee CST) 
* W., Pauli, "Exclusion Principle, Lorentz Group and Reflection of 

Space-time and Charge", in Niels Bohr and the Development of 

Physics, ed. W. Pauli, L. Rosenfeld and V. Weisskopf (New York, 

McGraw-Hill, 1955). See references to earlier works of Ltders 

and Schwinger mentioned therein, 


320, 
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spim= We Ax) CAR) ye ces 4 (Any (x)) ; 
p (AYO) (ZG) (AN, 09). 


So far as the transformation properties under the Lorentz group and 
the discrete symmetries C, P, T are concerned, a general integer 
Pine cs th 3 
spin-j field can always be represented by a j -rank symmetric 


tensor function of x: 


T <e 14,2 
vom (14.2) 


Likewise a general half-integer spin-j field can be represented by 


S _&) ~ 7 be) © Gd, (14.3) 
je late 
i.e., it transforms like the direct product of a (j - ean sym- 


metric tensor Ty, times a Dirac spinor os . All these fields 


le Hy -3 
satisfy the usual spin-statistics relation; integer-spin fields obey Bose 
statistics, and half-integer-spin fields Fermi statistics. The Lagrang- 


ian density £(x) is assumed to be of the form 


£(x) = sum of normal products of ea oF o!, a ‘ ¥,! > 
(A) (AD po) 
be (14.4) 


in which all fields are taken at the same space-time point x, with 
Xu = (r, it), as usual, 


The operator 9 is defined to be 
Ora Me Pi a (14.5) 


[AII the following discussions apply equally well to other permuta- 
tions PTC, or TCP, ete. ] From (13.53), we have for any spin-2 


field a -] Pe 
T(r, t)T = 14% Bir, -t) , 
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which under P , given by (10,9), transforms as 


=| =| 


PT ¥(r,t) TP! = a, PCG, -t) P 
ur Tp ee "4 aur =t) 


By applying C of (10,5) to the above expression, we obtain 


-] -1 3-1 2-1 c 
9¥&«)9 = CPT¥&)T P C = Mee te > %4 aaa 
Since according to (10.6) 
t 
Wee (ey a 14,6) 
a (% aB B ( 
and on account of 3.11) and (3.103), [> Y4 Yo = % P3 Po 0 
=- ip, = i 5 , it follows that 
-1 : - 
9¥%) 9 = nliyg)  ¥ (-x) (14.7) 
a es aB B 
where 7 is the product of phase factors 1h My Ne 
Theorem. Any Lorentz-invariant £ (x) satisfies 
-| 
CREE = eliog) 
provided we choose 
-1 
forall a=1,2.,Ny, 99,«)97! = o) (-x) (14,8) 
=|. 
forall b= 1,2, ,Ny, 9(%6)) 9 = iy) fem), , 
a B 


(14.9) 


forall ©=1,2,°,N), 9 (AG) 9) era (espn end: 
¢ U c a) 


for all general integer-spin j fields (14,2) 


-] ce 7 j T % 
OT, 9 = TT! ex) 


; 14.11 
By Bp Bj veg 


and for all general half-integer-spin j fields (14.3) 


“eae i E 
Su. uy ca) ST = (pee 15) Sig ae g(-x).- (14,12) 
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Proof, Let us first consider the normal product of two arbitrary 


spin-3 fields 1 &) and Le (x) 


Se = 29 4! &) a Or (14.13) 


where [ isa 4x4 matrix. Since any 4x 4 matrix has 16 matrix 
elements, it can always be decomposed into a linear function of the 
following 16 matrices, distributed among five groups: scalar (S), 


pseudoscalar (P) , vector (V), axial vector (A) and tensor (T) 


T Sp Te Re ee re 
4 AOS 4°%u 4% '5 4 (14,14) 
S : V A if 
where 
= o df = 
oe ral Sayles 1 ‘ng! > (14,15) 
In accordance with our metric x = (r, it), we have chosen the [ - 


matrix to be Hermitian for S, P, the spatial components of V, A 
and both the spatial components and the (4, 4) component of T ; 


otherwise [ is anti-Hermitian, i.e. on account of 3.11) 

ee cna Ger LOM Nenana, Ya O44 
are Hermitian, while the rest of the expressions in (14.14) are anti- 
Hermitian. In addition, [ satisfies 

Py. = ~y50 for S, P, T 


and (14.16) 
[v5 = Yet for Vp Ay 


whose Hermitian conjugates are 


= -y,f forms sal 
and, (14.17) 
qT is = me! for V,A 


The requirement that He should satisfy (14.9) also implies, for its 
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Hermitian conjugate, 


tT =. 
9%, 60), 90 = FC) (0), (14,18) 


in which we have noted that Ys" = ee Consequently, using (14.9), 
(14.18) and applying 9 to (14.13), we obtain 
-| ' 
GO) ST = sar C-n)) (ring Ei y6) LH -%)] 


a 


B 
which, after we interchange the order of of and 9! , and use the 
property V5 =%5 1 becomes 

=a WE (ox) ye Fy. & (x): 
where the minus sign appears because of the Fermi statistics, and the 
anticommutator has been dropped because of the normal product. 
Substituting (14.17) into the above expression, we derive 


eel. 1 Ol(-x) for $, P, T 


: (14.19) 
[7 Ol(-x) for V, A 


It is important to note that from any spin-% field Un we may 
define its antiparticle field to be the Th of (14.6). Under 9, Th 


transforms as 


9(¥,°60)) 97! = (19) 9 (86), 9 


Because is real and anticommutes with we can, by usin 
Yp Y5 , by using 


(14.18), rewrite the above expression as 


ail (Y5 ae (4 (-x)) = i (yp 2.9 Me! 8 , 


B 
which leads to 


9(4,°6)) 97" = 15) 9 (My (9), (14,20) 


From Problem 10.4 (iii), we note that under a continuous Lorentz 
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transformation He transforms in the same way as ue ; by comparing 
(14.9) with (14.20) we see that they also have the same transforma- 
tion under the discrete symmetry CPT . 


Next, we observe that the c. number on satisfies 


=| 
Ge era (a x ty 14,21 
9x, x8 = (ext) (14,21) 
consequently the derivative operator also satisfies 


g ae -(s35 i 14,22 
9 ox, u) ax ) : Wee 


0 
eee ale 


Under a continuous Lorentz transformation, x = 

in (14.14) all transform as ieerant tensors; from (14,19), (14,21) and 

(14.22) we see that they also have the same transformation under CPT. 
Let us now consider a local Ni - rank tensor function 

Fa - fine oaple is a polynomial, of fermion fields * ; 5 ,ot 

and the derivative operator 


OX, 
) 


F (x) = normal product of = 


') 
tien 423) 
Hye BN b’ ‘'b 


with all fields taken at the same space-time point x. 


Lemma, 9 c -] N f T 


HAE MET Ge ee 


(14,24) 
To prove the lemma, let us denote the number of y in (14,23) as n, 
and that of ¥ Osmnls 

(i) n=n'. Because (14.23) is a normal product, we can per- 
mute the order of fermion fields, Since n=n', each v! can be 
paired with a fe to form bilinear products (14.13), which can then 
be grouped into tensors of Cuercak (Sror Pp), of egerene (V or 
Ry ort eae Sraniamieds ini(4) 14) aicrom: (14,19) and’ (14,22), 


we see that the transformation rule (14.24) applies to each of these 
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tensors, as well as to 


= which is a tensor of i sree there- 
fore (14.24) also applies eteaic product, 

(ii) n<n'. In this case we can simply write the excess num- 
ber of ut as Maye and treat these he as other ¥ so that with 
this rewriting the total numbers of ie and v,! are the same. This 
case then reduces to (i). 

(iii) n >n'. By converting the excess number of Hh into 
ne , we can also reduce this case to (i). The lemma is then proved, 

By comparing (14.11) and the lemma, we see that if a product 


of boson fields ure .. ye and a normal product Fup ae of fermion 


J 
fields have identical transformations under the continuous Lorentz 


group (i.e., they are tensors of the same rank), then they have the 
same transformation under CPT. From (14,12) we see that this state- 
ment can be extended to include fermion fields of arbitrary spin, and 
therefore (14,24) applies to any normal products of boson and fermion 
fields. The Lagrangian density £ is one such product, and it is a 


t 
tensor of 0 ue rank, Therefore, by setting N=0 in (14.24) we 


have 


oe ge eee (14,25) 


which establishes the CPT theorem. 

In a quantum theory, the Lagrangian density £ is a Hermitian 
operator and the action is the 4-dimensional volume integral f ode 
The above theorem insures the CPT invariance of the action integral 


and therefore also of the theory, 


Remarks, (i) If we compare (14.7) with (14.9), we see that the phase 
n in (14.7) has been set tobe 1 in (14.9) for all spin-4 fields in 
our proof of the CPT theorem. We may ask if it is possible to make 


a different phase choice in the proof, 


CPT INVARIANCE 397. 


For simplicity, let us consider a system consisting only of spin- 
4 fields, Suppose that the CPT theorem can also be proved with (14.9) 
replaced by 


for alll b= 1, 2, ---, N 


aL 
2 


9(%, 60) 97! = I m4075),g(¥5 -¥)) 9: 
(14,26) 
Which is then the correct CPT operator, 9 of (14.9) or 9 of (14.26)? 
We note that the quotient of these two 9 operators 
Sez S (14.26) 7 O49), 
satisfies | 


SH &)S! = m HO) . (14.27) 


From the CPT theorem we know definitely that the theory is invariant 
under the 9 of (14.9); by our supposition it is also invariant under 
the 9 of (14.26), Consequently, it must be invariant under S. By 
looking at (14.27), we see that the S symmetry has nothing to do 
with CPT ; it is an unrelated internal symmetry of the theory. 

For any theory, let 

LS3 (14,28) 
be the group of exact internal symmetries that are unrelated to C, P, 
T, and any continuous space-time transformations. Clearly, if 9 is 
a CPT operator, an equally good candidate would be 9S, or SQ, 
or $9 S', where S and S' belong to the group (14.28), It makes 
no difference which one is called the CPT operator, 

The CPT theorem states that the 9 defined by (14.8) - (14.12) 
is always a good symmetry operator, independently of the internal 


symmetry group of the system, 


(ii) From (14.9) and (14.18), it follows that for any spin-3 field 
D(x) 
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9? 96), 97? = Diy.) ¥'(-x)_ 97 
aB 8 
jf a 
== (ye) OY (xe Oe ¥) 
ae 'g a 


Similarly, from (14.11) and (14.12) we find that for any integer-spin 
j field 


=0g 
9? Th ae es Mayo r 
while for any ae j field 


-2 _ _ ; 
9 Su) +b Bi a 3 yy yj-p how 


Together they imply that 
Wes Cine. (14,29) 


(iii) The validity of the CPT theorem follows only from these 
assumptions: invariance under the continuous Lorentz group of trans- 
formations and the spin-statistics relation, plus the use of a local 
field theory, It is independent of whether each of the operations C, 
P and T is a good symmetry or not, 

(iv) Consider a particle, say the proton p, at rest. Let the 
state | pee be one with its z- component angular momentum = m. 
Apart from a multiplicative phase factor, under C the state becomes 
| P>., , under P it remains itself, but under T, m is changed into 


-m, as given by (13.40), Therefore 


5 ae ic ae (14,30) 


-m 


Exercise, Show that if CPT invariance holds, then the U(t, to) - 
matrix defined by (6.20)-(5.21) satisfies 


Ut, ty) 9 = West (14.31) 


0 
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Hence, under 9 the S-matrix transforms as 


Gs uns (14,32) 


14,2 Applications 
1. Mass equality between particles and antiparticles 
For definiteness, we may consider the proton and antiproton 
masses, Let | p>, be the state of a proton at rest with its z- com- 
ponent angular momentum = m, as before. Since the mass of the pro- 
ton is given by the expectation value, 


(mass), = <p [Tih pe (14.33) 


where H_ is the total Hamiltonian, it is clearly real and independent 


of m. Hence, (14.33) equals its complex conjugation. We have 
" -] -1 
(mass), = <p|H| p>,*= <p] 9 9HIY Jae 


Because of (14.30) and QHYJ eS H , the above expression can al- 
so be written as 
moss) Sali) coo = (mess = 14,34) 
(mass) Ss =| - ( 


Meee: : 8 = 
Likewise, we can prove the mass equality between e ande , yu 


and 7 , etc, Similarly, we can establish 
ke Weaken Kh ee ee (14,35) 


As we shall discuss in the next chapter, this identity holds to an ac- 


curacy, in units of (mass). ; 


a7 iG: (14,36) 


which gives one of the best experimental supports of CPT invariance, 
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2. Opposite electromagnetic properties between particles and 
antiparticles 


Let Isl be the electromagnetic current operator, Since it 
isa 4-vector, we know from (14.19), or (14,24), 
P =I , 
95,0) 97) = ie). (14,37) 


We may write Th a ip) where a and p are Hermitian; (14.37) 


becomes then 


Oe) On ee (oe (14,38) 
an 

Jip) g! = Foe = ip(-x) 
or 

Ce) |S ahd. (14,39) 


The electric charge of a particle, say p, is given by 


S 
re pee ; 


which is clearly independent of the z- component of angular momen- 


tum m, Since it is real, we may write 
Orca ee er | as 
p m 
- =| 
op oe Oe 1S I} p> 


5 3) en 
SESW se po. = Qs, (14,40) 


iH] 


where in deriving the last line we have used (14.30) and (14,39) . 
Thus the electric charges of p and p are equal in magnitude but 
opposite in sign. Similarly, by using (14.38) we can show, for the 
same spin configuration, that the magnetic moments of p and p are 
also equal in magnitude but opposite in sign. In the same way we 
can extend these considerations to all other particles and antiparti- 
cles and to the equality of electromagnetic form factors between 


them. 
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3. Lifetime equality between particles and antiparticles 
Consider the decay of particle a and its antiparticle a 
through either the weak- or electromagnetic-interaction Hamiltonian 
int * = - 
au b and ab (14.41) 
where b and b are continuum states. In these decays the initial 
states | a> and | qa >, are eigenstates of the strong-interaction 
Hamiltonian als: , and m refers to the z- component of angular mo- 
mentum, as before. To the lowest order of A , the lifetimes of a 


and @ are given by the perturbation formula 


i = ta SE. =F) RBs... | CRO eee 
and (14.42) 
ne 2m) 6(E- -E.) |<b, | U(@, 0) H, [a> |? 


In deriving these, we have used (6.59) for the final states with the 
U-matrix determined by thes only. By using (14.31), we can convert 


the above expression for ie into 


=] 
en) SURGE |< 


Tq b free 


1 97! 9 ule, 0) 97'9 


-] 
“HES 9 Ja> |? 


I! 


int | a en 


on (EEK B 


b Fae eco Oa 


| 2 
Clearly the lifetime is independent of the subscript + m, which we 
shall now drop. Because of (13.107) and EL. = EP . E. = E. , the 
above expression can now also be written as 


= 2 _ 
ro! = and, 6(E-E.) [<Be | STU(o,0)H, Ja >|? 


a is b 
(14.43) 


2nd 6(Er - E.) | 2m ist}b. > 
b 


free 


2 | Ulm, 0) H fa >|? 
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in which the absolute-value-squared term equals 


Soe ae Eee 
Rego Pree |S |b free ~ ae free I's bi HOE? 
bY b" 
<b! | U(co, 0) H, pie ook, 2 Uc, 0) Hiram 
free int 
(14,44) 
Since s's = 1 and the S~matrix has only nonvanishing matrix ele- 


ments between states of equal energy, we have 


s! L il Lan * 
| s iL oS bree | : | Sis < 


bee fecal 


dX 6 Sie = ES) < 
b 


= iE Ee (14,45) 


Be b b" 
Substituting (14.44) into (14.43) and using (14.45), we derive 
-| 


re, 2 6(Ex- E-) |< 6 


= TS 
a f 


U (coro) los) 


free | 


which establishes the lifetime equality between a and & to the 
lowest order of the decay Hamiltonian i , but to all orders of an 
On the other hand, the mass equality (14.34) and the opposite-charge 
relation (14.40) are exact to all orders of the total Hamiltonian. 

We note that the validity of (14.45) depends on the summation 
over all 6b. Hence, the branching ratio of a particle decaying into 
a particular channel can be different from that of its antiparticle. 

Experimentally, the lifetime equality between a’ ond a 


has been verified to the accuracy of 


O + .05% for* “a = U 


oan 7~ T= 
ae 0275 08 55 for = oe 
Tat Z Toe ) 

| 045 + ,039% Io cm — anh 


i eee 
*S, L. Meyer, E. W. Anderson, E. Bleser, L. M. Lederman, J. L. Rosen, 
‘J. Rothberg and L-T. Wang, Phys.Rev. 132, 2693 (1963), 
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It is important to note that the CPT operation used in quantum 
field theory is by no means an obvious one. The CPT theorem implies 
that when we change particles to antiparticles, keeping their momen- 
ta fixed and helicity reversed, all matrix elements of the interaction 
should become their appropriate complex conjugates. Tests such as 
lifetime and mass equalities between particles and antiparticles do 
not verify the full extent of CPT invariance; they involve no helicity 
reversal, nor are they sensitive to complex conjugation. Detailed 
tests of CPT symmetry can be made by studying the K - K complex, 


as we shall discuss in the next chapter. 


Problem 14.1. | Show that in the decay (14.41), if the final channels 
b and b consist only of free particles without mutual interactions, 
then for any such fixed channels the branching ratios a ~ b and 


a ~ b are equal, to the lowest order of the decay Hamiltonian. 


** D. S. Ayres, A. M. Cormack, A, J. Greenberg, R. W. Kenney, 
D. O. Caldwell, V. B. Elings, W. P. Hesse and R, J. Morrison, 
Phys.Rev. D3, 1051 (1971). 


*r* E. Lobkowicz, A. C. Melissinos, Y. Nagashima, S. Tewksbury, 
H. von Briesen, Jr. and J. D, Fox, Phys.Rev. 185, 1676 (1969). 


Chapter 15 


K-KSYSTEM 


The quartet of kaons, two charged and two neutral, forms one 


of the most intriguing systems in nature. The experimental determin- 


ation of the mass difference between K, and Ke ‘ 


tye ike = (SE Ge (O18)! om = F a1) 


reaches an accuracy which is unmatched in particle physics and rivals 


any precision measurement in physics. It is fortunate that this small 
fe) 
S e 


possible to observe the rich variety of intricate interference phenom- 


mass difference is about half the decay width of K This makes it 
ena in the production and decay of these two close-lying states. In 
turn, such observations enable us to test the linear superposition prin- 
ciple of quantum mechanics, the interplay of different conservation 
laws and the validity of various symmetry principles. 

Historically, the 2m and 3m decay modes of the charged kaon 


led to the hypothesis of nonconservation of parity. Later the observa- 
° 
L 


invariance, These details we shall now study, 


tion of the 1 1 decay mode of K, established the violation of CP- 


15.1 Dalitz Plot 
In 1953, Dalitz* pointed out that the kaon spin can be 


Ee ee eee 
*R. H. Dalitz, Phil. Mag. 44, 1068 (1953); Phys.Rev. 94, 1046 (1954), 
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determined through the 3m decay modes 


- 
Kt a a Gi = a I 
fe) fo) 
Lar or aP it 
and (15.2) 
fo) 
fo) + uy 


K a4 |e ve ee 
\ a2 


Let k. be the momentum of the iD pion (i= 1 or 2 or 3) in 


the rest frame of the kaon, k. = | k. | and 
ey, = a We Sai 
i TT 


be the corresponding pion energy, with m its mass, Momentum con- 
servation requires these three k. to lie on the same plane, called 


the decay plane, as shown in Fig. 15,1. Energy conservation gives 
me 2S eK 


where Me is the kaon mass, By following the same reasoning that 


led to (5,109)- (5.110), we find the decay probability to be 
probability oc |A|? - (phase space) (i553) 


in which A is the decay matrix element and 


x4 


—- 


k3 


Fig. 15.1. Decay plane of K >3n, with k. the momentum 
of the ith pion in the rest frame lof K. 
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43 
dk; 

phase space oc Hi ae ° 8"(m + T + Tr ~ K) (15.4) 
i 


where T. and K refer to the 4-momenta 


(nm), = (kK; , fu.) and a = (0, im, ) 


1. Phase space 

In this decay, each k. has three components, giving a total of 
nine. Because of the overall energy-momentum conservation, there 
are 9-4=5 variables, If we stay in the rest frame of the kaon and 
ignore the production kinematics, then the decay probability (15,3) is 
independent of the orientation of the axis normal to the decay plane 
and the rotation along that axis; the former has two degrees of free- 
dom and the latter one. Thus, altogether there are only 5=2 = [= 2 
independent variables in the problem. 

In Fig. 15.1 the angle between k, and k, is a . The phase 


space (15.4) can then be written as 


ele oy ss k* ko? dk) dk, dcos a 6(). w.-m Tee Pe) 


K) 


1 
= 2 2 2\2 
Because W, (ky + ko + 2k, ko cos a + m )* , we have 


d cos a Ws 


Substituting this expression into (15,5), we derive 


ky kodky dk 
es ene Bee) 


elas ; 
Me 
or 
2 ==) — 
d=) etc du, du, du, du, du, du, : (136) 
It is convenient to introduce the "kinetic" energy of the ue 
pion as 


T, = wo. - m (15.7) 
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y 


| O 2 


Fig. 15.2. Each K +3 gives a point p inside this triangle. 


and to define the Q-value of the decay as 


K 


The kinematics of each decay is thus completely determined by any 


OS i, 9s = dal . (15.8) 
i 


two of these variables, say Ty and T,. A simple geometrical repre- 
sentation is to draw an equilateral triangle whose height is Q , as 
shown in Fig. 15.2, Let p be a point inside the triangle. Call its 
distances to the three sides Ty - 1, and 1, ; then the energy con- 
servation (15.8) is satisfied automatically. It is easy to see that the 


area-element in this representation is 2d, dT. //3 , which togeth- 
er with (15.6) implies that 


d75 oc d(area) . a9) 


Hence, each decay (15.2) gives a point inside this triangle, with the 
phase-space volume proportional to the area. The accumulation of 


these points is called the Dalitz plot. 
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2. Boundary 
Because of momentum conservation, not every point inside the 
triangle can be realized, For example, in Fig. 15.2 vertex 3 corres- 
ponds to Ty = 1, = 0 while 1, = Q, which is obviously unphysical. 
From Fig. 15.1 we see that 


oe ners os 
k, = ky + k, + 2kyk, Cos ce (15,10) 


Since | cos a | is ¢ 1, the boundary of the physical region is deter- 


mined by the extremity 
cosa = il , (15.11) 


i.e, when the 3-momenta are collinear, and therefore 


3 ———= = | 
k, 4 k, for <———— D 
a . 1 —_—— 2? 
ke = ky k, for <——___— 3 (5 4 
2 ——_>_ 3 
k, = ky for <——— 1 
(i) Nonrelativistic case 
From (15,10) we have 
a ee es 
ees = ee Ee 
For a nonrelativistic pion T. is k.?2/ 2m . Hence, the constraint 
cos* a ¢ 1 can be written as 
-T -T 2 
47, t, > (T. T, T,) . 
and the boundary can be expressed by a single equation 
4 =e -T, -T,)? 
T, 1, (7, T, T,) : (13, Te) 


Using the coordinates x and y indicated in Fig. 15.2, we see that 
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each 1. is a linear function of x and y, and therefore (15,13) is 
a quadratic function of x and y. Hence it describes a conic sec- 
tion, which on account of boundedness must be an ellipse. The sym- 
metry with respect to the three pions requires the elliptical boundary 
to be invariant under a eo rotation; thus it must be a circle. Be- 
cause point O in Fig. 15.2 corresponds to TY, = T, =4Q, and is phys- 


ical, the boundary must be an inscribed circle, as shown in Fig. 15.3(a). 


(a) (b) (Gon) 


Fig. 15.3. The shaded areas correspond to the physical region 
of K +3m in (a) the nonrelativistic limit, (6) the 
extreme relativistic limit and (c) the general case. 


(ii) Extreme relativistic case 
In this limit we can neglect mos and therefore T. =, = k. : 
The boundary (15.12) can be expressed in terms of three equations: 


iy See ta 


] 2 3 
T, = T, + 1, (15. 14) 
and 
T, = Ty, + T, 


Using again the coordinates x and y of Fig. 15.2, we see that each 


is a straight line. The result is the shaded triangle of Fig. 15.3 (). 
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(iii) General case 
In general, the physical region occupies an area, resembling a 
shield, between the two limiting cases above, as shown in Fig. Ja.ate. 


The analytical form is given in Problem 15.1, 


3. Spin determination 
As a concrete example, let us consider the decay 


he ee ee (15, 15) 


Each decay will be represented by a point p in the Dalitz plot. In 


Fig. 15.2, choose 1 and T, to be the two 1 energies, and T, the 


m energy T_ ; I.e., the y coordinate of p is 


a ae (15, 16) 


The probability amplitude must be an even function of x because of 
+ 
the symmetry between the two a . The average T. is = 27 MeV, 


which means that the pions are essentially nonrelativistic. Let us de= 


note as 
q = relative momentum of 2m in the rest system of the two 
aan pions, 
—> =- a + 
k = m1 momentum in the rest system of K.. 
y 


Because of the low pion energy, we expect that the decay matrix ele- 
ment A in (15,3) can be expanded as a polynomial in q and k , 
In this decay, each of these two momenta carries an orbital angular 
momentum, denoted by t. and a respectively. Let the parity 
and the total angular momentum of the three-pion system be P and 


i . Clearly, 


—> 


j = Be + ay (15,17) 


and because pions are pseudoscalars 


Ces el 
2S (ee (15. 18) 
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where Le and 2, denote the quantum numbers of a and @, . 


Due to the Bose ie of one only even Lg states are el 
Let j be the quantum number of Te 

We shall now analyze the distribution in the Dalitz plot for 
different jP assignments. 

(i) jP = 0+ 


: hence both must be even. 


For j= 0 we must have Sa Qe ; 
From (15.18) it follows that P is odd, which makes 0+ impossible. 
(ii) |P = 0- 


In this case Za = ay = even, The simplest choice is - = dy 
=0 with the unnormalized amplitude A a constant which may be 


set to be unity. In general, A is of the form 


Pa Gye, x2) NE AY toe (15,19) 


1 2 


are constants, 


where Ay ; Nos one 


(ii) jP = 1+ 
Since j=1, the 3m wave function should transform as a vec- 
tor. The simplest choice is a =1 and oe =0; hence A depends 


linearly on k . The general form is 

A =k F(y,x?) . (15. 20) 
That means the decay distribution must be O when k=0, ie, 
point Om anprig, 15,2: 

(iv) JP = 1- 

In this case, A should transform like a vector and the simplest 
choice is - = dy = 2, with A depending quadratically on q and 
on k . The most general form of A is 

A= (q-k) (qxk) Fly,x?) 


which means the decay distribution should be 0 when k =0 and 
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q = 0. The former refers to point © and the latter to point a (i.e., 
T, =T 


; 9 and nS =—2 @ inehign lo.2 


It is straightforward to see that for any j #0, the decay am- 
plitude must be zero either when q = 0, o k=0 , or both, By ac- 
cumulating 3m decay events, it is possible to determine | A IP from 
the experimental distribution of the Dalitz plot. The result is 

2m. 
PA|S = Teg es esi) (15.21) 


TT 
where g = -0.215 + .004, according to the Table of Particle Prop- 


erties at the back of the book. Hence | A IE is approximately a con- 
stant with a slight linear dependence on y. The fact that A has no 
zero establishes 

jauo. 
Thus the 3m final state is O-. On the other hand, for j=0, any 


2m final state must be of even parity. 


15.2 History 

As early as 1947, the same year in which the m meson was dis- 
covered *, Rochester and Butler ** observed two forked tracks "of a 
very striking character" in their cloud-chamber investigation of cos- 
mic rays, Both events, one charged and one neutral, were found to be 
the decay of unknown particles possessing masses ~ 1,000 times the 
electron's, This remarkable discovery, of the kaon, gave us our first 


glimpse into the rich world of strange particles, 

eS 

* C. M. G. Lattes, G. P. S. Occhialini and C. F, Powell, Nature 
160, 453 (1947), 


** G, D. Rochester and C, C. Butler, Nature 160, 855 (1947). See 
also L, Leprince-Ringuet and M, L'héritier, J. Phys. Radium Z 
66, 69 (1946), 
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Their variety increased rapidly. Through the study of these par- 
ticles, the concept of strangeness was introduced by Gell-Mann and 
Nishijima in the early fifties, These new developments also brought 
us the puzzling behavior of the @ and + mesons, 

At that time, what-are now called the 2m and 31 decay 
modes of the kaon were referred to as 


+ =o 
Gort Th, 


fo) fe) 
Oar tT Or ue + fT 


ap 1 - fe) 
[eee yr ue ar ys 


etc, The spin parity of 0° is Clearly. miata 2 | ees. LOT 9° , 
because of Bose statistics, it must be 0+, 2+, 4+, + . As we have 
mentioned, Dalitz was able to identify, in 1954, the spin parity of . 
as 0-. Although both 0° and + were known to be of comparable 
mass, there was as yet nothing extraordinary. However, by 1955, very 
accurate lifetime measurements became available and were found to 
be, within a few percent, the same for these two mesons, In the mean- 
time, mass determinations also became more precise, to within 10-20 
MeV. We had then the paradox of two particles of approximately the 
same mass and same lifetime, but with very different decay modes and 
totally unequal phase-space volumes. This was the famous 9-7 puzzle. 
Because parity conservation was taken for granted, the first at- 


tempt to explain the puzzle was naturally via a conventional route, * 
ee 


* It may be of interest to note how this was considered possible. As it tumed out, 
by taking parity conservation on faith and accepting the preferred spin-parity as- 
signments, O- for ¢ and 0+ for @, one was led to assume @ to be of a much 
shorter lifetime than + because of phase-space considerations. If, in addition, 9 
were lighter than + by approximately 10 MeV, then the 0-0 forbidden tran- 
sition a a ey — 

would have a rate comparable to the 3m decay mode of +. The key to this ex- 
planation is that the lifetime measurements of both @ and + were determined, at 
that time, by the attenuation of the 2m and 37 final states along the beam, 
which would consist of only the 1's because the @'s, due to their supposed short 
lifetime, would have decayed immediately after production. Hence in the cascade 


process (continued on next page) 
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However, when in early 1956 the first giant bubble-chamber experi- 
ment of Alvarez's * group failed to support such an explanation, it 
became clear that the solution must lie in something much deeper, 
Perhaps parity is not conserved, and @=7 are the same particle. But 
the immediate reaction was "So what 2", If parity nonconservation 
occurs only in @-7, then the clue becomes the sole phenomenon, 

and one can never know for sure whether the explanation is correct, 
Thus it was necessary to investigate whether parity nonconservation 
could also occur in other weak processes, 

In those days parity-selection rules were used extensively in 
all processes—strong, electromagnetic and weak. Because these se- 
lection rules gave results in excellent agreement with experiment, at 
first it seemed extremely difficult to proceed, Progress became possi- 
ble only when one realized that, unlike the situation for the strong 
and electromagnetic interactions, nota single weak-interaction ex- 
periment designed up to that time had any relevance at all to the 
question of parity violation. In order to observe such violations di- 
rectly, one must measure a physical pseudoscalar from an otherwise 
right-left symmetrical arrangement. Once this was understood, a 
large number of experiments were proposed ** which could serve to 
test the parity law, 


ee ee 


+ 
7 — > @ + 2y and r —> 3r 


Se 


the attenuation of both 31 and 22 would be dominated by the much longer + 
lifetime, and thereby give the apparent lifetime equality. This explanation was 
called the cascade mechanism ( Phys.Rev. 100, 932 (1955)). The approximate mass 
equality could then be incorporated into a parity~exchange symmetry. 


eee 


* L. Alvarez, in High Energy Nuclear Physics (Proceedings of the 
Sixth Annual Rochester Conference) (New York, Interscience 
Publishers, 1956), 


™ T. D. Lee and C, N. Yang, Phys.Rev. 104, 254 (1956), 
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With parity conservation in doubt, it was then natural to extend 
the questioning to other discrete symmetries. In the same year, 1956, 
L. M, Lederman*® and his collaborators observed the long-lived neu- 
tral kaon (called o, then). This was the last great experiment that 
used the cloud chamber; at that time, it was presented as a proof of 
C conservation, based on the theoretical analysis by Gell-Mann and 
Pais **. A closer examination revealed that Gig cdiccaven) actually 
had no bearing on C conservation. In fact, so far as the weak inter- 
action was concerned, just as in parity symmetry, there existed no ex- 
perimental evidence for C, or T, or CP, or CT, or PT con- 
servation. Experiments that could test all these symmetries were also 


proposed, with the entire K ° and K~ structure analyzed only un- 


L 5 
der the assumption of CPT invariance, ** However, while the vio- 
lations of P, C, CT and PT canbe nearly maximal, as in the two- 
component theory of the neutrino, it was already realized then that 
the amount of CP and T violation in K decay must be rather small 
due to the unitarity limit, 

Soon after these theoretical analyses were made, Wu, Ambler, 
Hayward, Hoppes and sucker gave, in January 1957, the first dem- 


onstration of P and C asymmetries in § decay, which was quickly 


followed by the observation of the same asymmetry in 1 and 


* K, Lande, E. T. Booth, J. Impeduglia, L. M. Lederman and W. Chin- 
ovsky, Phys.Rev. 103, 1901 (1956). 


** M, Gell-Mann and A. Pais, Phys.Rev. 97, 1387 (1955). 
** TD. Lee, R. Gehme and C. N. Yang, Phys.Rev. 106, 340 (1957). 


T. D. Lee and C, N. Yang, Phys.Rev. 105, 1671 (1957); L. Landau, 
Nucl.Phys. 3, 127 (1957); A. Salam, Nuovo Cimento 5, 299 (1957). 


C. S. Wu, E. Ambler, R. W. Hayward, D. D. Hoppes and R. P. Hud- 
son, Phys.Rev. 105, 1413 (1957). 


irs 
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decays by Garwin, Lederman and Weinrich * and by Friedman and 
Telegdi **. The experimental discovery of CP violation came, how- 
ever, much later, in 1964 by Christenson, Cronin, Fitch and Turlay **, 
through the observation that the long-lived kaon can decay into ae 
We note that if CP were an exact symmetry, from K° and rae 


it would be possible to define two states, K, and ee of opposite CP: 


at = 
gp = 2 aaa 
and ‘ Sh y _ (154 22) 
ice =e slik Sve K. Se) 
where 5 
ges ees ltos . (15, 23) 
Consequently, 
cp] Ky > = | K,°> 
and , : (15,24) 
CH = lees 


Lee © . : 
Because t 1 and 27 ina zero-angular-momentum state is of CP 


=+1, the assumption of CP invariance requires that only K, = 2a 
Instead, Ky can decay into 37, tev, +. Since the 27 phase- 
space factor is much larger than that for 3, TeV, **, it is expec- 
ted that Ky should have a much shorter lifetime than Kee ' 
The discovery made by Christenson et al. showed that the long- 
lived kaon (hereafter referred to as K) can also decay into 21; 
thereby they established CP nonconservation. The amplitude of CP 


violation observed can be characterized by the parameter 


eee 
* RL. Garwin, L. M. Lederman and M., Weinrich, Phys. Rev. 105, 
1415 (1957), 


** J. J. Friedman and V. L, Telegdi, Phys.Rev. 105, 1681 (1957). 


= J. ty Christenson, JW. (Crominany a leerirchiane R. Turlay, Phys. 
Rev. Lett. 13, 138 (1964), 
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amplitude (KP => a t ) 


ate (15.25) 


amplitude (Ke og 1 ) 


where Ke refers to the short-lived kaon. The actual value observed 
is 3 
se (2.274 022 aa ? (15.26) 
In spite of its smallness, this number signifies the violation of another 
cherished symmetry principle. It also shows that the physical long- 
and short-lived kaons cannot be the CP eigenstates K, and KS 
of (15.22). We now turn to the K Stokes complex, following essen- 


L S 
tially the theoretical analysis given in the 1957 paper. 


15.3. General Discussion of the Neutral Kaon Complex 
1. Mass and decay matrices 
Let us consider a coherent beam of K- and K° , whose am- 


plitude at its proper time + is described by the wave function 


¥(r) = a(t) | koe a,(r) | es 
or simply as 3 (7) 

U(r) = (al) (ioe 7) 
where the states K° and K° are related by 

cence Co ee (15.28) 


with S as the strangeness quantum number and @ an arbitrary phase 
angle. Through our analysis we assume that the strong and the elec- 
tromagnetic interactions, Hee and a, do conserve CPT, leaving 
open the question of whether the weak interaction Hak (omer tic 
variant. Here the state K° is defined to be the eigenstate of Bla H 


with strangeness S=+1. Since Fle + ae commutes with CPT, the 
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state K~° , defined by (15.28), must also be an eigenstate of Beit H 
but with S=-1. Thus we have 


Uileeehl [0 > Maye iS 


and 


aa (13927) 
(H+ H) [os a 
The weak interaction Hk connects K° and K° with other 
continuum states such as 27, 31, mev, etc. This causes the various 
decay modes of K° and Ree and removes their degeneracy. Just as 
in the standard line-width problem * of any atomic transition, we may 
eliminate the continuum amplitudes in the time-dependent Schrddin- 
ger equation, The time derivative d}/dzr of the wave function 
(15.27) can then be expressed in terms of }(r) itself, By the super- 
position principle, such an expression clearly must be linear, The most 
general linear operator that connects & (+) and d¥/dr isa 2x2 
matrix, which can always be written as a sum of two Hermitian ma- 


trices. Hence we may write 


i v(t) = (M~ if) ¥(r) (15,30) 
T 
where TF and M are both 2x2 Hermitian matrices, 
f= rf and M = mt ; (15.21) 


In terms of H and the total Hamiltonian H=H +H +H ? 
wk sty wk 
we have the usual perturbation formula 
<al[H ,|n><n{H , |p> 
(M-iT) | = <a/H|p>+¥ als as 
aB = me = (es ie) 


+O(HS) (15.32) 


* V. F. Weisskopf and E, P. Wigner, Z. Physik 63, 54 (1930), 65, 18 
(1930). _ — 


lA 
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where «= 0+, a and B canbe K° or K° and | n > any eigen- 
state of H +H with eigenvalue m__, but with 
st Y n 
nek fone ee (15.33) 


Substituting the identity 


1 
= 


mi. - (m_~ ie) my-m 


-i 7 6(m_ - mi) AY) 
n 
where & denotes the principal value, into (15.32), we have 
25 |lela lin =< ie lis > 
M, = <alH|pB>+> ye a Se ee (15,35) 
a 
n 


-m 


K n 
i. oD <alH|n><nlH |B > 6(m.-m) . (15.36) 


In these expressions, as well as in the following, we shall neglect all 
3 

O te) terms, 

Exercise, Show that for the integral 

a a 

f(z) 7 

Sf zie = Sf 


-a AC 


= Bee C(O) 


where € is a positive infinitesimal quantity and the integration ex- 
tends along the real axis of z from -a to a>0O,with f(z) a reg- 


ular function on that interval. 
Theorem 1. (i) [ is a positive matrix, i.e. 
ay > 0, Foo > 0 and detf >0 . (15.37) 
(ii) If CPT invariance holds, then independently of T sym- 
metry 


(15,38) 
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(iii) If T invariance holds, then independently of CPT sym= 


metry 
Tip M1 
mies ae (15.39) 
M12 Mio 


Furthermore, by adjusting the arbitrary phase angle @ in (15.28), we 


can always choose Ty to be real; therefore if T invariance holds, 
r= t*=f ad M=M*t=M— , (15.40) 


In the above expressions, ~ indicates transpose, the subscript 1 is 


for Ke and 2 for K°. 


Proof. From (15.30) it follows that 


t 


- = | |? = 29 fines 


which must be positive since, as t+ increases, the K- K beam can 


only decay. Hence, 


if 


Pt ee: 


for arbitrary } , and that gives (15,37), 
To establish My, = Moo , we note that from (15.35) = (15.36) 


Oe nD 6(m - my) <K°|H | n><n[H | K°> (15.41) 


and re) | 


H  foo<n ih, | Kae 
k k 
Mr eh BT eae _ “ 


-m 
sn (15,42) 


Because both are real, from (15.41) we have 
ae re) -] -] 
Pas = rH = - 6&(m_-m_) as | 9 SHS 9 |n> 
<n|9'9H jak is, 
wk 


where 9 =CPT. If one assumes CPT invariance, then 


9 Hk oe} = al li . By using (15,28 ), we see that the above expression 
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gives Thy = Poo . Likewise, from (15.42) and CPT invariance, it fol- 


lows that aa = Myo . From (15.36), we find 


Cuca -| 
= 2 6 N= inne) <I Wg TE fs 
= << RUE! Ty te es 
(15.43) 
If T invariance holds, then TH ta. =H and, since 
wk wk 


-] é 
TRL Ue = Tales 


ie Kore. | Ke > ; 
T|K >= e 


where a and a@ are real phase angles. Similarly, we can choose 


i | ie Oe | n>. Hence (15.43) can be written as 


* — i(a-a) 
an Bie 
Likewise, from (15,35) and the assumption of T invariance, we have 
gif -o) 
Myo = Mee: 


together they lead to (15.39), That completes the proof of the theorem, 
It is clear that (15.38) depends only on CPT, not T, while 
(15.39) depends only on T, not CPT. 


2. Eigenvalues 
Because M-if isa 2x2 matrix, it has two eigenvectors, 


called | L> and | S> , which satisfy 


(M-if) | j> = Ce a ; (15.44) 


where j=L or S. The real parts of the eigenvalues are the masses, 
mM, and Mei the imaginary parts are the half-widths, related to their 


lifetimes +, by 1 ae To= Ye. . The subscript S denotes 


meat 
the one with shorter lifetime, and L the longer, From the Table of 
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Particle Properties, one sees that the experimental values are 


te = (0.8923 + .0022) x 1Or > eee 
t, = (5.183 & .040) x 10° sec, 

and 1 _; (15.45) 
Am = m, -m, = (0.5349 + .0022) x 10 ~ fisec. 


Les 
= -6 eel 
= 3.) x |I0 eV = 2Y¢ 


which when compared with the kaon mass Mes gives 
ae (15.46) 
K 
In a phenomenological analysis, the ratio of a typical matrix 
element of Hk vs. that of H., is Gm?/4n, where G_ is the 
Fermi constant given in (8.1). For a strangeness change AS=+1 


matrix element, this should be further multiplied by the Cabibbo- 


angle factor, as we shal! discuss in Chapter 21. This leads to 


ay 
H H ~ 10 : 15.47 
| ( whe aseal/ st | ( ) 
Comparing this with (15.46), we obtain 
H 2 
au 2 (4) ; (15.48) 
Big st 


which means that, to the first order in ile , Am should be 0, From 
(15.35) we see that the mass matrix, neglecting O( Hk ), is simply 
<a | H | B >; since it is proportional to the unit matrix we must have 
SII S = SKI IRe s 
and e aan 
Qelaik- s S 6 
The first supports CPT invariance, at least with respect to the diagon- 


al matrix elements, while the second implies the selection rule 


DG 2 aD, (15.49) 


K- KSYSTEM 353. 


Because H=H,+H +H in which H. +H is known to con- 
st 7 st 


wk / 
serve strangeness S, (15.49) emphasizes the selection rule for He! 
Returning now to the eigenvectors | j > given by (15.44), we 

may write, as in (15.27), 
a, (j) 

fe) —O 1 

i eG Ko Ss + a, (j K >= fle SRS 
| J , 4) | (i) | aa ( ) 


The matrix elements of M and Ff between these two eigenstates can 


, given by (15,.35)-(15.36) as 


be expressed in terms of M _ and [ 
aB a 


p 
follows - 
| alsin: soca eT aay 
<i NTT z #7) ag(i') Mg 
and (15.51) 
Cy ee ee 
<j Pie X93 gi) Nog 


Their diagonal matrix elements give ite and 2Y; respectively: 


and J (15.52) 
oe MM We 
Peon a Sis nveihay emneciectingn@H eS 
Zi ling lms sine i 
-m 
n Kf 


and (553) 
y, = 2nd <jlH [n><n[ Hy | j> 6(m_-m,) 
n 


in which we sum over all eigenstates | n> OF ale +H , but with 
v 
ro) =O . : : : 
n#K or K~, asin (15.33), It is sometimes convenient to group 
the states | n > according to channels c: 


= o a es 
oS gw “40 2 a Gave 
e 


so that for different states ne in each channel their matrix elements 


ein [Ela |S. = Sell the, tl (15.54) 
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depend only on c , but not on individual no: Thus we may decom- 


pose the total width into a sum over different channels 


y= ee) (15.55) 
J a) 

where 
a) = A 0 | Wel |) 2 ||” (15,56) 


and P. is the density of states in channel c, 


= &(m -m,_) ., (S257) 
Po a He K 


To each fixed channel, a useful parameter is 


Se (ena | IL 


= (15.58) 
1s | Ha | oe 


Forue= oe ie is the CP-violating parameter ne of (15,26), 


By using (15.56), we have 


y(c) 72. 
- | A | Bie (15,59) 
. ¥,(¢) 


where 2D isa phase angle, From (15,52) and (15,55) it follows that 


the diagonal matrix elements of [ can be written as 


<S|pilSs = », ¥,(c) 
Gnd C (15.60) 
ay hee eS yp) 
Cc 


Similarly from (15.36) and (15,51), we obtain 


OLS m2), <3 | Ales ciate 6(m_ - m,) 


= nd, po<SlHle><clH Ji> . 5.61) 


As before, 2 denotes the sum over all channels, and a the sum 
é n 


over all eigenstates n of ole +H, but with n# Kfar ike . By 
Y 
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using the definitions ; (c) and >. 7, we can rewrite (15.61) as 
2a) | les = oe [y.(¢) y)}? ve (15.62) 
a formula which will be of some use later on. 


° re) 
oe K. and KE 


In this section we give the explicit form of the eigenvectors 


| S=2 cng | L> in the notation of (15,50). 


Theorem 2. (i) If CPT invariance holds, then independently of T 


invariance, 


js = ee, ] 


Pre D (Nieto |e) 
and (15263) 


pls = ( eae 2 aot eos 
el =e) ETE 


where ¢ is a complex number. 


(ii) If T invariance holds, then independently of CPT invar- 


iance we may write 


x leo 1 
Ses yaanicl 


and (15.64) 


aes = ( meet 1 
AS TERA SES 
where 6 is also a complex number. 


(iii) Let us define. 


= a ae (15.65) 
then 
real if CPT holds, 
5 (Ga it el enolass pee) 
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Proof. In (15.44) the 2x 2 matrix M-if consists of four complex 
matrix elements, Hence, we can always express it in terms of a com- 
plex number D and three complex components EY ; coe E. of a vec- 
fone. es 

M = = DE es (15.67) 
where + are the Pauli matrices given by (3.1). To prove (i) we start 
from (15,38) of Theorem 1, which states that CPT invariance implies 
Eo 02 let Ee) — Ecosse, and "b= — — sine Equation (15.67) be- 


5 I 2 
comes then aie 
0 e 
M-if = D+E or 0 (15.68) 


in which D, E and a are all complex. We see readily that the ei- 


genvectors are proportional to 


( ia) ree ‘ee (15.69) 


and the corresponding eigenvalues are 
De E and D-E , (5370) 


Introducing ¢ by 


l-e ia 
e 
lt+e 


: (15.71) 


we can rewrite (15.69) as 


‘ee le wes 


which when multiplied by the normalization constant gives (15.63). 
To establish (ii), it is convenient to denote | 1) Sater) 2 || 
column matrix ¥, and a =X, , where j canbe L or S as 


before. Equation (15.44) becomes 


(MT) Ue SS Ne ¥e 
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and (15-72) 
(M-iT) re = aT 
From (15.40) of Theorem 1, we know that T invariance leads to fer P 


M=M , and therefore 
EN es OS TIT) oh 
By substituting (15.72) into the above, we obtain 


Ag P) Be = A tel 


Koss 


Since %e i OL Ye and Xe gs Ay , we see that 


p= 0. (15.73) 


L 


The 2x1 column vector 6 can always be written as 


1+6 
on wee 


Because of (15.73), we must have 


mt is 4 + ay 
These two expressions, when multiplied by the normalization constant, 
give (15.64), 

To establish (iii) we note that, under the assumption of CPT in- 


variance, (15.63) implies 


f= <SiL> = [21+ e|2)1 (i+ e)* (142) -(1-6)* (1-6) ] 
iy |e ere). (15,74) 
which is real. Similarly, if T invariance holds, from (15.64) it fol- 


lows that =| 
£ = [2(1+|6]?)] [(1+6)* (1-6) -(1-6)* (146) ] 


= (ejelerl tes (15.75) 
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which is imaginary, Hence we establish (15.66) and the proof of 


Theorem 2 is completed, 


Remarks, If both CPT and T were exact symmetries, then from 

Theorem 2 we see that € and 6 shouldbe 0, and | Ss > dnd | eS 
reduce to the CP eigenstates | Ky > and S > given by (15.22), 
Since CP conservation requires £=0, & is a useful parameter for 


measuring CP violation, 


Theorem 3, 


AS 


[ d. V Yg(c) x, (¢) tes 
epee <2 (15.76) 
(mo-m) ta lycot Y) 


Ape Rae Ah earn (15,77) 
(mo-m,)? +4 (yot y,)? 
Proof. Multiplying (15.44) by i , we have 
(F+iM) |j> = (by, tim) | jo, (15,78) 
from which it follows that 
<5) Pei | LS = qth) < S| bs (15.79) 


and 
<L]rt+imM|S> = (2 ye imi) | Se 


The Hermitian conjugate of the latter is 
<S|r-iM|L> = (eee me Urs << SIE ee (G. 1210) 
Adding (15.79) and (15,80) and using = <$]|L> , we obtain 


PES ALS: = IG, ie) Ui = wes 5 1015.81) 


S 
which, together with (15.62), leads to 
i A 
D Lyg(e) y, (c)]? e! % 
c 


= (15.82) 
2(y, qe Ys) ar i(m) = m) 
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and, therefore, inequality (15.76), Because y; = » y.(c), inequality 
C 


(15.77) also follows, which completes the proof of Theorem 3. 


Remarks, By using the various experimental values of Yg(¢) and y,(¢) 
listed in the Table of Particle Properties we see that (15,76) implies 
|é |<6 x ore and (15.77) implies | iS ee 6x iia . The proof of 

Theorem 3 is independent of symmetry assumptions of either CPI or T; 
it uses only the unitarity property of quantum mechanics, Therefore 
these inequalities are referred to in the literature as unitarity limits. 
Their existence was already realized in 1956 when the validity of var- 
ious discrete space-time symmetries was first questioned, Because of the 
unitarity limit, it was anticipated then that unlike P and C asymme- 
tries, the experimental proof of CP violation would be much more dif- 


fi cult. 


15.4 Interference Phenomena 
As before, + denotes the time in the rest frame of the K meson. 


When + =0, let the state be 


be | So eb, | he (15.83) 


where b. and be are constant parameters, determined by the produc- 


s 


“ 9 P A = 1e) 12) 
tion mechanism. For example, in the reaction 7 +p—~>A +K _ , the 


initial state corresponds to 


From (15.30) and (15,44), we know that at a later time + the 
state (15.83) is 


CH al BGs Al 
een TS eel 270) 11> 5.84) 


Hence at time + the decay amplitude of this kaon state into channel c 
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° mute sal 
 gel]H =o Ss I tc py Se 


ie ee 


-(imy+dy \r 
lbpee Sets) 5 |e 


The corresponding decay rate is 
2m p. J<c]H |r S| 


= bg |? yg) © 75" + [b, [7,7 


" eo 2(¥st YU" Vy fey, (6) [be b) el(Mo-m )t ti be ene 
(3565) 
in which Por ¥¢(¢), ry, () and >, are given by (15.56) - (15,57) 
and (15.59), Because 1K ¥¢ and Am = m) - m= 2Y¢ , as shown 
by (15.45), the three terms on the righthand side of (15.85) have very 
different time -dependences and can be measured separately. The 
levels | L> and | S> act like two tuning forks with frequencies 
differing only slightly, which are coupled into a rich variety of 
"sound cavities" in analogy with the production and decay channels 
of the kaon. These have led to some of the most refined experiments 
in particle physics. In turn, the quantitative verification of (15.85) 

also gives strong support to the linear superposition principle of quan- 

tum mechanics, 

By measuring the exponents of (15,85), we can determine Yor 

YL and Am ; by choosing different decay channels c , we can meas- 


ure various Y5(c), ry, (¢) and the phase >: From (15.59), Ne ean 


+ - 
then be determined. For c= 1 and 27°, the corresponding ils 


Se | ie e+ and Noo | ‘Nee | e 160 | errommheniae 
ble of Particle Properties we see that 
ln, | = (2.274 % .022) x 10°, 9, = (44.6 + 1.2)°, 
- -3 = o 
Ingo! = (2.33  .08) x 10~ and 9 = (54 + 5)° 


(15.86) 
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Because Ns - and Noo Oe =. (0). Kr can decay into 27. 
° 
L 


and as determined from the Dalitz plot the final pions are predomi- 


Since one of the dominant decay modes of K, is known to be 31, 


; A qe = © fe) 
nantly in the s-state, we have for either ma wm or 30 , 


(CP). _ = (CP)o (CP) 6 


Because the CP of asingle n is -1, this implies (CP), _# (CP). _- 
However, a has a definite lifetime and a definite mass but no de- 
generacy (note that mM. a mi) . The fact that its final state is not of 
a definite CP proves CP violation, The amplitude of the violation 
can be characterized by Wee and Mes, | both are very small, only 


a On 


15.5 T Violation 
If we assume CPT invariance, then CP nonconservation im- 
plies T violation. In this section we would like to show that the 


same conclusion can be established without assuming CPT invariance. 


By using (15.59) and (15.82), we have 


[2(y, +6) + Gime) = = », ¥6(e) Ne 


+ = 
= ¥o(™ tT ) 7 ee ¥o(TT) hee ee O07) 


From the Table of Particle Properties we see that the dominant decay 
+ = 
modes of Ke are m1 ond m1. The only other decay mode that 
has been observed for Ke is aes , but with a branching ratio 
fe) 
L 
All other decay modes of 


+ = 
11 ye 10s 


(185 2 0,10) x 107° ; the corresponding decay K 
a branching ratio (6.0 + 2.0) x iii 
fo) 
Ke ; 


very small upper bounds on their branching ratios, Consequently the 


such as 31, yy , etc. have not been seen so far and have 
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righthand side of (15.87) is dominated by its first two terms, both of 
which, according to (15.86), have phase angles ~ 45-55°. On the 
other hand, because (m, - Mm) 
pression on the lefthand side of (15.87) also has a phase = 45°. 


= 2Y6 > ZY) , the bracketed ex- 


Hence we conclude that € is real, at least to a good approximation, 
However, if T invariance were correct, then according to (15.66) of 
Theorem 2 (iii), independently of CPT invariance & should be im- 
aginary; that contradicts our conclusion, and therefore establishes T 
violation, 

We note that, in accordance with the top line in (15°66) ae 


real gives additional support for CPT invariance. 


15.6 Analysis with the Assumption of CPT Invariance 
I. State vectors 


Assuming CPT symmetry, the state vectors | S> and | Es 
are given by (15.63), Their scalar product is & , which according 
to (15.74) is 


= eek ee 
Bee 5 || Es icc (15.88) 


As noted before, if CP were conserved, then £ =< § | L>=0, and 
that would be consistent with e purely imaginary, though not neces- 
sarily 0. The nonconservation of CP makes it possible for e to 


acquire a real part. From (15.68) and (15.71), we have 


“ae ig (Meir) 
(- 2) = Gale = ee see (15.89) 
+ € (M-iT),, 


By using (15.35)-(15.36) we see that a is directly related to the ar- 
bitrary phase angle @ in (15.28), which may be written as 


Kose OWmoe (15.90) 
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where 9 = CPT. Due to the antiunitary nature of 9, (15,90) leads 
to nese le eee OK? s 


We shall now discuss a convenient convention for fixing the 


angle 8. From the Table of Particle Properties we note that the 


A ; ° + = 00 
branching ratios of K, to mm and nm are very close to 3 and 


3. As mentioned on p, 245, this implies that to a good approximation 


the final isospin in the decay K © + Qn is 


S 
ae Oo (15271) 


The angle 9 will be determined by requiring* the ratio 


(Uae | kas 
= I=0 wk a 
R = a ae are real and positive. (15.92) 
< (2m), 6 | Ha | Ke 


From (15.90) and under the assumption of CPT invariance, the com- 


plex conjugate of R is 


Ong Ye oo os 
Fe ee 
<Cnig | ao 1) FIRS 


iQ, -o 
: <(2m) 6 | Hite © | kK = — 
i Oo 


—_—__——__* 
(Cag | oe 


=| 


The requirement (15.92) gives then 


(20) EK: S 

a aero (15.93) 
Mae | lg. IR 

What is the advantage of this particular way of fixing @ ? As noted 


*T. T. Wu and C. N. Yang, Phys.Rev. Lett. 13, 180 (1964), 
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before, if the angle 9 in (15,90) is arbitrary, so would be the real 
part of a in (15.89); this is why even if CP were conserved, « need 
not be 0 provided it is purely imaginary. However, with the conven- 


tion (15.92), we have from (15,63) and (15,73) 


2) 
<(2m oH [b> = SOM |S > 


2€ 
eee eyo) (15,94) 
Thus, the present choice of @ implies that if CP were conserved, 
since K.° could not decay into 21, «€ shouldbe 0; consequently 


L 


¢ also becomes a parameter characterizing CP violation, 


~ 


Theorem-4, The phase angle of ¢€ is = 45° or 225°. 


Proof. For convenience let us first assume ¢€ to be of a magnitude 


similar to other CP- violating parameters Ts ts and ~ ;all 


3 


these numbers are very small, ~10~ . [This assumption will be re- 


moved later on. | From (15.89) it follows that 


which implies that for | é | << 1, a should also be small. The a- 


bove expression reduces to 

2e= -ia . (15593) 
By using (15.68), we have 

(M-iT)), - (M-iT)., = =i2Esing = =12Eq ~ (15:96) 
According to (15.70), we know the eigenvalues of M-if ore Di E; 
their difference is + 2E, which together with (15.44) gives 

+ 2E = ie ee ap aj (Y6 = a 
Substituting this expression into (15.9) and combining it with (15,95), 


we obtain 
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-f,,+ i(M,.-M,,) 
wee eee (15.97) 
ig Se a 


Now, M _ is Hermitian and therefore 


ba ae) 


From (15,36) and (15.57) it follows that 


is real, (19.78) 


r 


= eee ony ee sec fain | ea (15.29) 


In this sum the most important channel is c= (21) 9 . From the Ta- 


ble of Particle Properties at the back of the book we see that the sum 


over all other channels, c # (2m) 


I=0 ’ 
fe) -4 : 
ee te rey = in 
c 
Hence, we need only consider the single channel c = (2m), 6 in 
(15.99); due to (15.93) it follows then, to a good approximation, 
Mio = Toy real, (15.100) 


On the righthand side of (15.97) the numerator is real because of 
(15.98) and (15.100); on account of 2(m, - m ¢) = Ys>> Y,1 we see 


that 
O° 


~ 


phase of « = 45° or 225° (15.101) 


By substituting this result into (15.88), we obtain 
Pele ee ey 
ae | € le 
From Theorem 3 on pages 358-9, we know that & is a smal! parameter 


which has an upper bound, due to unitarity, < 6 x 1. Consequently, 


plea (15,102) 


This then substantiates our supposition, used at the beginning of the 
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proof, that ¢« is asmal! number, The proof of Theorem 4 is then 
completed, 
Because | € | << 1, we may neglect O(e*) terms. Hence 


(15.63) and (15.88) can be written as 


see ae jt>= 1+ 
Ve ea FS ale 
(15. 108) 


f= Sl =) Re eam (15,104) 


and 


In the next section we shall discuss how to determine ¢ and € ex- 
perimentally. 


fe) fo) a5 ae, 
De K. or K, nm + Q an ET 


It is convenient to adopt the rest frame of the neutral kaon. 


Let Po r Pp and P, be the momenta of 7. = eae on (or Vo) 

in that frame, where 2 =e or ws. Consequently p+ Pp + P, =0, 

We define, at fixed momenta, the first-order weak-interaction decay 
- + 

amplitude of ae Qe + Vo to be f, with the subscript s=+4 


denoting the lepton helicity: 


= nat fo) 
rae eae (15.105) 


7 “es : : 
Under 9= CPT, o Tae: Qe di, Vo (Vv) v (v) but 


Q 


the momenta of all particles are unchanged; i.e., 


> o [ae v 


-s a 


- + 
9] a Q. Vo 


- + + =. 
Since the relative phase between | Q. Vee and | TT Qe. Vo > 


is not yet fixed, we may write the above expression as 


le eee (15,106) 


- + 
9] x ESS Re =e 


where @ is chosen to be the same angle used in (15.90), Consequently, 
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from (15.105) and the CPT invariance assumption, we have 
eo +7 s ee 
f Sa | Hy a (15.107) 


Likewise, we may define the corresponding decay amplitude of 


+ - «. 
Ko = a eee Vin fo be on 


+ =. fo) 
g=<nr eo, [HK oe (15.108) 
By using (15,90) and (15.106), we obtain 


gh= <n avy [ial pele oe (15.109) 


In these reactions we may define Q and S to be the charge and 


strangeness of only the hadrons, and 


AQ = Crna . Qs hittal f 


(15.110) 
S05 ofaall ‘ > nitial 
where the subscripts refer to the final and initial states. Hence f, f*, 


g and g* represent the amplitudes of reactions that satisfy 


fF: AS= AQ=-l1, 
fs = AG = i | 
gk NS es NG 1 
gt: AS=-AQ= 1 


(Sali) 


and 


As will be discussed in Chapter 21, there are good reasons to 


believe that all first-order weak processes should satisfy 


AS = AQ. (15.112) 


At present we shall, however, proceed with our analysis without this 


requirement, Define 
x= gt/f . (ISR ISS) 


Since f and f* satisfy the selection ule AS=AQ, but g and g* 
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do not, the parameter x is useful for the experimental determination 
of how effective this selection rule really is, 

The parameters x and ~ can be measured through the interfer- 
ence phenomena discussed in Section 15,4, Let us assume a K- K 
beam whose state vector | +> is given by (15.84) at its Pree time 
Fs 5 pale we may consider the channels c= 7 2. 


YQ 


and - aa Ao From (15.85), we see that the decay rate of : t> 


2° 
into these fee can be decomposed into three different time-de- 
pendent terms. Hence 

el = Aare se | lay | Soh? 

mS) = 4s |< yee | Si 


and the coefficient of the interference term 


Vy5(e)y,@) ee = 2mp<e/H | S>* <e/H | L> 


(oye) 
can all be measured experimentally, By using (15,103), (15,105) 


and (15.107) - (15.109), we find 


<n Q velH  [bL> = 1/v2 [(l+e)f -(T-e)g*] , 

Uo eS = WA leas ogg: 
- <7 2 ala |S = 1/V? [(1+e) f+ (l-e)g*] 

<n ET eo = N/V Whee tae) 0 | 


(Oils 
These expressions together with (15.113) lead to ( 


mu 7 een ees 
) 


Ee) fee aa) 


ae 
te Mee “) 


7 | ee eee ' - 


T-=x+ e(1+x) ; 
(I+ e)x*- (1-€) 


x *=14 €(x*+]1) 
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lee : , 1+x lees ig 
= x=] [14 (ret) (+ roa) + Oe ) 
2 
= 1+4Ree Wt OES \e 5. (15,116) 
-x 
In a similar way we can arrive at 
- + 
yon ve) z 2 
Se ey ae les (15.117) 
| 1+x |? 


Say 
Yo(t Q.. Vo) 


From (15,114), we see that through the interference term it is possible 


to measure 
- + - + 
<a o. ve lH | S>* <a Q. Vee apie ee 
l-e 4 lee 
SS gore es 
= [l+x*-x-|x|?+ O(e) ] 
and (S.118)) 
+ 2 eee ae 
<0 ine Vo LHL S> <r Qi. Fo lH b> 
ae ae ee geen 


l-e l-e 


= [l+x-x*-|x]?+ O(e) ]. 
Se) 
Therefore (15.118) and (15.119) depend sensitively on the imaginary 


part of x, while (15.116)-(15.117) can be used to determine the real 
parts of « and x. The experimental results, as listed in the Table 


of Particle Properties, are’ 


Pern 00S DZONE imeem O004 = 01026. 
; - (15,120) 
eno I ose) eanlG (15,121) 
and therefore 
B= Bes = Gh = re ea (15,122) 
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From (15.120) we see that x is consistent with 0, which sup- 
ports the AS=AQ tule. By setting x = 0 , we note that the ratios 
(15.116) and (15.117) become independent of the lepton helicity; 


hence we have 


rate (K > os ) 


5 racers ae 1+4 Re e 
rate (K) > 2 Vo) 
and (15.123) 
rate (Ko 1 oy ) 
= 1+4Ree 


rare (Ko a 2°) 


As already emphasized in Chapter 9, Eq. (9.3), the fact that these two 
ratios are different from 1 gives a most direct evidence for the viola- 
tion of C and CP. By comparing (15,86) with (15.101) and (15.121) 


we find 1, =n. = e€. If it turns out that these three parameters 


00 
are in fact identical, 


r (15.124) 


then the above relations together with & = 2 Re « indicate that all 
these CP-nonconserving parameters can be represented by one num- 
ber, ¢« . 

Since 1964 many high-energy physics laboratories throughout 
the world have devoted substantial effort to experiments related to 
CP nonconservation. It is rather remarkable that the final result of 
all these investigations may be summarized by this single small param- 


eter, ¢€ , 


15.7 Complementarity of Symmetry Violations 
Consider the case of parity nonconservation. We all know that 


there exist many experimental proofs which establish right - left 
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asymmetry in the laws of physics. In our discussions so far, we have 
regarded the strong and electromagnetic interactions as P-conserving, 
but the weak as P-violating. In this section, we shall raise the ques- 
tion of whether such an attribution is really fundamental, or merely a 
matter of convenience or convention. 

To begin with, let us analyze a logical point that has been 
glossed over in most literature on symmetry violation. It is not uncom- 
mon to find the discussion of parity nonconservation begun by first in- 
troducing a parity operator P and a Hamiltonian H, then verifying 


their commutator 
MEPS? | = Oe (15.125) 


and from that reaching the conclusion that parity is not conserved, It 
is important to realize that there is a self-inconsistency in this pro- 
cess, To see this, let us recall that in the quantum field theory P is 
a unitary operator in the Hilbert space. By definition, this operator P 
should represent the space-inversion transformation in the coordinate 
space, 

Pe SS oe teat 
According to Heisenberg's equation (1.9), the time-translation oper- 
ator is 

a 


i fe oe at 


Mathematically we may define the Poincaré group as consisting of all 
space-time translations, Lorentz transformations, and space inversion 
and time reversal. These transformations are purely geometrical; their 
existence is independent of dynamics. It is obvious that in the Poin- 
caré group the space-inversion element, Toor , commutes with the 
time-translation element, t > t+7 . On the other hand, if the cor- 


responding operators in the Hilbert space satisfy He 0), that 
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a and the alleged 


would mean the time-translation operator a! 
space-inversion operator P fail to obey the multiplication law of the 
coordinate transformations that they are supposed to represent, Thus, 
the operator P cannot be the Hilbert-space representation of space 

inversion in the first place, The fact that parity is not conserved im~ 
plies the impossibility of finding a unitary operator P in the Hilbert 
space which can represent the geometrical space-inversion transfor- 
mation; i.e., the operator P is not defined, 


It is, however, possible to give a definition of P by making an 


approximation on H. We may replace the total Hamiltonian by, say, 


H = H, + H (15.126) 
st Y 
or 


H =H (15.127) 


so that within such an approximation, a parity operator P may be de- 
fined and it commutes with the approximate Hamiltonian, Different 
choices of dynamical approximation may then lead to different parity 
operators, 

To illustrate the interaction-dependent nature of the parity op- 
erator, let us consider the @-+7 puzzle again 


iO 
Kt a T (@-mode) (15.128) 


tit (+ - mode) 


Since from the Dalitz plot we know that the three pions in the + - 


mode are predominantly in the s-states, the parities of the final 


modes 8 and 7 satisfy, 
parity (7) = parity (@) + parity (n°) , (15,129) 


From the strong aN interaction, it has been determined that 


the pion is a pseudoscalar; the same conclusion is also reached by 
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studying the electromagnetic decay of 1, 
1 > LS ys a 2e- 
Thus, by using ele Re we find 


parity (v7) =-1 . (15.130) 
Consequently, (15.129) and (15,130) imply the usual conclusion 

parity (+) = - parity (9) 
Since K decay is a weak process, this means that Hk does not 
conserve parity; here the parity is defined by Alia +H 

On the other hand, let us imagine that the strong and the elec- 
tromagnetic interactions could both be turned off. We may then try 
to determine the parity through weak processes, The requirement that 


the weak interaction be parity-conserving would imply, in the case 


of K’ de cay, 


parity (+) = parity (@) , 


and therefore 
parity (1) = +1] 


Now, by switching back the strong and electromagnetic interactions, 
we would conclude that the strong p-state interaction in a- N 
scattering and the photon polarizations in the electromagnetic decay 
of n violate parity conservation, where the parity is now determined 
by Baek . Likewise, without the strong and electromagnetic interac- 
tions, the fact that in the weak mw—4n decay there are two kinds 
of neutrino, one righthanded and the other lefthanded would, by it- 
self, be totally consistent with right-left symmetry. 

In reality, it is of course not possible to turn off any interac~ 


tion, be it H. + H or H, . However, because the matrix 
: st Y wk 
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k a, 
if is more convenient to adopt the approximation H = Be + Ele 
Y 


Only then do we regard a as P-violating. A similar implication 


elements of Pie +H are typically much larger than those of A, 
fd 


also applies to our discussions of CP and T violations given in this 


chapter, 


15.8 Phenomenological Analysis of the CP - nonconserving Inter- 
action 


It is always possible to decompose the total Hamiltonian H in- 


to two parts 

Hs HL + (15.131) 
where 

H. = #(H 2 CPHPTCT] (15.132) 


Hence under CP, al is even and H_ odd, In accordance with the 
above discussions, it is convenient to define the CP operator by us- 
ing the strong and electromagnetic interactions, 

At present all our known phenomena are consistent with the 
view that the CP-violating H_ are much weaker than the usual CP- 
conserving part of the weak interaction, In a phenomenological anal- 
ysis, it is immaterial whether H_ should or should not be an integral 
part of Hk . In the following, for convenience, we shall separate 
H_ from Hei hence, Al i refers only to the CP- conserving part. 
There are two main classes of possibilities concerning the strength of 


H 


1. Milliweak 
This is the obvious case, One assumes that typically 
H -3 


ree |e] ~ 10 (15.133) 
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where ¢ is the CP - violating parameter given before. By using 


(15.47), we have 


e| ~ 10 (15,134) 


Because of (15.46)-(15.48), we conclude that 
ee RR = Soe (15.135) 


otherwise, the diagonalization of the mass matrix (15.32) would lead 


10 — 107 Om 


to a mass difference Am=m,-m eoilel. ak 3 KI 


S 
which disagrees with (15.46). 
In order to insure (15.135), the simplest way is to assume that 


H_, like 4 satisfies the selection rule AS #+2. 


wk ' 
2. Superweak 


In this case *, one assumes that 


Es Tee) a) lena (15.136) 
Hwk 
and, instead of (15,135), 
aalitls |e Ol (15.137) 
i.e, AS=42 is allowed for H_. [The usual H of course, con- 


wk / 
tinues to satisfy the AS #+2 rule.] Since according to (15.47), for 


AS=41, Gilet) ~ 1, we have in the superweak case 


a ea ee 


~ 10 (15,138) 
H 


Because of (15.137), the’ CP- violating parameter | € | ~ 10° en- 


ters into the state vectors | L> and | See 


* L, Wolfenstein, Phys.Rev. Left. 13, 562 (1964): T. D. Lee and L. Wol- 
fenstein, Phys.Rev. 138, B1490 (1965). 
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The reason for these two disparate possibilities is because in 
the neutral kaon decay, while the decay matrix element is first-order 
in Alyn, , the state vectors KP and Ke depend on the second- 
order weak interaction, Hence, H_ can be either ~ « ai Or 
ae Bad Bly ; the former is milliweak and the latter superweak. 

For the neutral kaon, the dominant decay matrix element is that 
of 2m in the I= 0 channel; because it consists of a single final state, 
the decay matrix [ is essentially real, as shown in (15.100), Further- 
more, except for the 2m channel, none of the other decay matrix ele- 
ments have been measured to an accuracy beyond 10°, This explains 
why in the neutral kaon decay, all known CP-violating phenomena 
can be characterized by a single parameter ¢. 

If H_ is superweak, then any CP- violating transition ampli- 
tude should be ~ ee” times the corresponding CP- conserving 
weak amplitude; to detect such small amplitudes would be nearly im- 
possible at the present. On the other hand, if H_ is milliweak, then 
one only needs to measure some appropriate decay amplitudes of K ; 
or hoe or ***, tothe accuracy ~ 100° , Which is somewhat more 
hopeful. A promising possibility is to measure the electric dipole mo- 


ment ed, of, say, the neutron. In the milliweak case, according to 


(15.136), since H_ ~ io!” Ho we expect typically 
Hee o10) > mt eons er 

If it is superweak, then 
een mo eae 


N 
The present experimental limit is * 


= eee ee eee eee 
* W. B. Dress, P. D. Miller, J. M. Pendlebury, P. Perrin and N, F. Ram- 
say, Phys.Rev. DI5, 9 (1977). 
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Je SSA Ga 


consistent with either possibility. 


Problem 15.1. In K > 3m decay, 


(i) Show that the boundary of the Dalitz plot is given by 


i Selec) Geers cos 38) , 


e = (2m, - Oy 120 m) 


(ii) Prove that for different charged states, re ee 7 y ea 
F ran and ae , to first order in Am _ , the ratio of the 
respective phase space is given by the ratio of the corresponding val- 
ves of 


OQ = Fe a Q? 


(iii) Assuming | AT | = 4 rule, show that the ratios of 
(width/Q) for K = ey = ™, Ke ae ao in — a 7 
and Kr ~ 3m are 4:1:2 :3, and the corresponding ratios* 


of the slope \ are 1:-2:-2:0. 


(iv) Compare these theoretical predictions with the present ex- 


perimental results. 


[ See the review article by T. D. Lee and C. S. Wu, Ann.Rev. Nucl. Sci. 
16, 471 (1966) and the references mentioned therein. J 


* §. Weinberg, Phys.Rev.Lett. 4, 87 (1960), 


Chapter 16 


VACUUM AS THE SOURCE OF ASYMMETRY 


16.1 What Is Vacuum ? 

In the last century, in order to understand how the electromag- 
netic force, and later the electromagnetic wave, could be transmitted 
in space, the vacuum was viewed as a medium called aether. In his 
note 3075 on experimental research Faraday wrote * 


For my own part, considering the relation of a vacuum 
to the magnetic force and the general character of mag- 
netic phenomena external to the magnet, I am more in- 
clined to the notion that in the transmission of the force 
there is such an action, external to the magnet, than that 
the effects are merely attraction and repulsion at a distance. 
Such an action may be a function of the aether; for it is not 
at all unlikely that, if there be an aether, it should have oth- 
er uses than simply the conveyance of radiations. 


However, since at that time the nonrelativistic Newtonian mechanics 
was the only one available, the vacuum was thought to provide an 
absolute frame which could be distinguished from other moving frames 
by measuring the velocity of light. As is well-known, this led to the 
downfall of aether and the rise of relativity. 

We know now that vacuum is Lorentz-invariant, which means 


that just by our running around and changing the reference system we 


* Michael Faraday, Experimental Researches in Electricity (London, 


R. and J. E. Taylor, 1839-55), 
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are not going to alter the vacuum, But Lorentz invariance does not 
embody all physical characteristics. We may still ask: What is this 
vacuum state ? 

In the modern treatment, we define the vacuum as the lowest~ 
energy state of the system, It has zero 4-momentum. In most quan~ 
tum-field theories, the vacuum is used only to enable us to perform 
the mathematical construct of a Hilbert space, From the vacuum state 
we build the one-particle state, then the two-particle state, +--+; 
hopefully, the resulting Hilbert space will eventually resemble our 
universe. From this approach, different vacuum state means different 
Hilbert space, and therefore different universe. 

From Dirac's hole theory we know that the vacuum, although 
Lorentz-invariant, is actually quite complicated. In general, we may 
expect the vacuum to be as complex as any spin-O field (x) at the 


zero 4-momentum limit: 


vacuum ~ at 4-momentum k = 0. (16.1) 


Like a spin-0 field, it is conceivable that the vacuum state may carry 
quantum numbers such as isospin i , parity P, strangeness S$, etc. 
In this context we may ask: Could the vacuum be regarded as a phys- 
ical medium? If under suitable conditions the properties of the vacu- 
um, like those of any medium, can be altered physically, then the ans- 
wer would be affirmative. Otherwise it might degenerate into seman- 
tics, The analysis given below will be based primarily on two of the 
most remarkable phenomena in modern physics: 
(i) missing symmetry, 


and (ii) quark confinement. 


The former will be discussed now and the latter in the next chapter. 
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16.2. Missing Symmetry 
If we add up the symmetry quantum numbers such as i 7 Sa ee 


C, +++, of all matter, we find these numbers to be constantly changing 


7 
S 
d P 
pene 16.2 
at C Fee (16.2) 
CP 
matter 


Aesthetically, this may appear disturbing. Why should nature abandon 
perfect symmetry ? Physically, this also seems mysterious, What hap- 
pens to these missing quantum numbers? Where do they go? Can it 

be that matter alone does not form a closed system? If we also include 


the vacuum, then perhaps symmetry may be restored 


d 
Sa a ° 6. 
a 0 (VGz3) 


-AnwnI 


i 
i matter + vacuum 


As a bookkeeping device, this is clearly possible. It also forms the 


basic idea underlying the important topic of spontaneous symmetry 
breaking, developed by Y. Nambu and others. * In such a scheme one 


often assumes that there exists some phenomenological spin-O field » 


which can carry the missing quantum number and whose vacuum ex- 


pectation value is not zero: 


epee le |) ae (16.4) 


vac 

ee eee eee eee 

* For a history of this subject, see Y. Nambu, Fields and Quanta i, 
221970): 


VACUUM AS THE SOURCE OF ASYMMETRY 381. 


Consequently, the observed asymmetry can be attributed entirely to 
the state vector of our universe, not to the physical law. [ Examples 
will be given later. ] On the other hand, unless we have other links 
connecting matter with vacuum, how can we be sure that this idea is 
right, and not merely a tautology ? 

A way out of this dilemma is to realize that in (16,1) the re- 
striction ky = 0 for the vacuum state is only a mathematical ideali- 
zation, After all, very likely the universe does have a finite radius, 
and KA is therefore never strictly zero, So far as the microscopic sys- 
tem of particle physics is concerned, there is little difference between 
Ky = 0 and Si nearly 0; the latter corresponds to a state that varies 
only very slowly over a large space-time extension, This means that 
if the idea expressed by (16.4) is correct, then under suitable condi- 
tions, we must be able to produce excitations, or domain structures, 
in the vacuum. In such an excited state, there exists a volume 2 
whose size is >> the relevant microscopic dimension; inside 92 we 
have the expectation value < (x) > # Poet but outside 
< o(x) >= ac" The symmetry properties inside Q can then be dif- 


ferent from those outside. 


16.3 Vacuum Excitation 
How can we produce such a change in < (x) >? The problem 
is analogous to the formation of domain structures in a ferromagnet. 


We may draw the analog: 
<o(x)> <> magnetic spin , 
J = matter source <—> magnetic field 


as shown in Fig. 16.1. 
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f f <pye= one outside 


<> a ee 


ae : 


SPIN DIRECTION VACUUM EXCITATION 


Fig. 16.1, Domain structures in a ferromagnet vs. in the vacuum. 


In the case of a very large ferromagnet, because the spins in- 
teract linearly with the magnetic field, a domain structure can be 
created by applying an external magnetic field over a large volume. 
Furthermore, after domains are created, we may remove the external 
field; depending on the long-range forces, the surface energy and 
other factors, such a domain structure may persist even after the ex- 
ternal magnetic field is removed, Similarly, by applying over a large 
volume any matter source J which has a linear interaction with o(x), 
we may hope to create * a domain structure in < (x) >. Depending 
on the dynamical theory, such domains may also remain as physical 
realities, even after the matter source J is removed, 

As an illustration, we may consider a local scalar field theory. 


The Lagrangian density is 


eee, 0? ae 
a = 3 ox, Uo) , (16.5) 


* T. D, Lee and G, C. Wick, Phys.Rev. D9, 2291 (1974). 
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where the absolute minimum of U is at o= 6 and with U(o __) 
vac vac 
= 0. Since we are interested in the long-wavelength limit of the field, 
the scalar field (x) is used only as a phenomenological description. 
The details of its microscopic structure do not concern us, 
Let us now introduce an external source J(x), The simplest ex- 
ample is to assume J tobe constant inside a large volume 9, but 
zero outside, For a sufficiently large 2, we may neglect the surface 


energy. The energy of the system becomes 
[U(o) + Jo] Q . (16.6) 


Its minimum determines the expectation value of » inside Q . The 


graphs in Fig. 16.2 illustrate how the new expectation value 


@ = <o(x) > 
can be changed under the influence of J. 

If the missing symmetry is due to Pe # 0, then by changing 
® we may alter the symmetry properties inside © dynamically. Of 
course, to do a realistic experiment to reclaim our missing symmetry 
is not easy, But it is the prerogative of the theorist to contemplate 


such a situation. 


16.4 CP Nonconservation and Spontaneous Symmetry Breaking 

We discuss here one of the simplest examples that illustrates 
the phenomenon of spontaneous symmetry breaking. Our purpose is to 
give a theory * in which 

(i) the Lagrangian is invariant under CP and T, 


but (ii) its S-matrix violates CP and T symmetry. 


ee 2 ee ee 


* T, D. Lee, Physics Reports 9C, No. 2 (1974): 
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(a) 


Ut U¢ 
$ $ 
Pvac p 
(b) 
U UtJ¢ 
Ss & $ 
Pyac 
Fig. 16.2. 


Change of =< (x) > due toa constant ex- 
ternal matter source J. In case (a) 6 changes 
continuously with J. In case 6), as J in- 


creases, there isa critical value at which © 
makes a sudden jump. 
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Let us assume the system consists of a spin-%4 Dirac field # 
and a spin-0 Hermitian field ». The Lagrangian density is 


2 
= See 2 ei as al 
L = aller U(>) p 14%, ee ig ‘4 %5° 9 ’ 
(16.7) 


where 


U(9) = g K2(92= 2)? (16.8) 


From Hermiticity, the parameters m,g,p and « must be real. 


It can readily be verified that £ is invariant under T, C and P 


where a -] . 
To(r, oO = Sr =P) ’ (16.9) 
GE eC SSE. (16.10) 
and a -] . 
Real tepaiti uh ieee (= tipach)) a (16.11) 


The corresponding transformations of ! are given by (10.5), (10.9) 
and (13.53). Because U is a fourth-order polynomial in 9», the 
theory is renormalizable. 

The vacuum expectation value of is determined by the min- 


imum of U(o). As shown in Fig. 16.3, we have either 


Oe aie 0 (16.12) 
or < nee -p. In either case, since 9 isof T=-1, CP=-1 
and P =-1, a nonzero expectation value of o implies that the 


vacuum state is not an eigenstate of T (nor of CP and P). The T 
symmetry of the Lagrangian requires that if < o ag is a solu- 
tion, then <9 7a must also be one. These two solutions 
transform into each other under T , but by itself neither is invar- 
iant under T. (It is also not invariant under CP and P, though it 


is under C and CPT .) 


Because of quantum effects, the field fluctuates around its 
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U(d) 


$ 
-p p 


Fig. 16.3. The potential energy density U(o) = ; K?(o2 ~ Be). 


vacuum expectation value. We may choose < » ae ee and write 
¢ = p+ & 


In terms of 6, the potential U becomes 


U = 4 yu? (60)? +4 «2p(60)9 + 2 <2(69)4 (16.13) 


Where t= kp, which is the mass of the fluctuating field &@ . 
In order to exhibit more clearly the T-violating character of 


the solution, we may perform a unitary transformation under which > 


is unchanged, but 

ps lst y : (16.14) 
Therefore, the quadratic expressions 

ye + yl ezirse y, wy, e NY5%y 


= yl 74 (cos a - iys sina) 
and 
i 


ey ae fee? == 
iP yy? + iy 14 15 € 5 8 = iy ye On. 


= WT y4(sina + is cosa) # 
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Hence, by choosing 


tana = gp/m , (16.15) 
we have 

ii : iy 

~ y4(m + ig P Ys) ps YA MY (16.16) 
where ; 

M = (m2 +g? p2)* . (16.17) 


By substituting (16.14) into (16.7), we find that the Lagrangian den- 
sity £ becomes 


f @ 


‘2 T ra) 
\Ox,, bo -U-% aver 8 


ox 
f H 
-g yg(sina + iy. cosa) ¥ & . (16.18) 


aya 
2 


Since the operator yl 14 b isof P=1, C=1 and T=1 while 
the operator iW yy 759 issote = — eG — ond fi — |, any 
exchange of the & quantum would give an interference term be- 
tween these two operators that violates T, P and CP; but the pro- 
duct symmetry CPT remains intact. Figure 16.4 gives an example of 


such an interference term, whose amplitude is 
A_ = g* sina cosa (k? + 2)! (16.19) 


where k denotes the 4-momentum transfer. 


GQ Si0 0 Vie Oe ee ee ig %, cos a 


¥ Y 


Fig. 16.4. A T-violating scattering diagram due to the exchange 


of the quantum of &, where 59= 9-< > uae: 
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The model discussed in this section illustrates the basic mechan- 
ism of a spontaneous T violation, [The same discussion applies to CP 
and. P as well.] One assumes that the ground state of the system 
(called the vacuum) has a nonzero expectation value <9 ae 
where > isa T=-1 phenomenological spin-O field; thus, the vac- 
yum is noninvariant under T, even though the Lagrangian satisfies T 
invariance, 

The T invariance of the Lagrangian implies that the vacuum 
must have a double degeneracy, It is interesting to examine the bar- 
rier penetration between these two degenerate solutions: < ? aaa 
and -p of Fig. 16.3, By enclosing the entire system in a finite vol- 
ume {2 with a periodic boundary condition, we may expand 9 in 
terms of the usual Fourier series 

o= qt 2, me o> BLS (16,20) 

k4o VQ * 


where q is independent of r. Substituting this expression into dés7) 
we find 


2 eM eek oo. 


where «++ depends on ot and the fermion field %, The barrier- 
penetration amplitude may be crudely estimated by concentrating on 
the q-degree of freedom. We may set TE = O and ¥=0. The 


Hamiltonian becomes then 
el 2 
Fl aq Pt U(q) Q (16.21) 
where p= 24. According to the W.K.B. approximation in quantum 
mechanics, the barrier-penetration amplitude is 


~exp { -Q a [2U(q) 1? dq } (16,22) 
=p 
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which goes to zero exponentially as the volume of the system ap- 
proaches infinity. 
From (16.17) we see that the fermion mass changes from m to 

M when the expectation value of » varies from 0 to <9 2 ean 
Likewise the CP-violating amplitude A_ also depends on < 9 Dee 
Hence if we follow the discussion given in Section 16.3, by applying 
a matter source J over a large volume 2 we may alter <> in- 
side Q, and thereby change the mass of the particle and the symme- 


try-violating amplitude. 


Remarks, |The above example demonstrates the essence of the spon- 
taneous symmetry-breaking mechanism. The Lagrangian is invariant 
under a certain group 4 of symmetry transformations, But the vac- 
uum state is not, and that gives rise to symmetry-violating phenomena. 
By applying 4 onto the vacuum state, we must generate other states 
degenerate with the vacuum, Ina realistic cosmological model, the 
volume Q of the universe may be expected to be finite. In general, 
there would be nonzero, but very small, barrier-penetration ampli- 
tudes between these different "vacua", which can lift the degeneracy. 
While such effects can be safely neglected at our present stage of ev- 
olution, they may have been important at a much earlier period when 
Q was still of microscopic dimensions, 

In Chapter 22 we shall discuss further the application of the 
spontaneous symmetry-breaking mechanism to various continuous sym- 


metry groups. 
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At present there exists a large body of supportive evidence to 
suggest that the theory underlying the strong interaction is quantum 
chromodynamics (QCD), and that the weak and electromagnetic inter- 
actions are unified via an appropriate non-Abelian gauge theory with 
a spontaneous symmetry-breaking mechanism. In either case, decisive 
experimental proof is still lacking. Hence the main motivation remains 
aesthetic, Nevertheless, as we shall see, the multitude of different phe- 
nomena that QCD and the unified theoretical models of weak and elec- 
tromagnetic interactions have managed to explain and correlate is of 


sufficient scope to convince one of their essential correctness. 
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Chapter 17 


QUARK CONFINEMENT 


17.1 The Problem 

In Chapter 12 we mentioned that from hadron spectroscopy 
there is good reason to believe that all hadrons are composites of 
quarks, whose flavors are up(u), down (d), strange (s), charm (c) 
and bottom (b) . Furthermore, each flavored quark has three different 


colors. Their assumed masses and charges are 


uv d Ss c b 
mass ~ 0 ~0 ~ 100 MeV ~ 2 GeV ~ 5 GeV 
charge/e rc] -3 -3 3 -4 


These assignments are quite remarkable considering that none 
of the quarks has been observed in its free form, A more direct way 
of arriving at these conclusions is through the R-value measurement 
fathe len collision, as we shall discuss now. Let us consider the 
diagrams for Zone: mn and qq, as shown in Fig. 17.1. The 
threshold energies for these two reactions are 2m and 2m_ re- 
spectively. When the center-of-mass energy ee is much larger 
than the threshold energy, and if we neglect the strong interaction 


between the qq pair, the ratio of the cross sections for these two 
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Fig. 17.1. Diagrams for nee a tie or qq 5 
reactions is 
+ -_ _ 
ofee ~qq)) _ 3Q2 (17.1) 
q 


ims 
(oy (e Cia Hou ) 

where q stands for the flavor of the quark which can be u,d,s, --, 

Q_ is its corresponding charge in units of e, and the factor 3 is 


due to the three colors of each flavor. We define 


y ee = qq — hadrons) 
= ee 
: a(e eo= nit 
where the sum extends over all quarks whose mass me ioe Ee : 
By using (17.1), we have 


Reena (17.2) 
q (9 


The experimental result* is consistent with the theoretical expecta- 
tion, drawn schematically in Fig. 17.2, When aa is 2m | 7 but 


> 1 GeV which is assumed to be much larger than 2m 2m and 


* See the Proceedings of the 1979 International Symposium on Lep - 
ton and Photon Interactions at High Energies, ed. T. B. W. Kirk 


and H. D, I. Abarbanel, Fermilab, Batavia, Ilinois. 
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Fig. 17.2. Schematic drawing of R. 


2m_, we have 
BS IG a Me as ee) ae 
since the charges for u, d, s are respectively 3,-4 and -3. 
When E is between 2m_ and 2m, , we may write R= 2+ AR 
cm c b 


where AR=3- (3)*=4/8 because the charge of the c quark is 4. 


When Em is increased to above 2m, then the R value should in- 


crease by another amount AR=3.-(4)*=4. The experimental confir- 
mation of these theoretical expectations strongly supports the follow- 
ing conclusions: 
(i) Quarks have fractional charges: Q =2,-%3,-4,% and 
- 5 respectively for q=u,d,s,c¢ and b quarks. 
(ii) Each flavor variety has three colors, and the final states 
are symmetrical with respect to color permutations; i.e., the observed 


final hadron states are color singlets. 
(iii) Quark "masses" are quite small (i.e., well within the ener- 
gy range of our present accelerators), 


(iv) Except near resonances, strong interactions between quarks 
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and antiquarks can be neglected (at least in the calculations of total 
cross sections). 

If indeed the quarks behave approximately like free particles 
and their masses are rather small, the critical question, then, is why 
don't we see free quarks in the final state? This is the well-known 


problem of quark confinement. 


17.2 Color Dielectric Constant * 

The details of QCD will be studied in the next chapter, so 
here we will only briefly mention some of its general features. QCD 
is the theory which describes the color SU, - symmetric interaction, 
The system consists of quarks and gluons. The quarks are represented 
by the spin-3 Dirac fields i with q denoting the flavor u,d, 
s,°es and a the color 1, 2,3; the gluons are represented by the 
vector gauge fields vi where is the usual 4-dimensional space- 
time index and 2 = 1, 2, ** 8 denotes the gluon-color index. The 
theory is a renormalizable one, so there is no difficulty with respect 
to divergences in the ultraviolet region. However, there are compli- 
cations in the infrared region. In order to give QCD a well-defined 
meaning, we may first contain the whole system within a volume of 
size cE . Let 9) be the renormalized coupling constant in the long 
wavelength limit, momentum k ~ le It is possible to prove under 


rather general assumptions and valid to all orders of (coupling)? 
G1, > I if Ue: es (17.3) 
The proof will be given in Section 18.6, As we shall discuss there, 


* The discussions given in Sections 17.2- 17.4 follow closely those 


given by T. D. Lee in A Festschrift for Maurice Goldhaber, 
edited by G, Feinberg, A. W. Sunyar and J. Weneser (New 
York, New York Academy of Sciences, 1980). 
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the above relation is closely connected to the “asymptotic freedom" 
property of the theory, which states that when 9, +0, So decreases 
to 0. Since a pure QCD Lagrangian does not contain any mass scale, 
asymptotic freedom implies that when 2 increases, Ty must also in- 
crease, which leads to (17.3). 

The difficulty lies in the infrared limit. When L > a, it seems 
likely that g, May — 00, or at least >> 1. Because the true physi- 
cal system is one with L= oa, we may always be in the ultra-strong 
coupling limit. In this chapter we shall see how this difficulty can 
be resolved, at least phenomenologically, by regarding the vacuum as 
a color dielectric medium. 

Let us introduce Kp which is called the color dielectric con- 
stant of the vacuum in a volume L’. As a convention, we shall adopt 


a standard renormalized coupling constant g, defined by 


oe <I) 
when (17-4) 
2 = some arbitrarily chosen length, say the proton radius. 
The constant Kp will then be defined as 
2 
oh ees (17.5) 
L K 
L 
Consequently, in accordance with (17.4) 
kp = I when Q = proton radius. (17.6) 
Equation (17.3) now implies 
Kk, < Ko it [ee as (A753) 


With the convention (17.6), the above relation implies that for the 


vacuum in an infinite volume L=o, 


Pe les (17.8) 
foe) 


Just as in (17.3), the inequalities (17.7)-(17.8) are valid to all orders 
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of g* . In the next chapter, we shall also give the lowest-order per- 


turbation calculation. The result is (18.133), from which we obtain 


ae 


kK Sos ee L 4 
g ase rie $n) In | + O(g") 


where n is the number of quark flavor varieties (assumed to be < 17s 


’ Ue) 


Of course, this formula is consistent with the general inequality (17.3). 


The ultra-strong coupling difficulty mentioned before corres= 


ponds to 
a= Oh (17.10) 
or 
oe ae ee lz) 
fee) 


In the former we call the vacuum in QCD a perfect color dia-elec- 


tric medium, in the latter a nearly perfect color dia-electric medium, 


17.3 A Hypothetical Problem in Classical Electromagnetism 

In quantum electrodynamics, our usual convention is to set the 
dielectric constant of the vacuum state Kae 1. It is then possible 
to prove that all physical media have their dielectric constants « > 
This can be seen most easily by using the familiar formula 

D = £4 4nP (17.12) 
where D. is the displacement vector, E the electric field, and P 
the polarization vector, Since under E all atoms have their polari- 
zation P in the same direction as E, so as to produce a screening 
effect, we have k>1. 

In this section, we shall consider a hypothetical problem. Let 
us imagine that in classical electromagnetism, but without the quan- 
tum theory of atoms, there could be a medium with its dielectric 


constant 
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<b: y or =30, (i7ale) 


K 
med 


i.e., this hypothetical medium is antiscreening. Now, suppose we 
place a small charge distribution ¢ in the medium. As we shall show, 
no matter how small e is, the medium will crack and develop a hole 
surrounding the charge. Inside the hole, we have the vacuum so that 
k= 1, but outside k= Kmed? 7 shown in Fig. 17.3. To see this, let 
us assume that such a hole is formed. Because of the antiscreening 
nature of the medium, the induced charge on the inner surface of the 
hole is of the same sign as ¢€. Consequently, if we want to reduce 
the size of the hole, we must do work to overcome the repulsion be- 
tween ¢€ and the induced charge. That work is infinite if the hole is 
to be eliminated in toto. Hence the hole will not disappear. 

This situation is completely different for a normal medium 
whose dielectric constant is >1. Imagine that a similar hole were 
created, The corresponding induced charge would be of the opposite 
sign to ¢€. The hole would automatically shrink to 0, resulting in a 
homogeneous background medium if ¢€ is sufficiently small; this gives 


rise to the usual Coulomb field distribution around the charge. 


OUTSIDE 
> <med= = | 


Fig. 17.3. Effect of a charge in a hypothetical dia-electric medium 
in classical electromagnetism. 
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For a dia-electric medium, however, holes (cracks) must occur 
whenever there are external charges. We may estimate the radius R 
of such a hole, “wit D out and E ut be, respectively, the normal 
components of D and E outside the hole when the radial coordi- 
nate r=R+. Similarly, let D.. and E. be the corresponding com- 


ponents inside when r=R-. For a spherical hole we have 
D. = E =D Sac he 


and = 5 
E mace ‘med ’ 


where e is the total charge of this small charge distribution. The 
electric energy inside the hole is independent of « d- The elec- 
tric energy outside is given by the volume integral of D-E , and is 
oc oe . It is convenient to subtract out the self-energy of the 
charge distribution (i.e., the energy in the absence of the medium); 


the change in electric energy due to the medium is 


=| . 
Solar e 
Us = a & Coe DA. (17.14) 
In addition, there is the energy U ole? needed to create such a hole. 
The amount U is a function of R. When R is large, U 
hole hole 


should be proportional to the volume plus a term proportional to the 


surface, etc. We may write 


2 is 2 400 
Cae 205 Rp + 47R?s + (7.13) 
where p,s, °** are positive constants. The sum M= Uo + Us ole ; 
for « <1, is drawn schematically in Fig. 17.4. When «__,70 
med eee med 
and U = =" R’p, the minimum of the curve M is 
hole 3 
2 a a 
Moe ms 2 | ae (4np)* . (17.16) 
€ ox q 
me 
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Fig. 17.4. The energy M= U, + Ole of the system shown in 


| 
Fig. 17.3, where en bea, 


From this we can draw the conclusion, already arrived at, that if the 


total charge ¢€4#0, then R40. Furthermore, the energy 


M => @ when K ae (7) 


€ med 
It is easy to see that the same conclusion can also be reached without 


Bee ~ 4m 23 
the approximation OF ale So Rope 


Next, we replace the single charge distribution by a dipole dis- 

. oe Re ap 
tribution; i.e., two small, but separate, distributions of total charge ¢ 
and ¢ . It is easy to see that when ae is sufficiently small, the 
minimal energy state again requires the formation of a hole surround- 
ing both charges. As before, inside the hole k=1, and outside 
K=K . When « — 0, it is not difficult to verify that at the 

med med 

surface of the hole the electric field inside should be parallel to the 


surface so that D is 0 outside, as shown in Fig. 17.5. Thus, U.) 


remains finite, as does the sum of energies M + - = U,+ U : 
€ € el hole 


Me = finite when K > 0. (17.18) 


med 
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OUSIDE 


K=K neg 0 


Fig. 17.5. Distribution of the electric field for a dipole placed 
inside the hypothetical dia-electric medium. 


- = 
If we try to separate the two charges € and e€_ by an infinite dis- 
tance, then because of (17.17) the work required must also be infinite, 


This is the analog to"quark confinement" in our hypothetical problem, 


17.4. A Phenomenological Explanation 
1, QCD vacuum as a perfect color dia-electric 

We now return to the problem of quark confinement, discussed 
in Sections 17.1 and 17.2. We shall assume that the vacuum in QCD 
is a perfect (or nearly perfect) color dia-electric medium. By follow- 
ing the same argument given above, we see that whenever quarks or 
antiquarks are present there must be inhomogeneity in the space sur- 
rounding the particles, We may call these bags*, or domain structures, 
or solitons, Inside the bag, the dielectric constant « is 1. But out- 


side, k= = which is 0, or << 1. If the total color is nonzero, the 


* MIT Bag: A, Chodos, R, L. Jaffe, K. Johnson, C. B. Thom and VY. F. 
Weisskopf, Phys.Rev. D9, 3471 (1974), 
SLAC Bag: W.A, Bardeen, M.S. Chanowitz, S.D. Drell, M. Wein- 
stein and T.-M, Yan, Phys.Rev. D111, 1094 (1975). 
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Fig. 17.6. Color electric fields inside hadrons. 


mass of such a bag would be infinite when as 0, in analogy with 
(17.17). However, just as in (17.18), if inside the bag one has a color 
singlet, then the bag mass remains finite when Kea 0. Thus, by as- 
suming all hadrons to be color singlets, we get finite masses for 


-aa Gb ec 
mesons: q q and baryons: Ebod 4 4 


where a,b, c are color indices which can vary from | to 3.{See 
Fig. 17.6.] From this we can derive that the work required to separate 
the quarks to a large distance r is approximately proportional to r. 
The quark confinement is then "explained" by the assumption that the 
vacuum in QCD is a perfect (or nearly perfect) color dia-electric. 
Of course, at present it is not known whether the mass ae ofa 
truly free quark is indeed infinite. However, the fact that no free 
quark has been observed so far in the final state of any high-energy 
collision sets a lower bound ye > 5 GeV for q=u,d and s. It 


can be shown that this lower bound implies * 


a 


* T. D. Lee, Phys.Rev. D19, 1802 era 
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Fig. 17.7. Potential V between two He atoms. 


q 
Koo < 2013 ($-) (17.19) 


where g_ is defined by (17.4), 

We may wonder in what sense we have by-passed the difficulty 
of ultra-strong coupling, mentioned in Section 17.2. To understand 
this, let us consider other problems in physics in which interactions 
are also ultra-strong and yet there are no mathematical difficulties. 
A good example is the interaction potential V(r) between two He 
atoms, As shown in Fig. 17.7, for r<a, the potential V is = in- 
finite; for r>a, V issmall. Because the strong potential is repul- 
sive, the two He atoms automatically avoid the strong - interaction 
region, thereby preventing any difficulty. The usual technique is to 
replace the strong repulsive part of V by a har.l-sphere potential, 
Thus we need only examine a new boundary-value problem: The dis- 
tance r between the two He atoms is restricted to a region r>a 
in which the potential V(r) is small, and therefore can be regarded 
as a perturbation, 

2297 /% 


> a, the quarks are confined to a domain in which «= 1 and the 


From Fig. 17.6 we see that when ea 0, i.e. g 
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coupling =g. Thus the ultra-strong region, G57 Oe exerts a repul- 
sion against the quarks and antiquarks, Just as in the above problem 
of He-He interaction, the particles automatically stay away from the 
ultra-strong interaction region, Because of Lorentz invariance, the 
corresponding boundary-value problem in the present case requires 
the relativistic soliton solution, whose details will be discussed in 
Chapter 20, As we shall see, when we expand around these soliton 
solutions, only the coupling g inside the soliton is the relevant pa- 
rameter, and that resolves the difficulty. [It is only when one attempts 
to make a simple-minded plane-wave expansion around a homogene- 
ous background that one has to use Go 9% the expansion parameter, 
Exactly the same kind of difficulty would appear if one were to force 
a similar plane-wave expansion in the aforementioned He-He prob- 
lem. | As we shall also see, because QCD is asymptotically free, the 
quarks inside the bag behave approximately like free particles and 
their effective masses can be relatively small. 

Since our theory is relativistically invariant, the velocity of 
light a Neagne in the vacuum must remain c. Hence 

ky = | (17.20) 
where «x is the color dielectric constant and yp the corresponding 
"magnetic" susceptibility. When x= oan O one must have p= Ho 
> ay 

With (17.20), we can consider x to be a Lorentz -invariant 
quantity; it plays the same role as the »-field discussed in Chapter 


16, It may be convenient to introduce 
Omcens IK 7, (17.21) 


so that inside the hadron we have x=1, and therefore ¢=0, while 


outside, «=x and ¢=o __. Thus, all hadrons can be viewed as 
fe) vac 
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Superconductor = QCD Vacuum = 
Perfect Diamagnet Perfect Color Dia-electric 


Fig. 17.8. Superconductivity in QED vs. quark confinement in QCD, 


soliton structures in the physical vacuum. Further details will be giv- 
en in Chapter 20. 
2. Analogy with superconductivity 
As mentioned before, in QED there does not exist any dia-elec- 
tric medium at zero frequency; however, there do exist dispersion laws 
which exhibit dia-electric natures at some nonzero frequencies. That 
can lead to physical effects* somewhat similar to those discussed above. 
Another analog is the comparison between the superconductivity 
in QED and the quark confinement in our phenomenological interpreta- 
tion of QCD. When we switch from QED to QCD, we replace the mag- 
netic field H by the color electric field E, the superconductor by the 
QCD vacuum, and the QED vacuum by the interior of the hadron; 
* W. Happer and A. C. Tam, in Laser Spectroscopy Ill, ed. J. L. Hall 


and J. L. Carlsten (Berlin, Heidelberg and New York, Springer- 
Verlag, 1977), 333. 
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therefore in Fig. 17.8 the inside by the outside and the outside by the 
inside. In the former the magnetic field is expelled outwards from the 
superconductor, while in the latter the color electric field is pushed 
into the bag, which leads to quark (or color) confinement. This situ- 


ation can be summarized as follows: 


QED GE|D) 
Superconductivity Vacuum as a Perfect Color 
Dielectric 
H es fe 
He = c——_—_ > K = 0 
inside vacuum 
YP vacuum =I “inside ~ 
inside i> outside 
outside —— > inside 
3. Remarks 


Quark confinement is a large-scale phenomenon, Therefore, 
at least on the phenomenological level, it should be understandable 
through a quasi-classical macroscopic theory, much like the London- 
Landau theory for superfluidity. We suggest that the use of the color 
dielectric constant of the vacuum serves such a purpose, Crucial to 
our explanation is the antiscreening nature of the QCD vacuum, A 
simple demonstration based on the lowest perturbation calculation 
will be given in the next chapter (Section 18.5), which may provide 


some physical insight into this fundamental problem. 


Chapter 18 


QUANTUM CHROMODYNAMICS AND GAUGE THEORIES * 


Quantum chromodynamics deals with the color SU, symmetric 
interaction between quarks and gluons. It is a member of a general 
class of field theories, called non-Abelian gauge theories**, which 


we shall analyze first. 


18.1 Non-Abelian Gauge Field Theories 

An SUK group is one that consists of all Nx N_ unitary ma- 
trices u with unit determinant. In this book, we are interested in 
the special cases N=2 and 3 for physical applications. As men- 
tioned before, the generators of the SU, group {u} are the three 
Pauli matrices =" given by (3.1), and those for SU 


3 
Gell-Mann matrices ‘ given by (12.22). In this chapter, all group 


are the eight 


indices are denoted by superscripts, instead of the subscripts used in 
previous chapters, It is useful to introduce a uniform notation appli- 


cable toall N. We define 


Q Q 


for SU, panda ator SU, : 

a a ee ee eee 

* Readers who are not interested in the mathematical details of QCD 
may skip this and the chapter following. 


™C. N. Yang and F. Mills, Phys.Rev. %, 191 (1954). ©. Klein, in 
New Theories in Physics (International Institute of Intellectual 
Cooperation, League of Nations, 1938), pages 77-93, 


406, 


Q 


= 8s 
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For the general SUK group, there are M = N?-1 such i Fc; 
and they satisfy 


t= tet | trace (1? 1") = 


and (ath 
i, Se 


NiI- 
nm 


%m , : 
The f"'s are the antisymmetric structure constants of the group 


algebra; for SU, 2 raul = oul 


by (12.24). For an infinitesimal transformation, the matrix u can 


is given by (3.4), and for SU, 


be written as 


eee ic 1 (18.2) 


where the a 's are real and infinitesimal. 

Let us consider an SU, gauge theory consisting of a spin- 
fermion field # and a vector gauge field V : , belonging respec- 
tively tothe N and M=N?-1 dimensional representation of the 
group. Hence, the superscript a varies from 1 to N, and 2 from 


1 to M. The Lagrangian density is 


Q Q i 
oe SE oe (y D +m) # 1323) 
Zl UV UV v4 Y m ) ( 
where i 
Ny 
y= | ; 
yp 


Ve ~ VI eV a vy 
Ev an Vv Ass Vv 
and (18.4) 
= a 
yu Oxy 


As usual, x= (r, it), the y ‘'s are given by (3.11) and all 
yu 
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repeated indices are summed over. In analogy with QED, the "elec- 


tric’ and "magnetic" fields E! and B.” are 
Le eee ee Qg mini nen 
E. = ij V4 = V. V. Vo + gf Vo V. 
and . (ieeoy 
Ge, = Ve = ae a 
ijk k i} I J J I I J 
Q 


where Vo. =-j Mi 


indices which vary from 1 to 3. By using the variational principle 


and the subscripts i, j, k denote the space 


(2.10) and the Lagrangian density (18.3), we see that the equations 


of motion are 


(y D+m)% = 0 (18. 6a) 
HoH 
and ; 5 ; 
mn ..m,.,n ay 
U 
where 
Q ; Qg 
ip = yee (18.6) 


It is useful to introduce the Nx N matrices 
on ee, Q Q 


Va Vv ad Vo FTV" , (18.7) 
Hu H EY 


Thus, (18.4) becomes 


ee ee eS | 
LV Ox, van ox 
and (18.8) 
oe 
a, H 


Accordingly, the Lagrangian density (18.3) can be written” as 


i 
£= -str VV j= D +m) ¥# 
ad 


Theorem 1, The Lagrangian density is invariant under the local SU 


N 


transformation 


VSR oe ee oe 
v v v g dx, 
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and (18.9) 


where u =u(x) is any Nx N unitary matrix function of x with 


et sue 


Proof, From a = 1, it follows that 
a, pi eG (18,10) 
ax 8x ' ; 
yl 
Hence, 
av ' av 
Vosy ol oh V ie. u V = 
ax ax ox ax 
r r r 
i du aul i 92u! 
"3 Ox. dx fig” ax ax 
g Ox, ax,  g 
2 oy qi au! t 
=U ay AU aaa Venu 
H et 
ol aul , ein! Pel é 92u! 
g Oxy Ox | g ax dx, 
By substituting the above expression into 
= @ rs) . 
a ee Nei i VS al 
rs) rs) 4 ’ 
oN aa Vv x) H H Vv 
and using the upper equation in (18.8), we obtain 
Vi=auvV ie . (18.11) 


VY HV 
From (18.9) and (18.10), we find 


i 
Bv-u BeBe -o(R-F os), 
ax 

H H H 


and therefore 
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tT 


From these it follows that %! yy Dee yl Y¥4 7,0 ¥% and 


trace V 'V '=trace VV which establish the invariance of &. 
Hy wv HV WwW 


Remarks. QCD refers to the special case of the color-SU, gauge 


theory. In (18.3) we set = be and m=m, for the quark field of 


f 


flavor f, and then sum over the index f . 


Exercise, Show that for the infinitesimal SU,, transformation (18.2), 


N 
(18.9) becomes 


V > V"+ 6V and pb + 6H 
v v v 
where Q 
sve = pomn gm n_ 1 09 
Vv v g Ox, 
and ran) (18.12) 
6% = -iT OO 4 


Verify directly that £ is invariant under such an infinitesimal trans- 


formation. 


Theorem 2. It is possible to choose u(x) such that the transforma- 
tion (18.9) can bring V_ from any configuration V = F (x) to 
U 
(i) the Vas 0, called time-axial, gauge in which the new 


V _ satisfies 
U 
V 40) = i Vo) = 0 everywhere; 


(ii) the space-axial gauge, in which one of the spatial compo- 


nents, say, 
V1 &) = 0 everywhere; 
(iii) the Coulomb gauge, in which 
Vv. V. (x) = 0 everywhere. 


Proof, (i) From any configuration V = F (r, +), we may choose 
ee r 
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i 


u-_to be the following time-ordered function: 


t — 
=“ alin OE Gets edt 
me t) = Te 0 : 


where Fos at A and T is the time~ordering operator defined by 
(5.38). Hence, of satisfies 


ar = TSIEN , 
or , tT 
u F Hime ce = 0 
4 Ox, 


Thus, (18.9) transforms af from the configuration F (x) to the time- 
U 


axial, or Vo = 0, gauge. 

(ii) Replacing x4 and FA in the above formulas by x and 
Fy , we establish the accessibility of the space-axial gauge. 

(iii) From any given configuration V = ee t), we can de- 
tht A. = uF. aie uv, ul = T AS 
and S Ms) 


MA.) = f trace (A, A)dr = 3S A! ade 


Keeping t and F_ fixed, from the two equations above we have A. 


and I(A.) both as functionals of u(r) . Since I(A.) is by defini- 


tion > 0, it should have a minimum. We now vary u(r) to search 
for this minimum. From (18.2) we see that for 6u = Hie Ta 
6A e pomn gm an Z -V, 2 
I 


Qmn . F : 
Because f is antisymmetric, we have 


Av gal = -+ av. 0° 
i g i i 


Hence, by using the above expression for I(A.) and through partial 


integration, we obtain 
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Since g* (r) can be an arbitrary infinitesimal function of r, the 


minimum of I occurs when 
V, Al ea 


which is the Coulomb gauge. 
In order to insure that in the above partial integration there is 
F 3 
no surface term, we may enclose the system in a box of volume L 
and impose the periodic boundary condition. In QCD, because of the 
infrared problem, the finite-box approach affords a certain degree of 


mathematical security. 


Remarks. Different gauges complement each other in their applica- 
tions. In order to establish unitarity, the direct route is via the Hamil- 
tonian operator and canonical procedures, As we shall see, this can be 
carried out most simply in the time-axial gauge, from which we can 
then move on to other gauges. For practical calculations, the time- 
axial gauge has extra complications because there exists an infinite 
number of constraints on the state vectors in that gauge. In most ap- 
plications, the Coulomb and the covariant gauges are the more con- 
venient ones to use. To show Lorentz invariance, we need the covar- 
iant gauge (Section 19.6). However, by itself the covariant gauge 
has no Hermitian Hamiltonian, and therefore it needs other gauges 


for the proof of unitarity. 


Exercise. The (classical) energy-momentum tensor density ue is 


given b 
‘ 2 8Ve af ay 

= V 5 + ¥ i ap Was) 
LV yo Ox H OX, 


LV 
(i) Verify that T _ satisfies 
"Y pV 
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Hence, the energy E and the momentum P , given by 


: 3 a 3 
Ba yy oe and = Va tee, 


are conserved, 


(ii) Prove that E and P are gauge invariant, even though 


i is not, 


18.2 An Example 
As dynamical systems, both QED and QCD belong to a class 
of Lagrangian theories whose generalized coordinates can be separa- 


ted into two types: q 's and S s. The Lagrangian L is a func- 
a 


tion of she Sly a but not of gt 


L= Liq. ar &) - (18.13) 


n 
In addition, L is invariant under a group of transformations whose 


elements u contain certain arbitrary functions of time (e.g., in (18.9) ). 


Definition. We call a Lagrangian system “gauge invariant" when- 
ever the elements of its symmetry group contain arbitrary functions 


of time. 


Clearly, the possibility of gauge invariance is not restricted only to 
field theories. 
The Lagrangian equations of motion can be derived through the 


variational principle (2.10). From (18.13) we find 


and a ale (18.14) 


In classical mechanics, usually the solution of the Lagrangian equa- 


tions of motion can be uniquely fixed by the initial values of the 
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generalized coordinates and their first time derivatives. This is no 
longer so for a theory with gauge invariance, because of the arbitrary 
time-dependent gauge transformations such as (18.9). For a quantum 
system, this feature generates still other complications, as we shall see. 
Without gauge invariance, (18.13) by itself does not give us any 
problem in carrying out the quantization procedure. We may use 


dL/aé =0 tosolve € intermsof q and q : 
n n a a 


é = g(a 4) 


n 


which, when substituted into (18.13), gives 


PS L(g 7a 6 (4 eed ime ceupi) ae 
a a n oa a a a 


The generalized momentum p_ is given by 
a 


- el. ail 
Po COC aq 


a a 


where in the differentiation O@L/8q wekeep q_ fixed, but in 
OL / aq we also keep - fixed, Iris easy to ae that the standard 
quantization procedures (1.5)-(1.9) can be carried out in a straight- 
forward manner. 

With gauge invariance, the situation is quite different. As will 
be shown, the time-dependence of u would in general impose a func- 
tional relation between Peace and aL/ag. , which makes it im- 
possible to satisfy simultaneously 9 L/ae = 0 and the quantization 


rule 


[pir dg! = ae ? (18,15) 


This, then, is the underlying reason why we have to choose a specific 


gauge to carry out the quantization procedure. 
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1, A simple mechanical model 
Let us consider a point particle in a three-dimensional space 


at position tT. Its Lagrangian is 


> > — 


L= 4(r-& x r)? - V(r) 


where r= |r | , & is another coordinate vector, but & is absent in 
L. It can be readily verified that this Lagrangian is invariant under 


the transformation 


ae AS 
and " re ” a o 
ee eee (18.16) 


=> 


where gq = a(t) can be an arbitrary infinitesimal vector function of 
time t. Except for the 3(€x7)2 term, this would be the problem 
of a nonrelativistic charged particle moving in a central potential 
V(r) and under the influence of an external magnetic field. 

We may further simplify the problem by imposing the constraint 


that r= (x, rXo4 x3) lies on the (x, , X,) plane and f= 6 


Z 


where e is the unit vector along the x3 - axis, The above Lagrang- 


ian then becomes 
- (x, x) - x» %1) £+4£2r2 - V(r) (18.17) 


—> 
where x. and x. are the Cartesian coordinates of r which is now 


] 2 


a two-dimensional vector. In terms of the polar coordinates 


x, =rcos@ and Xo =r sin9, L can be written as 


I 
L = gif2+r?(@-€)?] = V(r) (18.18) 
and (18.16) is simply the Abelian group of transformations: 
@ — @ + a(t) 
and (18.19; 
ee eat) 
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where q(t) can now be any finite function of +. The invariance 
group of this simple example shares with the gauge groups of QED or 
QCD the special feature that its elements contain arbitrary functions 
of t, like the u's in (18.9). 
By using (18.14) and setting os = €, we find 
as 
ag 
Since the conjugate momentum to @ is 
a8 


we see that the commutation relation 


= =-r2(@-#) = 0, (18. 20) 


= r?(6-£) , 


[Pp 8] = -j (18.21) 


contradicts (18.20), confirming the necessity of choosing a gauge for 
the quantization procedure. 

The Lagrangian equations of motion (18.14) can, however, be 
written down without difficulty. In this example they are, in polar 


coordinates 


and | (1Ss22) 
@-£f = 0 
2. & = 0 gauge 
Because of the gauge transformation (18.19), any orbit T = r(t) 
and & = &(t) can be transformed to one in which £=0 at all time. 
In this gauge, by setting § =0 in (18.18) we find 
L = $72 - V(r) 
The conjugate momentum p_ is given by 


= 
r 


jo = 


’ 


DY Ia 
al || = 
| 
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and the Hamiltonian H is 4 p 2+ V(r). Thus, in quantum mechanics 


and PT! v 

al So AS EG) (18,23) 
The angular-momentum operator 

aa = -j om = =f} || se cd =- x pcs 

) Q ] Ox, Z Ox, 


commutes with H. To be consistent with the equation of motion 


r2(0 - £)=0, given by (18.22), only eigenstates | > of H with 
wl (18.24) 


will be accepted. Hence, these eigenstates are all Q-independent, 


and that leads to 
1 d d 
H = Oa Au (r ae ar V(r) e (lie, 25) 


Consequently, in the =0 gauge we reconcile (18.20) and (18.21) 
by keeping the quantization rule (18.15) 
a [p,. x1] = [pp 1 x, | = -i 

[py 1 Py! = [x11 x5] = 0 
intact, but replacing @L/d& = 0 by the constraint (18.24) on the 
state vector. 


Sax, = 0 gauge 


Z 

From (18.19), we see that any orbit T=r(t) and & = €(t) can 
also be transformed to one with Xo = 0 at all times, albeit there are 
two branches: x1 ean be >0O or <0, with x) = 0 being the point 
where the Jacobian of the transformation is zero, [This corresponds to 
the so-called Gribov ambiguity in the literature.] In the Xo = 0 


gauge, r? = x,? and the Lagrangian (18.17) becomes 
t ] 
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IS bee eacs = VCw) 


where, for definiteness, we choose the branch of positive x) Since 
the above L does not contain & , we may follow the standard pro- 
cedure to eliminate £ through @L/d& = 0, which in the present 


example is simply x 6 = 0. Hence, the Lagrangian becomes 
a= 2x? - V(x) 

The conjugate momentum Py is xy and the classical Hamiltonian is 
H = 3 py + V(x) 


In passing over to quantum mechanics, in order that the spectrum of 
this Hamiltonian be identical to that of (18.25), it is important not 
to treat x] in the Xo = 0 gauge as a cee poe in the 
above Hamiltonian Py is the operator - om de x be and 
not - Ee . Thus in the a O gauge we reconcile (18.20) and 
(18.21) by modifying the quantization rule (18.15), but retaining 


aL/a& =0 as abona fide operator equation. 


Remarks. (i) The Lagrangian (18.18) has the same formal expression 
as that of a two-dimensional particle moving in a central potential 
V(r), but observed in a rotating frame with angular velocity &. If 
§ is regarded as a dynamical variable, then the problem acquires a 
gauge invariance, and it reduces to the example discussed above. 

(ii) As we shall see, the €=0 gauge is the analog of the 
MG = 0 gauge in QED or QCD; the Xo = O gauge corresponds to 
the usual Coulomb gauge. In this simple example, the choice of 
which coordinate in what gauge is Cartesian can be determined by 


the one who makes up the problem; it seems sensible to assume that 


inthe £=0 gauge the coordinates x, and x, are Cartesian, as is 


! Zz 
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done in (18.23), In the non-Abelian gauge field theory, however, one 
is guided by the requirement of relativistic invariance. As we shall al- 


so see, that is consistent with the choice of V.= 0 gauge as the 


0) 
starting point. 

(iii) The group (18.19) in this simple example is Abelian. Nev- 
ertheless, there can be complications due to curvilinear coordinates. 
The gauge transformation in QED is not only Abelian, but also a trans- 
lation in rectilinear coordinates, and that is why it is simple. 

(iv) Before leaving this example, we note that if we wish we 
may choose a more general gauge, in which an arbitrary function 


X (x17 %or £)=0, provided that any point in the (x, Xn, &) Space 


Die 
> £)= 0 through the 


gauge transformation (18.19). In the next chapter, Section 19.3.3, 


can be transformed onto the surface X(x) x 


when we discuss the path-integration formalism, we shall come back 

to this simple model. Here, we only remark that it is often useful to 
iL 

absorb a factor of r2 into the state vectors so that H, given by 


(18.25), becomes 


_ i 1 2 
H = re H r 2 = -3 ay + V(r) - inne (18.26) 


which changes the volume element from rdr to dr and adds to the 


potential V(r) anew term - (8r2)" : 


18.3 Quantization: YOu 0 Gauge 
We now return to the non-Abelian gauge field theories dis- 
cussed in Section 18.1. From Theorem 2(i) on page 410, we see that 


through the gauge transformation (18.9), any configuration of V 


can be brought to the time-axial gauge; i.e., 


V, = 0 everywhere. 
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In the time-axial gauge, by setting a = 0 in (18.5), we find 


ea = -v. 


and (18.3) becomes 
ee he 


Q if 
- 4 D + 8 > (18.27 
) 14%, ’ m) ( ) 


The conjugate momentum of ve is simply 


Q ee Q 


TI. a Maes Gees (18.28) 
and that of ¥ is igt as in (3.17). Thus, the Hamiltonian density 
is ve + i yl pee is 

dt = $(11. ine + B.. B.") - gl.” Wy + GAA m)¥% , 


(Tee27), 


where ie denotes the space-component of the current operator giv- 
en by (18.6c). The usual canonical quantization procedure leads to 


Rel = cee Gan 
- ee ee (18.30) 
Gr GeO, =e oi) 


ma 


Wel, 0), Tr 


The equal-time commutators between the V. 's and between the LF 'S 
are zero; likewise, the equal-time anticommutators between the ¥'s 
and between the yl 's are also zero. 

Remnants of the original gauge transformations (18.9) remain 
important. In accordance with (18.7), we denote 


Yo =e Vz 


T= 7 Th 


and 


(18.31) 
It can be readily verified that the Hamiltonian density #2 and the 
commutation relations are invariant under a time-independent SU 


N 


transformation 
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oe” (oun! 
i i Gy al 
ii 


TT. = i uF U (18.32) 


and 

uel 
where u = u(r) can be any NxWN unitary matrix function of rs 
with det u=1. Since the u(r) 's are time-independent, the in- 
variance group {u(r)} is generated by the r-dependent operators 


g* which are conserved: 


Er = ye a g! 72 


where aetaioa cs 
i a, (18,33) 
and , 0 9 
De ecueerot 
It is straightforward to verify 
sc), JIG) = ea PG), 
Cia CA ae Co a CeO 2 CH 
(GG, 9, nl = ee Taf, 1), (18.34) 
cane en een (er) TT (ea) 
and a ; 7 . 2mn ove | = 
TENG Ve GRIME = S (eet) Vet 


ge ST ee 
g I 


where Vv. is the differential operator with respect to T, Conse- 


quently 4" commutes with the Hamiltonian H = f 4d A and 
y+) = i[H Ci tT, t)] = 0 


By commuting H with #, we obtain the equation of motion for ¥. 


Likewise, by commuting H with Vv." and ie we derive (18.6b) 


Ae PAR TC BE PRrvsles INS A Cml@ns 


for vy =i which canbe 1, 2, 3, but not 4. We note that ig 4? 
is identical to the lefthand side of (18.66) when v=4. Thus, in 


order to be consistent with all the Lagrangian equations of motion, 


in the Vas 0 gauge we require all state vectors | > to satisfy 
@ js sa. (18.35) 
. ses 
In ae Schrédinger picture the operators V. = V. (r) and 


LF 2 = TT. ae ) are all t-independent. The state ne in the Ve 


orca is the functional 
HG) = a | ae (18.36) 


In this representation, 
ee & 
Te. (r) = -i —— . 18.37 
6Vv.2 (F) Sa 


Hence, the Hamiltonian H is 


4 am 2 V7 (18.38) 
where 
1 °) fs) 3 
| ee 
OS oa am 
atl (18.39) 
V = S158) By - gt vs VG, + ay Oder 


From (18.28), it follows that the nee of (18.39) is sim- 
ply the integral of the electric energy 3 f & r ef E. . By using 


(18.33), we see that 
ay? = -V, E+ of an EV gp 7? 


Hence, the constraint (18.35) implies that the state vector | > satis- 
fies Gauss' law, which can be written either as 


2 2 
Cy ees |S = © 
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or Q Q (18.40) 
(0D) Fe sip | > =90 


where D. is the covariant derivative which satisfies 
i 


(D, E.)” = Vv. E. + Gita ve Es , 
and ar is the total "charge" density. We can decompose ae into 


two terms 


v Q Q 


Pp = Py + Pf 
with py as the charge carried by the gauge field due to its non- 


Abelian nature 


Q mn m,n 
Py = fi E. V. (18.41) 
and Pp as that due to the fermion field, 
a SP ee (18,42) 


We may expand ie (r) in terms of the Fourier series: 
= a» J2/8 [x.” ) cosk-r + ye (k) sinker | 

where the sum ve extends over half mt the ik space, and ie is 
the volume of the vane Clearly, x ee exists for k= 0 as well 
as k 0p but Y. ne exists only for k#0. i each nonzero 
wave-number pair k and afk. there are 3M x. ie and 3M 
Y; EY, since i runs from 1 to 3 and Q varies from 1 to 
Me oe ~ 1 for the 2 ON group. The Hermiticity of Vv. implies 
that x. Be and y; Ls are also Hermitian, 


x (kK)! = (RK) andy, (RY! = 2 (K) 


In terms of these variables, MK of (18.39) can be written as 


2.2 mys a . af es 
meat (Cobar Lat) 
oe ( soa | Leet { 
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and the Hamiltonian (18.38) becomes 
rae (Loder Co +2 
wig axhik) | * LayF® 
(18.43) 

By comparing the above discussion with that given in Section 
18.2 for the £=0 gauge of the simple example, we see that & of 
the simple example is the analog of Voi likewise, p= -iV is the 
analog of Th = -i6/8V., and Pg | > 0mis Maton “ | >=0. 
Just as in the simple model, knowing the Hamiltonian operator in one 
gauge uniquely determines its form in any other gauge. As we shall 
see, through the introduction of curvilinear coordinates it is possible 
to eliminate the constraint (18.35), in complete analogy with the pas- 
sage from (18.23) to (18.25). Furthermore, as will be discussed in Sec- 
tion 19.6, for the covariant gauge, this procedure does lead to a set 
of relativistically covariant Feynman rules. 

It is useful to examine the above Hamiltonian side by side with 
that for the quantum soliton discussed in Section 7.6, We note that 
the two Hamiltonians (7.81) and (18.43) have very similar mathemati- 
cal structure; both contain the Laplace operator in terms of a set of 
Cartesian coordinates. We recall that when we transform any set of 


Cartesian coordinates Xp Xone into a set of curvilinear coordi- 
nates q 0 qo 7 989 p 
A a 
KOS | 0X5 eee ie ' 
sy : 
the Lagrangian 
L = $Xx-U 


becomes 
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L=44qM4q-U 
where U depends only on x =x(q), and the matrix elements of M 
are given by 


ie (18,44) 


The conjugate momentum of q_ is p= a L/ aq, = Mia ap: Clas- 


sically, the Hamiltonian is 


H, = p.4 -L = pM p+U (18.45) 


cl a 
where p_ is the column matrix whose elements are Po: 
Quantum mechanically, the Hamiltonian operator in the Car- 


is 


tesian coordinates Xp Xo ot 
1 oe 
eee ox Oe : (18.46) 


By using (7.113), we see that in curvilinear coordinates it becomes 


ee BM'Op+U = -4 


2 
where $ is the Jacobian given by 
4 = J/detM . (18.48) 
[ See Exercise 3 below.] 


Once it is known that there exists a Cartesian form (18.46) for 


Ie = d 
7 dq, (“ob $ Ba, 


the Hamiltonian operator, then its form in any curvilinear coordinates 

is uniquely determined. By setting in the classical Hamiltonian (18.45) 
rks 

a oq, 


and with the inclusion of the Jacobian factor, we obtain the quantum 


t 


operator (18,47). In Chapter 7 this procedure enabled us to derive 
the quantum soliton Hamiltonian (7.99). Here, the same steps also 


provide us a direct route to other gauges. 
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Exercise 1. Verify the equal-time commutators given in (18.34). 


Exercise 2, Restrict the Hilbert space to state vectors that satisfy 
(18.35). Show that the equations of motion (18.6a)-(18.6c) can be 
derived by using Heisenberg's equation (1.9). 


Exercise 3. The Jacobian of the transformation Xp Xn oe 
SH ' a) potas oS 
d(x, f 25) g pe ) 


8(q) 7455 vee ) 


Verify that it satisfies (18.48). 


18.4 Coulomb gauge 


1. Coordinate transformation 


Let us start from the Vo = 0 gauge and consider any configur- 
ation ve (x). According to Theorem 2 on p. 410, there always ex- 
ists a gauge-transformation matrix u(x) which can bring v. (x) in- 
to the Coulomb gauge, and vice versa. For clarity, the gauge field 
( 


in the Coulomb gauge wil! be denoted by A “(x), and that in the 
U 


Vo = 0 gauge by Vv,” &) . Thus, we may write 

We aks vie * uy, yl (18,49) 
where ceiml. 7) 

Y= A Sy (18.50) 


and as is appropriate in the Coulomb gauge 
Part sa 


From (18.9) we see that, because V, =0, the fourth component of A 


0 H 


satisfies 


gj = vas Luo 


i (18.51) 
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Fol SU, , since there are three g=nerators 4 ae as shown in 
(11.33), any 2x 2 unitary matrix u with det u=1 can be charac- 
terized by three angular variables 8, ; 8, and 8, , usually referred 
to as the group parameters. For SU, , there are eight generators 3). 
Thus, any 3x3 unitary matrix u with unit determinant depends on 
eight group parameters 9, cee 95 . In general, for SUK we need 
M=N?-= 1 parameters to specify the u-matrix. Ina field theory, 
these a are functions of x, and through them u(@ ) also becomes 


x - dependent; hence we have 
u(x) = u(@ ()) . (18.52) 
a 


At any fixed space-time point x, there are altogether 3M 
Ve" 6), since i varies from 1 to 3 and 2 from 1 to M. In 


the Coulomb gauge there are M constraints given by 

A = 
Hence, there are only 2M independent A (x). Equation (18.49) 
can then be viewed as the transformation relating 3M Cartesian co~ 
ordinate Vv. (r) to the curvilinear coordinates, 2M al and M 
0: Q Q 
NER 9)) vetite) Se (18.53) 


a 


2, Rigid-body rotation 
For SU, , the three group parameters 9 have familiar physi- 
a 
cal interpretations, We may choose them to be the Euler angles a, 
b and c. Thus, the u- matrix of (18.49) can be written as 
_ vee a = aise S |! eres = w? iS 


wfenen? e Ye (18,54) 


where + , t , tT are the usual Pauli matrices. 
x z 


We recall that the origin of the Euler angles a,b,c lies in 
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Fig. 18.1. The basis vectors of _ X, Y, Z 


are 
lab 


and those of ee Gre exeay 2. 


the description of a rigid-body rotation. As shown in Fig. 18.1, there 


are two reference systems, the laboratory frame y and the body 


lab 
frame » se: Each frame is defined by a basis of three orthogonal 


To 


A A 


° S a ~ ~ ~ 
unit vectors: X, Y, Z for a and x77, 2 for Uthat ’ 
go from a to Lee , we follow the "cab" sequence: First ro- 
tate an angle b along 


which moves the y-axis from Y to e, , then an angle a along e, 


i= 


A 


which rotates the z-axis from Z to Zz, and finally an angle c 
along 


~ — aA 
Z = €& 
c 


The inverse "bac" sequence then brings ys 


body a De ; 


Consider now a point P in space, whose coordinates in » 


lab 
and Ei ess are, respectively, X, Y, Z and x,y,z. Letus 
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7 
i 


il 
2 * ae tT, 4) 


| 


Zee tye T2) 


From the definition of the Euler angles, it follows that 


t 


R = uru 
where u_ is given by (18,54), [As we shall see, R plays the role of 
‘e in the gauge-field case, and r the role of A. al 

We keep Die b fixed, and consider the rotation of » body PY 
changing a,b and c. The angular-velocity vector is 

de + be + ee (le oan 
where, as usual, the dot denotes a time derivative, Let us refer to the 

; Q Q 
components of the above vector in Me, and 3 lob & and Q 
respectively. It is useful to define 

iv 6 = w» = Ly. o 
and ; _ (18.56) 

1G = 2Oy es hee) 

Then, the matrices w and Q are related by 

Q = uwu § 
and the components of @ and Q are the aforementioned a and 


a , related by 
Gy eae (18.57) 


where ut is satisfies 


ple = (18,58) 


, 


: US : : 
with the components of + the same Pauli matrices Tee and te 


used in (18,54), Equation (18.58) implies that the transformation ma- 


trix that relates ody to Las is 
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therefore U is real and orthogonal. 
The Lagrangian L ofa rigid body with no external forces is a 


3 ° 


function only of Bs ? Se and w 
L = ion) 
Through (18.55), or more explicitly (18.66) below, L is also a func- 


tion of a,b,c and 4,b,¢€. The conjugate momenta of a, b 


and c are given by 


= ey NIL 2 dw aL 
Pa ee ep PL ab aw 
and - we aL (18.59) 
c ac auk 


It is well-known that the derivative of L with respect to He is the 


ne : 
component j- of the angular-momentum vector in by 


body ° 
Q aL 


j = . (18.60) 
aw 


The same vector viewed in ave carries the component ae Hence 


we have 

eee a eee i eka 7 eas 
or Q Pain 

je oe (18.62) 


similar to (18.57). 
In the quantum theory, J is the rotation operator; the conju- 
gate momenta to a,b,c are the derivative operators 


= ee ee d Saree 
P ae FS Pais Pe CO: lei 


a c 


In ), lab the components of the angular momentum satisfy the usual 


commutation relation 


. 2mn on 
ie 


te = (18.63) 
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We shall now show that* 


ane een . &mn on (18,64) 
j , J ] may Medel Io J 


Proof. From (18.61) we have 


jak. Tat se, 

ee Doe ae aD 
} eS Soe ae 
an 

ee ee" 


where ca . oe and ae are the components of x, y and 2Z 
viewed in ee . Since xX, y and Z are unit vectors fixed in the 
body frame, under a rotation they transform like J; all rotate like 
vectors, Hence, the scalar products x - ce y- J and 2-J are 
invariants, and that gives the upper equation in (18.64). 

The same property can also be expressed analytically; we have 


. Ymn an 
| & x 


am 


SS eet | 


= |e 
Te een moe (18,65) 

from which it follows that [y" ; al J 
2. 33 


=[J”, j/ ] =0. The commutator between i! and if r 


yl 


=0, and likewise iy id 


am m 


eminem ee ee 


ey allen) 
OA ne 


which because of (18.65) becomes 


ee es | eo a 


am m&n an Q i ae 
= y = 


* Notice the minus sign in (18.64), 
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and that establishes the lower equation in (18.64), In the next sec- 
tion, we shall apply these elementary properties to the non-Abelian 


gauge field and show how the dependence on these angular variables 


9 in (18.53) can be eliminated. 
a 


Exercise 1, In terms of the Euler angles a,b,c and their time 


derivatives, show that the components of w and © are given by 


=> eCie Ss Gincl wesc 
P, e f . e 
0 =O Cesicet ps Siimic) (Ssihicmm 
S : ‘ 
w = b cosat ¢é 
and (18.66) 


1 : 


OF = Gesin be cacinicico: omer 
Q 


= earcacib: +c sind sinh me 


oy = b+ écosa 
Exercise 2, The matrix U= ave! ), defined by (18.58), connects 
any vector components r" in the body frame to the component Re 
Qm m 


of the same vector in the laboratory frame, R? =U™ rr . Show 


that in terms of the Euler angles a,b and c the matrix U is 


cosa cosb cosc - cosa cosb sinc sina cos b 
-sinb sinc -sinb cosc 
U =! cosa sinb cose - cosa sinb sinc sina sinb 
+ cosb sinc + cosb cosc 
-sina cosc sina sinc cosa 
(18.67) 
Exercise 3. Prove that 
£1 ies cies cos ¢c fe cos a 
= =e cos c ——— 
J Pa sina Pb sind) wicue: 
oe bs sinc ‘ cos a 
J = cosc p + ———p, - sinc ——— ; 
a sina "b sina 'c 
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We Pee 
ana y! >. 5 ~ cosh £282 " cos b (aes) 
7 caer ete sina Pb sipna) Ge = 
a : cos a sin b 
ae Pa me {tome aie oe 
ote 
where 
=e ee Seep ee eee: 
E da ' db Pe dc 


Exercise 4. Prove the commutation polaron (18.63)-(18.64) by us- 


ing directly the expressions of the angular-momentum operators given 


by Exercise 3. 


oe SU, gauge field (classical) 
Let us return to the non-Abelian gauge-field theory and consid 
er first the SU, group, so that in (18.53) @ can simply be the Euler 
a 


angles a,b and c; ice., 
8, x) = a(x) , 8, ) = b(xk) = and 8, &) = c(x) 


where, in the field-theoretic case, these angles are all functions of 
the space-time position x. Via (18.54), the matrix u(a, b, c) also 
becomes x-dependent. We shall now follow the general procedure 
outlined in (18.45)-(18.48). Since (18.43) gives the Vo =0 gauge 
Hamiltonian in Cartesian coordinates, the Coulomb-gauge Hamilton- 
ian operator can be derived by first writing down its classical expres- 
sion, then setting all momenta p, te be -i 0/9q. and arranging 
these operators in the ast (18.47) with the inclusion of the Jacob- 
ian (18.48). Finally, the dependence on these angular coordinates 
a(x), b(x) and e¢(x) will be eliminated by using the constraints 


(18.40). The result is the quantum theory in the Coulomb gauge. In 
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this section, we derive the classical Coulomb Hamiltonian ( (18.95) 
below); the quantum operator will be given in the next section 
( (18.97) below). 

In the following, the SU, transformation will be referred to 
as the "isospin" rotation, and the isovectors will be represented by 
arrows, The generators 1 are the Pauli matrices, indicated by 


the isovector ay; (18.50) becomes then 


V2 = av and a Loa. 


A. = 0 


with A. satisfying the transversality condition 
as 
ie 


The two matrices V. and A. are related through (18.49) 
V. = UA, a = uv, on 
i i g i 


The fourth component, Ay =j Ay , is given by (18.51) 


he ee ee ae 
4 g g 
which, in terms of the matrix w given by (18.56), is Ay =-iw/g, 
or Ay =-w/g. Hence, in isovector form, we write 
~ @ 
Ay -— oo (18.69) 


The table opposite summarizes some of the notations that wil] 
be used in the Coulomb gauge versus those in the time - axial (i.e., 
Vo= 0) gauge. As in the table, let the electric and magnetic fields 
in the time-axial gauge be E and B. , those in the Coulomb gauge 
be E. and 8, . According to (18.11), the electric and magnetic 
fields transform homogeneously like isovectors under the gauge trans- 


formation (18.9); consequently, 


BT. = u(d7-&,) ul 


NI 


QUANTUM CHROMODYNAMICS AND GAUGE THEORIES 


gauge field 


covariant derivative 


electric field 


magnetic field 


Cipaiakereyclic) 


conjugate momentum 


fermion field 


charge density 
where 


and 


Gauss' law 


Time-axial gauge | 


V. (no condition) | 
ae | 
Moe 0 | 

| 
D. = V +g V.% 
E.=-V. 


poke ke j 
+g Vx V, 

i i 

. | 

Py * Pe 

= Vag 

pe = ® al Ae 

Bye ee MI, 

we 9 Pp 


435. 


Coulomb gauge 


A. (V, A. =0) 
Ay =~ e/g 
Yana 
= = eres 
&.=-A.+ — 0 
1 i egy 4 
Bees = 
a 
ia al media 
as ee 
T= Es 
Y 
c 
Nes Fe 
ea Ok 
—> — = 4p 
= x 
aN A. TT. 
WSinia.. = © 


Table 18,1 
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and + 


+.B, a u(dt +6.) U 


Ni— 


From (18.58) we also have 


wee v= Tew ry 
and therefore the components of on iS , B and B® satisfy 
B= UEP ond B= UM gm (18.70) 


I I 
In terms of the Euler angles, oe is given by (18.67) and it satisfies 


ur™ yen a 


m2 ,nQ mn 


Us = 6 
In the language of the analog problem of rigid-body rotation, we may 
regard the Vo = 0 gauge as the "lab" frame and the Coulomb gauge 
the "body" frame. The above E and Ee then refer to the com- 
ponents of the same isovector, but viewed in different frames; like- 
wise for B." and oF ‘ 

(i) For simplicity, let us assume that there is no fermion field ¥, 
[The generalization to include } will be given in (ii) below. ] The 
Lagrangian and the Hamiltonian are both gauge invariant. By substi- 
tuting (18.70) into (18.27) and (18.29), and setting ¥ = 0, we see 
that 


H= fdr = dys (E.-E.+ B.-8) oe 
and 3 


aha hs ie (18,71) 
L=Sidr=hs(E,-E.-8,-6,) dr 


From (18.69) and Table 18.1, or (18.5), we see that 


E, = -A,-(¥.4+gA.x) Ap 
= 273 = 5,6 (18.72) 
where 
G = V. +g A. i (18.73) 


is the covariant derivative in the Coulomb gauge so that 
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G0 =Vi0+gA.x0 
with the cross denoting the usual isovector product, 

Our task is to express H asa function of the appropriate gen- 
eralized coordinates and their conjugate momenta, In the Coulomb 
gauge the generalized coordinates are the transverse field A and 
the Euler angles a,b and c. By substituting (18.72) into the La- 
grangian L , given by (18.71), we observe that the dependence on 4, 
b and é in L is entirely through the w - dependence in the elec- 
tric field. Thus, (18.59)-(18.68), derived for rigid-body rotations, are 
directly applicable here. According to (18.68), the conjugate momen- 
ta poe PL and Po of the Euler angles are linear functions of the 
components of the isovector i = §L/6u. By differentiating L with 


respect to w and using (18.72), we find 


= se} aL L eee eo 
Ss | ga hes 
! 


In the Vo = 0 gauge, the corresponding covariant derivative is, ac- 
cording to Table 18.1, 
D. = V,+9V.* 
From (18.28) and (18.33) it follows that 
ee Bae 
Jo =- 5 (D. E.) 
Because . é, and D. Es are covariant expressions, if can be read- 


ily verified that, similarly to (18.70) 


eye ee (18,75) 


which is the exact analog of (18.62) in the rigid-body rotation prob- 
lem. [ See the Exercise below.] 


To derive the conjugate momentum of A. , we can differentiate 
! 
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the Lagrangian L with respect to = , under the constraint Vv. A= OF 


As we shall see, the result is * 

-E" = kK - (6,.-V~?v, Vv.) (A, x @) (18.76) 
which clearly satisfies 
= tr 
he ea 


= 0 


To derive (18.76), we observe that the sum of (18.72) and (18.76) is a 
total gradient: 


re [5 8+V 7 VA, x 0) ] ae 


I I I 


Hence, just as in (6.17)-(6.19), the electric field E. can be decom- 


posed into two terms: 


=o sae (18.77) 


o = = 


* In matrix notation, 


= = TT ae Cee 
gs Maer 20 = en CPN): 
= =e a? 3-4 
2 ‘ = - r! 
Seateal| rt aren, ONG r') ’ 
a =  “eveuine 
Mere |i -— —— = eel ee 
ui le =e" | 81 q 
so that Wee) 
leet vee he = See) ie 


The compact form F= V7? G means 


Fir) = <6 | ve oe cuee = 
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Through partial integration, (18.71) becomes 


H=i f Gi 2 + (V. 9)? + (B.)2] dor 
and a ‘ (18.79) 
— (V. o)2 = (87! dr 


Keeping A; and w fixed but varying L with respect to A, ne 


find te 2 8 
6L = ies aa ras 


i 

where, because V. a = 0, the integral depends only on the diver- 
gence-free part of BA. . Thus, as in (6,21), the conjugate momentum 
of Aoi is that given eo (18.76): 


=P aL Salil 
T. = —— = -€. 18.80) 
I 0A; I ( 


in which the constraint Vv. 6A. = 0 is automatically taken into ac- 


count, Substituting (18.77) into (18.74), we find 


ee ae) 
Ee ee eee 
i i @) 
Because TT. = -E" , the above expression can be written as * 
9 = 9(V,)' G-A.x Th) . (18.81) 


* Equation (18.81) is the compact form of 


epee ae pe ny eee AGG) Ide 


where 
<0, TI B,1 86> = £69 V,-ge MATE) ; oe 
a Seo ge AG) 9) eG -7) 


and (Vv, wy" satisfies 


a = sae = z — 
|, 8, |e ev ee) ty op) = Ge ie 
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The operator (V, By.) is the inverse of V. , . It is useful to de- 
fine \ by 


Vora). = Vv. &. = & V. (18.82) 
where, * on account of (18.73), 
N= V.(A,x) = A. x V, (18.83) 


with x denoting the isospin vector product, as before, In power ser- 


ies of g, we have 


] 


(Vv, b.) =(V7+gh)l =V“=9V “X07 4 92V--V-- ee 


and 
(9, 8) (-92) (9, 51)" 
SS EE ee a. 
which will be of use later, Ung 
Without the fermion field, according to (18.33), the generators 
gt and te are equal, For the classical theory, the constraint 
(18.35) is simply 


ee g ne: (18.85) 
therefore j”=0, cn account of (18.75). Setting 7=0 in (18.81), 
we obtain 

> = -9 (V, 1) Bp (18.86) 
where 

a, = A. x Ti (18.87) 


is the “charge" carried by A.. Substituting (18.87) into the H giv- 
en by (18.79), we derive the classical Coulomb gauge Hamiltonian 
without fermions 

a ee 
* Le, <2,1 |X] Bi 5 el VA gys (nore teleee 
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oe ogee d bee! on (r) 
<2,7 | (¥, 8). (- -V2)(V, 5) Wie es. 


he te) oe. Pee (188) 


(ii) Next, we extend the above discussion to include fermions. 
As in Table 18.1, let # be the fermion field in the ee 0 gauge 
and ue that in the Coulomb gauge; they are related by 


a = aa 
where u_ is given by (18.49). From (18.58), we have 
ie er ish Paes! 
bot Y4 ve = U ue TY; irae : (18.89) 


By using (18.27)-(18.29), and taking into account 


Pepe. &. and Be oe. - Bo 


H = fence. + 8.-°B,] 
rol y ly l¥ -itgr-A.)+m]  } Pi 
and (18.90) 
Rf eee. = 88 BJ 
-o! yy, Yan ex -179T A \+m | tb } dy 


We must convert H into a function of the generalized coor- 
dinates and their conjugate momenta. Since, as before, the depen- 
dence of L on the generalized velocities A. ees b and ¢ is en- 
tirely contained in E. . E. , it follows that the conjugate momentum 


of A. is still Tia given by (18.80) and those of the Euler angles a, 
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b and c are Par Pb and Por which are related to fi of (18.74) 
through (18.68). Thus, (18,72)-(18.78) and (18.80)-(18.84) remain in- 
tact; e.g., from (18.77), (18.80) and (18.81) we have, as before, 


_ Bi Sy Sait 
Be, Sp TY ee 
“Vie = g(-J+A.x TH) (18.91) 


However, (18.85) has to be replaced by 
‘70 0 
4 = J ode yt 4 ree = 0 , 
which is the classical expression for the constraint (18.35), By using 


(18.75) and (18.89), we can rewrite it as 


m+ ol ary = 0 


c c 
Substituting it into (18.91), we find that, instead of (18.86), 
¢ = -9(V, 4) 'e (18,92) 


where, as in Table 18.1, 


o = oe Ors 
in which a, = A. x Tr is the charge carried by the gauge field, 
as before, and oe is due to the fermion, 

eet ae (18.93) 
Since u. Vv. = Vv. &. and 

BE, = BE - 8.4.9 = 9A XE -V OG , 
by using (18.91)-(18.93), we obtain 

BE. =g06, (18.94) 


F 
which is Gauss' law. 


The classical Hamiltonian function can be derived by 
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substituting (18.92) and &. = - ill -V.¢ into H of (18,90): 


H= s{dtTt OP ee) 


+o! rly (¥, -ikgt- Atmly yer 
tba? foe) <F | (VA) (-V2NT, 0) [27> 
SG (18,95) 


Exercise. By using 


"gj = Ue, = (Vi tgA. VE, . 


ee, Shee 


and (18.70), verify that (18.75) holds. 


4, Quantum Hamiltonian 
The anticommutation relations between the fermion fields in 
the Coulomb gauge are the usual ones, 
fu, ), 9G} = &(F-r) 


and ” By ie - 
(9G, ¥ ot = Wl, 1 
Because of the transversality condition 
Ta = ie =O 
ii ne 
as in (6.29), we have for the gauge field 
[A.(F, 6)”, Tre He] = i6)"(6,.- V"? V;V,) 6 (r 


and 18.96) 


(AG), A) = OTH, TH 


The equal-time commutator between a and A (or Tr) is zero, 
By applying (18.47)-(18.48) onto the classical Hamiltonian (18.95), 


we derive the Coulomb-gauge quantum Hamiltonian: 
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-l>t g=str 42 
= all 1p 2 
El = ples iF gq, +76. 
t Pet = eis 3 
eg ae i2997 A.)+m]¥ ] dr 
-| Q — 
x 299° f } a (r) 
ms -| = = 
ST: | (V. 8.) ENCE: 5) [ores 
Gor (r) ded (18.97) 
where, for notational clarity, we replace the coupling g in the clas- 
sical Hamiltonian by So , which denotes the unrenormalized coupling 
constant in the quantum theory, Except for this change, all other no- 


tations are the same as before; e.g., we have 


==, ip ee Th = —e 

I eee 

= yet ba ee ee i 

o= A XT +el dre, =-T x A sol ate = o 
and => — — — — (18.98) 

6, = VAL -VAit ag A,x AL 


with i, j, k cyclic. As in (18.48), Na is the Jacobian. [ For the non- 
Abelian gauge-field theory, it is often referred to in the literature as 
the Faddeev-Popov determinant,] The evaluation of the Jacobian is 
straightforward but somewhat tedious; the result * is that in (18,97) 


we may write 

i =edeiay sae (18.99) 
where Vv. & stands for the matrix whose elements are 

Un NARS, [Bae 

It is important to keep the operator ordering given in the above 


Hamiltonian, The generalization from SU, to SU, of an arbitrary 


a ee, eee 
* For details see Phys.Rev. D22, 939 (1980), 
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N is quite simple. We need only replace le by Te and A 
ay pemn 


in the above discussions. 


18.5 Dia-electric (Antiscreening) Nature of the Vacuum 

We are now in a position to investigate the dia-electric (i.e., 
antiscreening) nature of the QCD vacuum, emphasized in Chapter 17. 
In this section we examine only the lowest-order perturbation calcu- 
lation, Higher-order effects will be discussed in the next section. 


1. SU, gauge theory 


2 
Consider the special case of two external charge distributions, 
gy(r) and BN located at i, and i respectively, as shown 
in Figure 18,2. For example, these charge distributions can be formed 
by some heavy fermions. For notational clarity, in this section isovec- 
tors will be represented by wiggly lines and spatial vectors by arrows, 
Let E(rs 5) denote the work done in bringing these two charge distri- 


butions from oo to avery large but finite Mo: We assume 
oe aa =i 
Sen m,n on ed 


Pip 1 2 | 


where m is the fermion mass and d_ the extension of each of the 


— 


charge distributions. In the limit m—>o, ry and r. can be 


ne 


Fig. 18.2. Two external "charge" distributions, gy (r) ad g(r), 
separated by a very large distance Mo: 
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regarded as c. numbers. We shall first ignore the fermion degrees of 

freedom except those that are needed to characterize the charge dis- 
tributions oy and o 21 Ger their positions ii , lis and their 

charges 


q S g, dr and q. = S oar . (18.100) 


py 
Because of their non-Abelian nature, q and q. are Hermitian ma- 


trices; they satisfy the commutation relations 


= ie a ’ 


[ Q m . &£mn on 
ab) tA a 


and for non-overlapping distributions (i.e., M9 sufficiently large ) 


Let us adopt the Coulomb gauge.* The Hamiltonian (18.97) now 


becomes 


es 1 pel tr Tit 2 3 
Oa, 2 os ae 


B Copy (18-101) 


where 
=| 2= 
ete) — 2S 


< 2,6 |(¥, 2) (-V2V By |B, FD 


fo fever doa (18,102) 
which plays the same role as the Coulomb interaction (6,27) in QED, 
and ; 

ie es sb, 
with re (18,103) 
Ce = oy{r) + G(r) 


* The work E(ry5) is gauge invariant, It can be written as qy (P exp J 


-igT? At dx: an q5 times a scalar function of ry} , where 


ee =-ie2™" and P denotes that the integration is path - 
ordered, In the Coulomb gauge and for static sources AP = 0; 


therefore (18,105) holds for large "9- 
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2. Perturbative calculations 
To the lowest order in Sos we may set in (18,102) leno et 


f = || clare &. = V. ; the result is the familiar Coulomb's law 
= >| 2 4 
E(r) 4) = (abe "9! 99 9 “got O(gy ) (18.104) 


where, as before, Jo is the unrenormalized coupling. Let us define 


the renormalized coupling constant g by 
= al oe : 

E(r) 5) = (40 "19) g Wy “Alb , (18.105) 

i.e, 92 is directly related to the physical work done in bringing 


these two charges q and qo from o to T° As we shall see for 


QE g- ise > So. , showing the antiscreening nature of its vacuum. 
Theorem 3. Without fermion loops, 


lukeye 4 
go = + Bt C, In(AL)? + O(gq) (18.106) 


-| ‘ : : 
where A and L are the appropriate ultraviolet and infrared mo- 
mentum cut-offs, and C, is the quadratic Casimir sum: 


os gem = ginn' pon’ _ > for sua 


and N for SU,,. If there are n flavors of zero-mass fermions 


N 


present, then 


2 
g? = a 90 2 4 
cee || 42 (11C,, 2n) 1842 InP is =e Old, jeans. 107) 


Proof, * We first expand H as a power series in So: 


0 


a 

* Equations (18.106)-(18.107) were first obtained by D, J. Gross and 
F, Wilczek, Phys.Rev. Lett. 30, 1343 (1973), and H. D, Politzer, 
ibid. 1346. See also V. N. Gribov, lecture at the 12th Winter 
School of the Leningrad Nuclear Physics Institute (1977), and 
5. D. Drell, in A Festschrift for Maurice Goldhaber, edited by 
G. Feinberg, A. W. Sunyar and J, Weneser (New York, New 
York Academy of Sciences, 1980). 


H =H, + H., (18,108) 
int, 
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where Ho is Jp ~ independent and 
3 4 
= 2 
Mint ~ 99 Fy * 99 MZ + 89 Hy + ag Hy + 


At any given time t, the fields A(t, t) and Tr. (, t) can be writ- 


- , (18,109) 


ten in terms of their Fourier components, as in (6.32)- (6.33), 


aS 1 Qi iker 
A.(r,t) = & —=—— [g."(k) e +h.c. | 
k J 2, 19 
and am 
— 1) =e ° ae 
Teh Sy leiot (ke) eT the , 


oa 2s 


where 2 is the volume 


(an | k = 
a, (k) is t-dependent and, as in (6,34), there is the transversality 
condition 
a; (k) = 0 


We may introduce a set of three righthanded unit basis vectors 6 1 (k) 
,(k) and) k= k/o (shown in Figure 18,3) and define, as in is 36)- 
(rez 


tv 


and 


e 

“kys=tl ~ 7 
Qf 1 
ok sil) | Won ail 


II 


From (18,96) we derive, as in (6.38) and (Se), 


| 7 QQ! 
Loe ; Sa! Be Sei 6 & ; 
Q Q' 7 
lap o aps! = 0 


In terms of these annihilation and creation Operators the 


zeroth-order Hamiltonian H, in (18.108) becomes, apart from an 


0 
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€. (k) 


x> 


Gp (k) 


Fig. 18.3. Acset of righthanded unit basis vectors. 


additive constant that can be set to zero, 
Cie 
a= i a a i 
0 Ks, Q kys k,s k 
Let the eigenstate of Ho be | Nee 


aap NS = 5 0) Na 

where 
oo Q 

Ey = s Ne 2 (18.110) 
and Ne is the eigenvalue of the occupation - number operator 

K,s 
el we which can be 0, 1, 2, -*+. For the ground state | O>, we 
og Se 


have 9 
ious 


From (18.101)-(18.102), we see that the interaction Hamilton- 


ian Het H-H. contains the external charges; therefore it depends 


0 


on 15: With the inclusion of H. (ry) , the groundstate energy 
shifts from ES =0 to. Eglo) , given by the familiar perturbation 
formula 

Our (re.)| N>|* 

So) = <0 SeNGee) se ‘aa 
GO AZ tie al 2 Oo 
N70 = Ex 

+ O(H.” ) , (18.111) 
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The quantity E(r,.) that we are interested in is the difference 
7 > — fl) (ii) 
E(ry9) = Eglrya) ~ Eqloo) = EP "(ry )+ ED '(ry,) + «+ (18,112) 


in which we have separated E(r 9) into terms according to the power- 


dependence on Ber with sue O(H. ), v2 OUn Tear etc, 


(i) First order in Hot 


The first-order term is determined by 


TF oe 


Oe (18.113) 
which can in turn be expanded as a power series in Jo through 
(18.109). Since all odd J_~ Power terms carry odd numbers of gauge 
field operators, whose vacuum-expectation values are zero, the result 
is an even function of Qo: [If we were in QED, then the correspon- 
ding <0 | aPraury) | O> term would consist of only the lowest-or- 
der Coulomb energy; as we shall see, this is the crucial difference be- 
tween QCD and QED. See Remark 2 on page 456, | 

Because E(r),) is proportional to 21° Zor we may set Ht 
= Hou | and, in (18.102), ees 1 3° Since Zorg COMM 


mutes with the Jacobian i , we can set f = 1. Substituting (18.84) 
6 
ar 


— Q ss 
— = -1 2 
ECout "1 2) ae | Hoout "1! | oe 2 Io f one 


=O. a7 


into (18.102) we find, neglecting O(g 


ITE mercy Wie ui -2 yoyo | M18 
be in) eee (18.114) 


where } is given by (18.83). To O(H. .) , the work done in bring- 


ing these two external charges from o to r._ is 


4 


GR = ania Ey (©) (18.115) 


As a reminder, we note that in terms of the Fourier component 
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gg) = Sgyirye PT dr (a= 1,2) (18.116) 
and to O(g9°) , the above expression for Er, is simply 
: Saas 
(i) SERS Q ered fat 4 
eo) > ae 7] O(gg ) 
ie Q Qo, 1 dp 4 
99 J °.p (1) Bee ee ee) 7 Olg, ) 


The O(a, ) term is, according to (18.114), 
> 4 We Se eae -2 =p ig 
= GG hee | ee 


iG dr dee. (18.118) 


From (18.83), or (18.83a), we see that it depends on the expectation 


value of A” (r, t) AY (r', t). Because of the transversality condi- 


tion, we have , 

age 
<0] aK) am (ky | o> = 6™ 6p (6.,- 1) 

j j KAT 

and therefore dis. 119) 
m—- m mm! ] k, kee 

20 A, (rt) AW (rt) Oe 6 J 2! 
JAD AL (8) S75, 8° EP) 


> => 3 
ik-(r-r) dk 
. . (18,120 
ee ee ae 


By using (18.83), (18.76a), (18.116), (18.120) and Figure 18.4(a), we 
find that (18.118) is 


ter are a 
Se SE Ss ip Ga = See 
Se ge soe PT en 
4 
fol d's dlp due deaeiee cee 


Br 
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wil 


q 


(a) (b) 


Fig. 18.4, Graphic representations of radiative corrections to 
Coulomb interactions; (a) is first order in H. 
and (6) second order. [ These are not Feynman 
diagrams, ] 


Because of gauge invariance, the Vv. operators in the two })- factors 


in (18.118) can be written as either iP, iP or iq: iq. =i(pt+ k), 


- i(p'+k),,. The integration over Fy ea) (la gives 
J 


which leads to p= p' and, together with eae UD se Syhe 
yields 4 
399 Q Q 
(18.118) = J o_2(1) o3(2) —3 ———> (1 - cos? Q) 
(8n3)° * pp Ik-p ap 
eee pe 
ae dp dk 


Where @ is the angle between p and k , For Mp very large, on- 
ly the | p | ~ O(r,5") > 0 region is of importance; thus we may 


approximate 


aH 
= 

Ht} 

€ 


Jk -p| 
which gives 


(18.118) = a6. 6 20) a 


ee) ay 
p 


ais 8 
p 81 
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SO eee res Ode fo 


: : : 3 : 
Because the system is enclosed in a finite volume L , the k-inte- 
REE le : ; 
gration starts from a lower limit L  ; in order to give a mathemati- 


cal meaning to ultraviolet divergence, we introduce an upper limit 


Nin 
SS Gee MG) (ig21/ 211} 
With the inclusion of the above O(a9) term, (18.117) becomes 


i -] 
Ero) = (Ameya) | 962 4)“ Go(1 +992 6). (18.122) 


(ii) Second order in H. 
int 


From (18.111), we see that the second-order perturbation term 


[tO ne GSN =| 


° 
N40 - EA 


- same expression for r 


1277 (18.123) 


in which the relevant states | N > are those of two gauge quanta 
| N> = aon! meu, [os (18.124) 
pe or: 


and the relevant part of H. is again the He of (18.102). 


nt OU 


In order that NN.) be accurate to O(g¢") , we need only 


2 ° 
<N | Hest (12) | O> to O(g97) . Hence, in (18.102) we may set 


4 ="|\>and (V, Ay V?(V, 8) V2, Because of (18.124) and 
the fact that eH), 


) depends on o each 


12 172° 
<N | Hou! | 0 > must depend linearly on Coes By using 
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o=o,+o_.» we may therefore write for the relevant part of H 


~ ext Coul’ 
= Va ee ere 2g =) ee 
Hocus 90 A os 2 fs clipe 0 
(18.125) 
where, as in (18.87) 
eo ae (18,126) 


i t u 
By using the Fourier expansions of A! and (TT. De , we obtain the 
matrix element of aN between the two-quanta state | N > and the 


vacuum | O> ; 


=i(kee q)er' eee 
<.N [6 (Gl) Owe ee 
ey wy ee L q 
mn ted) Pee 
ee Cleciege am a; (kK) a; (4) | O> 
(18.127) 
in which from either PN Tis or - Gn we may extract 
a factor a,!(k)" BG): this explains the factor i(w - oy) p 


Thus, from (18.116), (18.126)-(18.127) and Fig. 18.4), we derive 


eel ee | ON Ole 


4 ei ee ee 3 3 3 
=t9) S (—L =) (<1) dp dip dk d'q dh aor 
2V UL, 8r 
pe bmn Q'mn oe “Ip r+ip' t'+i(k+q) (r-r') 
a i 
(oo = a2 kk, YG), 
by rr ‘ . (8;5- ot) (8,5 - ie 
= WJ 
-" sys 1 (18,128) 


in which the first 3 factor is due to Bose statistics (i.e., interchang- 
ing k and q in (18.128) gives the same state), each of the factors 


in the product a, a is due to -V~? in (18.125), the denominator 
a Gr 
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Q Q Q 
is-E.., o+=oa—-(1) + o{(2) and the last two fac- 
OBE, oF =oS(l) + XQ) 


tors have the same origin as that in (18.119). The integration over 


S JviOar gives again 6(p - k= q) 6(p' -k- q) , Which leads 


-(w +0 
(% 


to p = pt, As before, for rio very large, only the lp | ~ O(n) 

+0 region is of importance. Because q = p - k, we have 
q2= k? 2 eee. 252 

and since wae lq | ee | 
(4, -u,)? = p2 cos? @ + oe) = p2 cos2@ 


where 9 is the angle between k and p . Under the same approxi- 


k e 


mation, we can set (2 Vor oy a2 (40, el and oe a) == 20 
1 ° . q. q: 
Sy este ~2mn oo mn ri nae (6, oe (5; Be cles) = 
q 
and after substituting (18.128) into (18. 123) we derive 
5 
(i7) eee Q Q hale aa 
E (Ty) Io S AW) ele ae 3 § ee 
where 
1 cos79 3 -1 ) 
ey ee (12) in (AL) == = (18.130) 
8x8 2u3 2 
-| 
in which the k-integration is from L to A, asin (18.121) for &. 
In terms of Mo (18.129) can be written as 


lide. = (Aur Ss), (18.131) 


-1 4 
12 9% 91° 4 
Since the O90) correction to the Coulomb interaction is the sum 
of (18,122) and (18.131), we find by using the definition of the renor- 
malized g, (18.105), 


g° 2 alia 4 AL)? 
Re oe ea DAq2 faut i) (33132) 


which is (18.106) for SU 


2° We note that Io §' is <0, which is 
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a direct consequence of the second-order perturbation energy for the 
ground state being always negative. This, by itself, would correspond 
to our usual concept that vacuum polarization should always "screen" 
the original charge, making g_ less than To - However, due to the 


nonlinear nature of Gauss' law in QCD, 


= 2 ik an 
(V + 9 A,X Vi) > g 


On 7 
there is now also a a5, term in the diagonal matrix element of 

2 g 
which is always positive; this gives So. & > 0. Since the magnitude 
of & is 12 times that of 6&', the net effect is to have g? > Io 
and that produces the antiscreening nature of the vacuum, 

It is quite straightforward to extend the above considerations 


?mn b Qmn 


to SU,,. By replacing e¢ y f , we obtain the result given 


N 
in (18.106). The quarks give an additional vacuum-polarization term 
which is of a screening nature. The calculation is identical * to that 
due to the fermion loop in QED and it will be omitted here. The re- 


sult is (18.107), and that completes our proof of Theorem 3. 


Remarks. 1, The decomposition of the fractional energy shift AE/E 
into Io §>0 and Io" &' < 0 is gauge-dependent. The sum 
Io" (6+ &') is gauge-independent. 

2. In QED, the corresponding 6 is O and therefore AE o 6&'<0, 
as expected from the sign of (18.123). This gives « >1 for any phys- 


ical medium and also | eg /e | >1 where €9 is the unrenormalized 


charge and e the renormalized one. 


* See, for example, J. D. Bjorken and S. D. Drell, Relativistic Quan- 
tum Mechanics (New York, McGraw-Hill, 1964). 
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18.6 Asymptotic Freedom * 

QCD is described by the color SU, gauge theory. From Theo- 
rem 3, we see that the renormalized coupling is a function of the un- 
renormalized coupling Sor the ultraviolet momentum cut-off A and 
the volume size ie (which serves as an infrared cut-off parameter). 
Keeping Jo and A fixed, we shall examine the L-dependence of 
the renormalized coupling, labeled gy in this section. 

The perturbation result (18.107) tells us that for two different 
volumes | 0° and ie , the ratio of their renormalized couplings in 
QCD is, neglecting O(a, F 


2 


To 1 
= = SO, (18,133) 
SL eee eT poo In 

Qu 4n . Q 


which indicates that for quark-flavor number n< 17, g, > So if 
L>2. This conclusion will now be generalized beyond the pertur- 
bation calculation. 

In the following, it will be established that under rather gener- 


al assumptions (given in Remark 2 below) and valid to all orders of 


coupling 
9 > 9g le ES (18.134) 
iF Q 

and 
Soo 0 if eS 0! (18.135) 


For simplicity, we shall set all quark masses = 0, so that there 
is no natural energy scale in the theory. From dimensional considera- 
tions, gy must depend only on Io and the product LA ; i.e., 

gp Cll dg) (18,136) 


* H. D. Politzer, Phys. Rev. Lett. 30, 1346 (1973); D. Gross and 
F. Wilczek, ibid., 1343. G.'t Hooft, talk at the Marseilles 
meeting, 1972 (unpublished). 
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As in (18.133), let us consider two different volumes 0° and iS ; 


with the same Jo and A . Changing L to 2 , we also have 


9, = G(LA, go) (18,137) 


or its inverse Ig = 9Q( LA . Go) . Eliminating Jo between (18.136) 
and (18.137), we may express gy interms of LA, 2A and Gp: 


g, = G(LA, G(LA, 9,)) ‘ (18.138) 


Since the theory is a renormalizable one, the limit A > o of 
(18.138) should exist; in this limit, A drops out; therefore g, is a 
function of Jos 2 and L. From dimensional considerations the 
limiting function must be of the form 

7 g are: 
9, = G(z-19_) = lim G(LA, g)(2A,9,)). (18.139) 


Ao 
Let us introduce 


a ae (18, 140) 


Equation (18.139) can be written as 

9 = 9(h, Go) ij (18.141) 
at A=1, i.e, L=2, (18.139) becomes 

G) = el Gy) : (18.142) 
Because g, = Gil Io) is independent of 2 , we have 


dg 
kk =0, (18.143) 
ain Q 

Igor AL 


Hence, on account of (18.141), g(A, g satisfies the following 


Q? 

"renormalization group" equation* 

* M, Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954); C. G. 
Callan, Phys, Rev. D2, 1541 (1970); K. Symanzik, Commun. 


Math, Phys. 18, 227 (1970), 
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) ) 7 ; 
where 5 Q 
zs 99 
Ba = Fn & (18,145) 


From (18.107), we see that for QCD 
2 
g 6 
D2 ) = 2 
To Io [i+ 3% (11 - $n) In(AB) | + O(8) 


To evaluate @ , we substitute this expression into (18.145) and recall 
that in the differentiation, Io and A should be held fixed, in ac= 
cordance with (18.143). Expanding the resulting B in terms of Gor 


instead of Gor we derive 


Beebe pm Ne Sines lg) (18.146) 


As in (18.133), the quark flavor number n will be assumed to be < 17 
so that when go is small B is <Q. [See Remark 3 below if n 
turns out tobe > 17.] 

The solution of (18.144) has the standard form 


g(X, 9) = f(z) (18.147) 
where : 
a Q dg' 
z= IndX+ ‘ CD (18.148) 


and gy is an arbitrary constant, which will be chosen to be suffi- 


ciently small so that 
0< ch <<] 


and, on account of (18.146), 


gf) 00) Teme ORT Sg - (18.149) 


[ By choosing the integration constant cr sufficiently small, we have 
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made the tacit assumption that the physical region includes Dy = Cis 
This is in accordance with the experimental high-energy results, as 
will be discussed further in Remark 2 below. | 


ler Fate) beaheninvereaetonet at renee 

Pl(F(z)) = 2 (18.150) 
Thus, frame 47) we heve 

z= Ff '(9(A,9,)) , 
ids, oeetns eI: cine 

Zs lg) Go Si 
By equating this expression with (18.148) at X= 1, we derive 


dg! 
B (g') 


F (a9) = pe (18.151) 
9] 

Since g(i, a, ) is an odd function of Dos it is only neces- 
sary to consider positive values of Do: We distinguish two situations, 
given in Figures 18.5(a) and 6): 

(a) Big) = 0 only when 99= Car, 

(bb) Bla, ) = 0 has more than one root. Besides Io = 0 there 
is at least another root a5 g , chosen to be the smallest positive 


nonzero solution of B(g,) =0. 


f 


In Figure 18.5(a) the physical value of 9) can vary from 0 to o 
while in Figure 18.5(b) J) can only vary between 0 and g.. This 
is because when Tp = g the integral in (18.151) diverges logarith- 
mically. In either case, writing 9) =X, we have in the physical re~ 


gion, by using (18.151) 
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Blg, ) Blg,) 


(a) (b) 


Fig. 18.5. Two possibilities for B(g, ) versus Qo , where oF is 
the renormalized coupling constant defined at a length 2, 


or momentum Te , and B(g,) = - dg, / dln Q 


hence the inverse function f(z) satisfies 


df(z) 
seer Oho (18.152) 


According to (18.147)-(18.148), we have, by keeping Tp fixed, 


a _ af(z) _ dz f(z) 
ax 9A So) = BQ = By de 
xa ae Cag ee (18.153) 
FL, 


Since \=2/L and 9, =90A, Bo), this means for L>2, g) > Go 
and that establishes (18.134). Thus, when 2 decreases steadily, so 
does Qo: 


For g sufficiently small, the Og") term in (18.146) may 


Q 
be neglected. Hence, by using (18.151) we find 


Fig) = (les ae 81? (go? = 977) : (18.154) 


its inverse function is, on account of the definition (18.150), 


462 PARTICLE PHYSICS: INTERACTIONS 


= =k 
f(Z\= Fen) (11 - 4n) Zi ge | ae 
and therefore 
* 1 
al (11-4 n) Br? gp 2, 
g(\,g.) = [|e | ~ (loo 


Q Ty Indx+(11-3 n)7! 8x2 


Now keeping 2 and Dp fixed and taking the limit L — 0, we de- 
rive 


Wig ese, == 
Eo © 


e. (18.135), called asymptotic freedom, [ Cf. (23.120).]J 


Remarks. 

1. Because QCD with zero quark mass has no natural energy scale, 
the volume size 2 is equivalent to the device of introducing an en- 
ergy scale oT , at which we can define the renormalized coupling 
Gp: The limit 99 ~ O when 2 +0 means that in the sufficiently 
high-energy and high-momentum transfer region, quarks and gauge- 
quanta (called gluons) behave like free particles, thus giving rise to 
the name "asymptotic freedom". 

2. Assume that the number of quark flavors in QCD is < 17. If 
Big, )=0 has only one root at lg = 0, as in Figure 18.5(a), then 
asymptotic freedom, (18.135), is established without any further as- 
sumption. However, if B (gp) = 0 has more than one root, as in 18,5(b), 
then a priori the physical region can be either in 0 < cr <9,or 
9, >9- Only through high-energy experiments can we know which 
region corresponds to our universe. As we mentioned in Section 17.1, 
experimental results do support the free-quark model at high energy; 
the physical region should lie in 0< ory <g. This is why in (18.148) 
the integration constant 9y is chosen to satisfy (18.149), so that for 
sufficiently small Tp the perturbation formula (18.155) becomes valid. 
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3. So far we have assumed the total number of quark flavors n to 
be <17. At present only 5 flavors (u, d,s, ¢ and b) are known. 
What happens if at some very high mass scale M >> 1 GeV, n in- 
creases to > 17 ? 

This means that the vacuum polarization produced by these very 
heavy fermion pairs would turn the QCD vacuum into para-electric in- 
stead of dia-electric (i.e., screening instead of antiscreening), at a 
length scale ~ (2M) << pvc In the ie oe cm region, 
one can ignore such ultra-heavies, Consequently, in the present ener- 
gy range, the application of QCD with asymptotic freedom can still 
be a good approximation. Of course, when we increase the energy, 
eventually we should reach the scale at which there are a large num- 
ber of ultra-heavy quarks; then violation of asymptotic freedom would 
occur. 

4, As discussed in Chapter 17, quark confinement can be under- 
stood phenomenologically by assuming that the QCD vacuum is a per- 
fect color dia-electric. The result, (18.139)-(18.140), that we derive 
in this section supports this assumption, but does not prove it. Recently, 
there has been some important progress made by M. Creutz * through 
the application of the Monte Carlo method to a lattice formulation of 
QCD developed by K. Wilson.** Creutz's numerical result gives an- 
other strong support for the coexistence of color confinement and 


asymptotic freedom in non-Abelian gauge theories. 


* M, Creutz, Phys.Rev. D21, 2308 (1980). 
** K, G, Wilson, Phys.Rev. D10, 2445 (1974). 
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Chapter 19 


PATH INTEGRATION 


In this chapter we develop the path-integration method, which 
is particularly useful for the derivation of Feynman rules in QCD. 
This route was also the historical one followed by Feynman when he 


invented his diagrams. 


19.1 Cartesian Coordinates 
1. One-dimensional problem 
Consider a point particle moving along a straight line with x 
as the coordinate. Let -id/dx be the momentum operator whose 
eigenstate is | k >. In the x-representation, we have 
/ - l ikx 
ee <x|k> = Te e 


where, as before, we first assume that the system is enclosed in a 


length L with a periodic boundary condition, and then take the limit 
Lo. The matrix element of any function f of the momentum op- 


erator in the coordinate space is * 


Hex [kio<k | R-i Ly] k><k | x> 


UI 


<x | (io) | x> 


eik(x' ~ x) 


i 
4 
‘ed oo 
eR 
we 


* The repeated indices k and k! are summed over, as usual. 
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which, when L- o and on account of (2,29)-(2,30), 


eik(x' -x) 


= ,= = #(k) : (19.1) 


where the integration is from -0 to co. As an application of this 
elementary formula, we may consider a non-relativistic particle of 


unit mass, whose kinetic energy operator is 


He 
a 2 
The matrix element of eg us in the coordinate space is 
=r (plc mae 2/41, t= 
Zoo) Neale DUIS Nia tps Se idk2(#'-t)+ik(x'-x) 
27 
=a; = gt eZ tat) i a(xi=x) 7 ap 
: (19.2) 
where z=k - (x'-x)/(t'-+). Since 
oe i = =k 70 (19,3) 
ae ie see 
we obtain 
- _ a eee iS 2 
cx [eK (Fiat 0 /s (19.4) 


5 
where + =t'-t, This function is called "pseudo-Gaussian" because 
it differs from a standard Gaussian distribution by the factor i in the 


exponent; its width is 


| x! = x | = O(/]r]) : (19.5) 


average 
When +> 0, 
(19.4) + 6(x! =x) 


Fora particle moving in a potential V(x), the Hamiltonian 


operator is 


H = K + V(x) = -3 SS ae (19,6) 
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The Green's function of the time-dependent Schrddinger equation 


d 


|i aD Reel 


-i(t' -t 


: Ben H : 
in the x-representation is < x' | e ) | x >; it relates the 


state vector from t to f': 


t'=t)H 


le oS pee ae po Sex hs eno) 


In terms of the eigenvectors of H 


nl |Ler = GE lees 


a 


with the orthonormal condition 


<Cula = i, 7 
a'a 


this Green's function can also be written as 


pa (t'-t)H 


<x | [x> = Toilet) oro) ef Y Fe agg) 


where 6 


TE Ss ae 
2. From Hamiltonian operator to path integration 


Following Feynman, we divide the time t'-t into 9¢ inter- 


vals of € each, 
ear Ale 
so that when e> 0, we have 


T=" (Gia <= co 


Theorem 1, For any state vector | > , 

“Acie n a i 
SO). a eae = sian oe 

Ry ee a a 
where dig. 9) 
ele De = 

L 2X V(x) (19.10) 

with x = alien Le ele J ei 
: aoe 5 and X94 = x 
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-i(ft'-t)H = @ieMtH 


Proof, Since e , we have 
-i(t'-t)H -ieH 
eee ) ee fax nen [es che 
-ieH 
7X | e Fe a > Ox, 
-ieH 
< x, | |x,> dx., 
ole aml (19.11) 
When «> 0, 


relia = leases Oe) = 1 -ieK -ieV + O(«?) 
en ick aula O(a 


its matrix element is, after neglecting O(«?), 


-ieH Hel “ieV 
Coney c Ix > = S dy<x ile lys<yle |< 
(9ai2) 
By using (19.4) and 
<yle'™ |x > eae S{y-x ) , 
we obtain 
ieH 2 
ie : 
<j |e Ix > = (5 = St oe (Cs xo eV xa 
1 
7 ec | 3 
See Ne ce) 


Note that in L , given by (19.10), x stands for the entity 


Ca 
we wish, we can replace X by x or x ., 
n n nt] a 
by (19.5), the average value of x .-x is O(c), the difference 
SV n+] n 3 
e 


1 


- x ey and the argument of V is x= 2(x 4 + x) pint 


Since, as indicated 
1 
3 
in due to such a replacement is O(e*), which can be neg- 
lected, 
Substituting the above expression into (19,11) and setting 


x =X), we derive (19.9). Theorem 1 is proved. 
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: t t' 
+) 
€ n tn 
X ty = 
Fig. 19.1. The sequence x = Xp rXon tr Xeq Koes x 


describes a path x(r) as + varies from t to f. 


As shown in Figure 19.1, in the partition t'- t= 7le we may 
label 

alae (n-1) « 
and interpret x as the value of x at time ft. . The sequence 
K= Xp Xoe te Xap Xo yy = x' then describes a path x(t) as 1 
varies from t to t'; the integrand in (19.9) can be interpreted as 
the wave amplitude due to that path. From (19.6), we see that the 
Lagrangian is 


Ge, oj] x2 = V(x) 


x 


+ 
Hence, if we replace x by Ra “rato and x by 
X77 X 
x = itn , (19.10) can be written as 
[ae INC) 
n eon 


When «> 0, the sum iy eL. becomes the action integral along 


the path x(r1): 
1 te Ta 
ee a ides) dx» (12.13) 
n=l t i 
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In path~integration language, (19.9) is often written in a compact, 


and therefore more symbolic, form: i! 
ve Leh: 


aU = f [dx] e i 


<x! |< 


or, with the understanding that we are in the x- representation, sim- 


te 
ply 
“i(H=t)H | re eee 
e = ff leila v : (19.9a) 
so that between any two states | > at t and le > at t', we have 
t' 
, «(4s ily Ldr 
eye MOP es) ide ee poe f Ra |) S 
where Loe nel 
obs = if (a ) T dx 
rey ITE nel n 
t' 


and f Ldr is given by (19.13). The precise meaning of (19.94) is, 
ft 

of course, no more and no less than the original form (19.9), 
From the Hamiltonian H(x, p), it is useful to define a function 


L of ex and oe 


L(x, x) P) = (px = AG plow (19.14) 


Note that L is a function of three variables x , x and p; it is not 
the Lagrangian function, which depends only on two variables x 
and x. Of course, ifin L we were to express p asa function of 
x and x, then L would be related to the Lagrangian L(x, x) by 


ele) = INC 


Corollary. An alternative expression of (19.9) is 
Srerties UL eke le el 
eae Wes hia Vea ain nae oe ls 
he 20 ] 
a 19.15 
where a 
= ie Bale) (19.16) 
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ies, cE is obtained by replacing the arguments x, X and p inthe 


function L(x, x, p) by 


2 + - 
2. Sosa : oo Sale aan k 
n 2 n € n 
Proof, From the first line in (19.2) we have 
Aa dk, ~igk Petrik (x > x ) 
<x le [oe ed! ee 


By combining this expression with (19.12), we establish 


Aa =i galls etik (x -x )rieV(x ) 
& | x > = af ee e = 


Xai le n 


(19.17) 
Since in this problem H(x,p)=3p7+ V(x), the exponent is -ie 


times 


ml “ny . eT 2 
k (oe) - Hix, ke) = Dl ek, 


where L is given by (19.14) and x stands for (xy - x )/e as 
before. We now substitute (19.17) into (19.11), setting ’ 


x = xX and x' = Xora 
* fe S = i 
Then we replace x, in L(x, x k) by ee (xy + x). 


This replacement is legitimate when ¢ > 0, because of (19.5). The 


resulting expression is (19.15), and that completes the proof of the 


corollary. 
Notice that in (19.16) for n= 7, L_ contains x ey 
n +1 
but not Ko] . Consider now the (x,k) space. As + varies from 


t to t', the sequence (x, rky)e (x97 ko), -, (x rk), ty (xgrr kay) 
describes a path (x(r), k(+)) in that space (called phase space). 
When ¢ > 0, the sum » € i can be written as the action integral 


along the path in the phase space: 


i ie 
bh ef > Sf L(x(r), Xr), k(ri) dr 
n=1 i 


he 
JS Ur) dr. (19.18) 
: 
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Equation (19.15) can also be written in a compact form: 


Tie 
see i f Ldr 
au a = f [dxdk] e ¢t (19, 15a) 
where 
dx_ dk 
[dx dk] = lim ee Fi 
e>Q 1 a 


with the understanding that the precise meaning of such an expression 


is (19,15), 


Exercise 1. By direct differentiation, show that the Green's fune- 


tion (19.4) satisfies the free-particle Schrbdinger equation 


2 aa -};! 8 t-+! 
$25 fa Os = Baie: 
and the boundary condition 
lima oct ee ee 
tot 
Exercise 2. Verify that the Green's function for the harmonic oscjl- 
lator is 1 
i oe aa 7 w wise oa 
<x |e |x> = arate) e (Fest?) 
where 
fe Le ee 
H = -3 jue 2 x 
and 7 
= (eee 12 2 = t 
Str) Tae [(x'? + x2) cosw Zh 


which is also the classical action integral (i.e. the integral { L dt 


along the classical path), 


3. N-dimensional problem 
ee oe le 
The extension to Cartesian coordinates in N dimensions is 
straightforward, Let 


=> 


= (xp, “oe sidney 2 xy) 
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be the coordinate vector and 


Wa(i 2, allem } 
a “2 *N 


the conjugate-momentum operator, The eigenstate | OSs ey as 


eu | Es = / sey oe 


where Q is the volume of the system, The Hamiltonian is assumed to 


‘Is 


Pe = -$924Vix) (19.20) 
where 
v2 = Loe 
ox Ox 
a a 


is the Laplace operator in which the repeated index is summed over 
from 1 to N. Equations (19.9) and (19,15) can be readily general- 


ized: For any state | > , we have 


1 
ae ame ees 71 By C a 
<x' fe i We lim Sf 7 Aye ( ) of on ee | > 
n* 2ive ] 
e> 0 n=] 
where = 2 eS Go.21) 
(a *nt1 7 *n ay “mtd *n 
n 2 € 2 u 
a ; ee ede 7 
= = ed x 
ga gl ain, 2 lim ff TT A el ene Js 
=) (2n)N 
e> 0 n 
where Ure 


Te aoe Xnt) Xp) _ Tine aN Xt] * Xn 
n n € 2h 2 


in which t'=++ %e, x_ and k denote the c. number integration 


e, with x ra) lee [As before, Kon 4] 


does not enter into these expressions. | The above equations can also 


variables at a. t+(n-] 


be written in more symbolic form, as in (19.9a) and (19.15a). We write 


ee if tds 
ee hel cet (19.214) 
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t e> 0 
the alternative form is tt 
Me if Ld 
e iat Ele f ldxedalme st (iGe22c)) 
where 
[dx dk ] lim TT 8, hs 
x = im ’ 
e>0 n (2n)N 
and i 
Ud ss lime aarcee 
t e>0 n a 
with Land L given by (19.21) and (19.22), 
19.2 Weyl-ordered Hamiltonian 
Consider a classical nonlinear Lagrangian 
L(q,q) = 29,(q) 4? + 94(4) 4 + g3(q) (19.23) 


where 91195 and Gz are arbitrary real functions of q . Classically, 


p = dL/ag = 9, (4) q+ g5(4), and therefore the Hamiltonian is 


ea dees 2 £,(q) p? + (4) p+ f,(q) (19.24) 
where 

f= 9, 4 fy = - 95/9, 
and 
F, im leer = 29, G3) /9y 
In passing to quantum mechanics, we have 


2 = eee 
p= Bp 3G 


However, knowing the classical limit does not completely determine 
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the quantum Hamiltonian because of the different ways we may ar- 
range the ordering of q and p. 


1, From path integration to Hamiltonian operator 


In the previous section, we started from a well-defined quantum- 
mechanical Hamiltonian operator H and showed that the Green's 


function sly = 


can be expressed in terms of the phase-space 
path integration (19.15). We shall now pose the inverse question: 
Suppose we start from the classical nonlinear Hamiltonian H (4 Pene 


(19.24); next we define, as in (19.14), a function L of three variables 


q,q and p, 
Ligpe om) = 26 FGine (19,25) 


and then construct the phase-space path integration by using the right- 
hand side of (19.15), The question is: What would the corresponding 
operator on the lefthand side be? The answer is given by the follow- 


ing theorem. 


Theorem 2. For any state vector | > that satisfies the normalization 


condition 
Deaedanie< Gul sani, (19.26) 
we have 
Ce fe io) dge de aa 
eqlen” A) lim f TT Ek Pt cg, |S 


e> 0 n=] 


(19.27) 


where HY is the Weyl-ordered Hamiltonian operator given by 


— 


H, = x (p* £,(q) + 2p F, (q) p+ F(a) p?) 
+ £(p £,(q)+ f(a) p) + fy(q) (19.28) 
with p=-id/aq , and 


r P) (19.29) 
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in which 
- Ant] Gb 5s Sele In 
Tn 2 é ca € 

and (19.30) 
Vo] =r 


Remarks, The righthand side of (19.27), together with (19, 29)-(19.30), 
should be viewed as a" recipe". We first divide time t'-t into TL in- 
tervals of ¢€ each, as before. From the classical function L(q, a, oe 
(19.25), we obtain is by replacing its arguments q,q and p by 
qn? q., and Pp in accordance with (19.30). Hence, we may regard 
qi and Pp, os the values of q and p at time eaaie, (n-I)e. 
For arbitrary state vector | > , the normalization of its q-represen- 
tation is determined because of (19,26). After the integration 

dq, dp, see da, dP ay , the righthand side of (19.27) depends only on 
Vos} = q', (t'-t) and | >. The theorem states that it is precisely 
the matrix element <q! | pains | > with im given by (19.28). 


The proof of Theorem 2 will be given below, but before doing 


that it is useful to introduce some general properties of Weyl-ordering, 


2. Weyl-ordering 


Let us first discuss some simple classical polynomials of q and 
n aL nom 

4 Prod P77, So Pee 

We define the corresponding Weyl-ordered quantum expressions, in- 


dicated by a subscript w, to be 


n = n-2 Q 
(q re | Gu pa 


[q'p + a” pat “+ pq] , (19.31) 
n-2 


eo, = 2 . n-2-m 2 om 
TPO WS THEMneD guy to Papa , 


iH} 


PATH INTEGRATION 477. 


etc. where p=-id/@q. In general, to derive (q” 2) we first 
randomly order the q's and p's, with each different ordering coun- 
ted once; their arithmetic mean is (q” Pp), . The Weyl-ordering of 


any classical function 


| 
Pal 
O 
~~ 
3 
xe! 


F(q, p) 


ou 


F(q, P),, ue Coma p 


ee 

For our purpose, we are interested only in functions which de- 
pend quadratically on p, but arbitrarily on q, asin (19.24). It is 
straightforward to prove that the above forms of Weyl-ordering are 


identical to other definitions (see Exercises 1 and 2 on page 480) : 


m m m! m-2 Q 
(qp) = (4) } woods pq 
W 2-0 Qi(m- 2)! 
and (19232) 


I 
— 
Ni- 
— 


mM >» =. 
(depo 


Teal = Mey einen 
and (19.33) 
Sie 4) Paaee2p 1.4) pet (aya 


— 
= 
_— 
a 
— 
me) 
Ls) 
i} 


Note that these expressions can be readily generalized to functions 
that depend on higher powers of p. The generalizations of (19.32) 
and (19.33) are the same if we interchange q and p. By using 
(19.33), we see that for the classical Hamiltonian (19.24) the Weyl- 
ordered operator in quantum mechanics is given by (19.28). 

Since with p=~-id/daq, HY is Hermitian, its eigenfunctions, 
in accordance with the normalization condition (19.26), can be chosen 


to satisfy 
S o5(4) (4) dq = 6, 
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where 
Hy (4) = E, (4) 
The time-dependent Schrbdinger equation * is 
= we 
ne | t> = I OT | SS A 
or 
H o(q, t) = i $(q, t) 
provided that 
me) = <a lis 
Its Green's function is given by 


Te = aula ventg) ec!) eam 


a 


<q' | e 
so that 
-i(t'-+t)H 
o(q,t') = f <q'le a) “la> 9(q, t) dq 
From this we obtain the exact meaning of the lefthand side of (19.27). 


Proof of Theorem 2, Let Bae and a be the quantum operators 


of p and q; their matrix elements are 
m _ om _ 
<a] a, 14> = 4 6(q'-4q) 
and, as in (19.1), 


m d mi '- q) 
<q) lipeilic eee? ot Pima 


op 2a 
We may write (19.32) as 
mor a 2 m! m-2 rr 28 
eevee . = 
Ore NL rar pamela » 


2=0 


* As emphasized above, and also on p. 5, given a classical Hamilton- 
ian such as (19.23), there can exist several different choices of 
quantum Hamiltonian; H_ is only one possibility. Here we are 
merely examining the cohsequences if Hie were the Hamiltonian. 
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where r=1 or 2. Its matrix element is 


m 
mr il m! 
faci: ) >= (4) 3} es 
m= 


alee g 
CSC a 
dp + ip(q'-q) ,a+qy_ 
Sh ee ee aa) 
Consequently, we obtain 


<q [fap] |a>= s db gr SiPl-a) ¢(@2 8) | 


TT 
(19.34) 


Next, let us consider the operator a Hw . By expanding 


a Hy = 1 -ieH, + O(e7) and using (19.28) and (19.34), we see 


that 


eH E dp ip.( = 
Pomeen lame Siaseqnene yt 2 ars4nk 3h) 
Gnt1* In 2 
“Hy ( 2 r Py Olea) 
Since j 
= = Ph 1Pn(dn+1 7 Gn) 
DG q,) Sh on B 
we find 


-ieH dp, ieL 
<dnqle  “la,>= S ae em + O(c?) 


where Le is given by (19.29). Substituting this expression into 


<q! eset 2 s <q! len ewes. | a lau > 


Ts jo "ONS eee | Sil dq 
n=] 


Zz 


and taking the limit ¢ -0, we establish Theorem 2, 
These discussions can easily be generalized to the case of sev~ 


eral variables Gyr Gort The details will be omitted here. 
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Exercise 1, Show that because [p, q] = -i 


iin m =m 5 
2(4 Pepe cape mq 


Il 
7—_— 
a 
me) 
_— 

a. 
® 
= 
5 
® 
QO. 
om 
=< 
aay 
Pi 
ow 
a 


m 
m 
Exercise 2, By using > a is (m+ 1)(2m+1) , 
0 


Q 
m 3 m ‘ ~9 
2, & = Cami 1)1?, Y SE 2(2-1) = GP min-1), 
0 ‘(m- 2)! 
show that 
, =| - 
4 (q'p?+ 2pq'p+p2q') = q p2-imq” p-im(m-1)q 


yg any m! m=f em 
‘ae 5 on ee 


(q'p?), defined by (19.31). 


Exercise 3, | From Theorem 2, show that (19.27) is equivalent to 


ae 


-i(t'-+t 
5 2m 1€ 


m 5: 
iy | ee lim S [dq, SEG 


e> 0 n=] 


<q' | 
where 


T= EGapch! = seni yiche = 95(4,) 4+ 9,(9_) 


n 


with g. given by (19.23) and qe. g_ by (19.30), 


19.3 Curvilinear Coordinates 

1. Hamiltonian operator 

Let us start from a problem which has a Cartesian basis, as dis- 
cussed in Section 19,1. Denote the Cartesian coordinates as Xp1Xor 
NT Under the transformation from aa to the curvilinear coor- 


dinates q b! 
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$4 | 
a) 49 

x = ; = qo = |. } 
aN! IN 


the classical Lagrangian L=4x x -V becomes 


~ 


Lia, 4) = 4 M(q)q - V(q) (19.35) 
Oxon x. 
8dq 24, © 
[ Here, the subscripts denote the components of x and q.] The 


where the matrix elements of M(q) are given by Mob = 


classical Hamiltonian is, as in (18.45), 
~ cl 
H j(4-p) = 2PM (q) p+ V(q) (19.36) 


where p= Mq. 
The quantum Hamiltonian H in the Cartesian coordinates is 
given by (19.20); the same operator in the curvilinear coordinates is, 


similarly to (18.47)-(18.48), 
1 -] 
S tie 
H(q, p) = 2 F cae cea be) (19.37) 
where cae 0/9q. and 
§ (a) = V/ det M(q) . (19.38) 
The time-dependent Schrédinger equation is 
. 
Ailes ss af ce 
and the eigenvector of H is determined by 
H | a>=E | ei > 
a ; 


with the orthonormality condition < a' | a> = 6 tg . In the x- 


representation, we may define 


Veet) = <x | pS 
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and (19739) 

¥&) =< x | a> 
The 1) (x) forms a complete orthonormal set of functions, which 
satisfy 

* Nee 

flO) R(x idae Gln (19.40) 

The Green's function of the Schrédinger equation is 
1| ovi(tt=t)H = oa Stas) 1s 
ce = mas Ie) © ’ 


which connects #(x, t) to (x!, t!) through the relation 


yx, fH) = fice [eth OA LS wan de | 09.41) 


Because ¢ is the Jacobian of the transformation x > q, we 
have 


Ee § ane (19,42) 


where ave = dq, dq, “- day and, as before, a = dx 5 dx, oe dx 


In the q-representation, it is convenient to eliminate the Jacobian 


factor in the volume element. We introduce 


2a | | 
<x) b> = —= <g> and <xas =) <a a> 
| Te q | | Fj | 
Hence, 
o(q,t) = <q|t> = V Pla) ¥( x(q), #) 
and (19.43) 
(9) = <qla> = V gla) ¥,(x(q)) 
From (19.40), it follows that the $, 's satisfy 
. IN 
ME CMC! ch = (19.44) 


We define the operator 


= = 1 
(gq, Pp) = 7 O(a) A(a, no) ; (19,45) 
¢ V F(a) 


so that the energy eigenfunction (4) satisfies 
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Ho (q) = E ¢,(4) 


and the time-dependent Schrddinger equation becomes 


H o(q, t) = 1 o(q, t) ; (19.46) 
its Green's function is 
-i(t'-t)H _ = -i(t'-t) E 
ep lo cise i alles reo Vai: 
e (19.47) 


Deron > 41 aile 43) it folllews that 


o(q ') = s <q le PAG og, t) dq. (19.48) 


Next, we want to express this Green's function in terms of path inte- 
gration in the q-space, 
2. Path-integration formula 
As before, the time t'- +t is divided into 7 intervals of ¢ 


each, Let 


ay) (n) 
denote the value of q at time t =t+(n-1)e€ . The sequence 
q(l)=q, q(2), +, q(T), and q(f€+1)= q' describes a path 
q(t) as t varies from ¢ to t'. For any state vector | > at time 


t, (19.48) can be written in terms of the following path-integration 


expression: 
Theorem 3. 
o(q', f) = <q! Pea > 
= hi eleeonn aoe aly |S 
aie ee (19.49) 
Lage) = L(G(n), @(n)) = 4 In 2 (Gln) - V_(Aln)) (19.50) 
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in which 


q(n) = glee Ect eee) = labeler) 


€ 


the functions L(q, q) and $ (q) are given by (19.35), (19.38), and 


& Val &3 Oqt ) 0q., 
ve) = aug (aee)] [aay (32) ] - 70 


It is interesting to note that the Jacobian term becomes an imaginary 


"effective" potential * with a magnitude proportional to « , which* 
becomes 6(0)= ca as e~-0. Furthermore, for curvilinear coordi- 


nates, there is an additional real potential term V_(q). 
c 


Proof, From (19.33) we see that the Weyl-ordered operator ah of 
(19.36) is 
atl -1 =| =] 
H(q,P) = g fey Pe, Mat 2ep May PL t My Py pL + V(q) 


where, as before, pire i a/9q, and (12.52) 
ie = dq, oq, 
ab OX. OX, 


By straightforward differentiation, it can be verified that, as will be 
given by Exercise 1 on page 487, the difference between the operators 
H , (19.45), and H,, is V_(q) given by (19.51); i.e. 


H(q,p) = H(q,p), + V(q) . (19.53) 


In the partition of t'-t into Tle, at each time eins (n-l)e, 
we introduce 2N integration variables qy (n), + qn Py (n\, « Py j(n) ? 


grouped into two (Nx 1) column matrices 


* T. D. Lee and C. N. Yang, Phys. Rev. 128, 885 (1962), 


** The &(t) function may be viewed as the limit of a positive square- 
well function, = 0 if | t | Se sis = ev! otherwise; hence 


6( 0) =e0 can 
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q, (n) P,(n) 

qo (n) p(n) 
ain) = | ond p(n) = | 

any(") p(n) 


By using Theorem 2 and (19.53), we can first cast (19.48) into a path 


integration in the (q,p) space: For any state vector | > 


<q en ete Ree ep oS eels Ape 


rn N “a 
= lim fT (2) da(n) d p(n) eS <q, | > 
eee | (19.54) 
and _ 
L(n) = B(n) d(n) -H_,(€(n), p(n) -V_(@(n)) (19.55) 


where, as in (19.30), 


a= q(n+ 1) + q(n) ae q(n+1) - q(n) 
D , tA 


€ 
and Hy (4,P) and V 6a) are given by (19.36) and (19,51). 


The function L(n) depends quadratically on p(n). We note 
that the mass matrix M in (19.35) is real and symmetric. Hence, there 


exists a real and orthogonal matrix U which diagonalizes M: 


It is convenient to introduce the column matrices 
nt = Up(n) and v = Udq(n) 


with T, and vos their a matrix elements. By substituting (19.36) 


into (19.55), we may write 
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LU(n) = tv - 357A To Vee 


Seto a= du duy--dmy , 


EB Agv2 =F Av = Gln) M(G(n)) a(n) 
and © 


TT Ol V/ det M(q(n)) ee ei = aic(-i/e) In feacsh 


the p(n) -integration in (19.54) can be readily carried out with the 
aid of (19.3). The result is (19.49). Theorem 3 is proved, 
In the compact notation of (19.9a)and (19.21a), (19.49) may be 


written as i! 


a Te ede 
si(t!-t) A eff 


Pi dcullire (19.494) 


where 
Laced) = L(q,q) - 16(0) In J (q)= V fa) (19.56) 


and 


6(0) = lim + , 
e>0 
so that between any two states Is at t, and Less at t' we have 
an 
; = L dt 
-i(t'-t)H ues f 
<t'fe Mee l>=S [dq] <t']qi>e ¢ <q|t> 
ith 
q! = lim TT are d q(n) 


e>0 n=l 


and in terms of Logg) given by (19,50) 


1 
S loge dt = dL € Loge(n) 
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From (19.38) we see that * 
In y) = }Indet M = dtraceInM 


At time + between t and t' the matrix element of M is given by 


ax_(r) ax (rT) 
dq, (r) 9q, (7) 


<a|M(r)|b> = 


Let us define 


<a,1|iIn@t|b,r'> = 8(7 -1') ) <a | In M(r) | es 


: (19737) 
so that 

trace In 7 = Sf dr 6(0) trace In M(r) ; 
consequently, we can express the integral of (19.56) as 

+! ta il. 

Io che = oF [L(q, 4) - V (4) ] dr -i trace In 9l" 

t ! (19. 56a) 
Exercise 1. Consider the transformation from the Cartesian coordi- 
nates Xp ,X5r"* eX py to the curvilinear coordinates Wyre WN 
Let 

a 1 ) -1 e) 

Keg =--=~ => M 

mo oe 29 aq. ab f aq) 
where 


§ “ To. 214 PQP, Bot 2 ae yo ee Py PL! 
t 1 dq dq 
Q b 0 a 
+= (19.58) 
Sins ocd xs oqpmox. 


* Denoting ie eigenvalue of M as dy , Nor “++ / we have t =vdet M 
=X; which gives ne LY IndX_ = 4d trace InM . 
. a 
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where Me -j a/ aq. : 
Note that from (19.58), (19.53) follows, 


Exercise 2, In a one-dimensional problem, let x be the Cartesian 
coordinate and q the curvilinear one, asin (19.35). Verify directly 


that (19.36), (19.37) and (19.53) hold with 


Be Ade -1 ,dq. _ dx 
Ss ae) M = ( eos 


and 


Apply the path~integration formalism (19.49)-(19.51) to this simple 


case, 


3. An example 
Consider the example discussed in Section 18.2, Inthe £ =0 
gauge the Hamiltonian operator (18.23) can be written, in polar coor- 


dinates, as 


Epes ibe See el ee 
usp ae ee ~ eee Ae 


The corresponding classical Lagrangian function is 

L(r, 0, f, @) = $624 47262-wry . (19,59) 
The Jacobian of the transformation Xp Xp Fy 0, is 

¢ Sapo (19.60) 


Let P(x, ; Xo) be the wave function in Cartesian coordinates 
(x1 7 Xp) = < X77 Xp | o 


In accordance with (19,43), we introduce 
] 
ww = 
ae 
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The constraint (18.24) implies that %, and therefore also », is 9 
independent. Hence, in terms of @, the time-dependent Schrodinger 


equation becomes 


Elites (nyt) an at) (19.61) 


where H=/r H 


Because ot 0, we may write, as in 


(18.26), 

zs j 2 

H = > oy ARS a V(r) ais MEA) (19.62) 
where 

Ves G2 (19.63) 


Since the above Hamiltonian H is already Weyl-ordered, we may 


apply Theorem 2, By setting Gime r(n) and Pi p(n) tr 19731), 


we have M dr(n) _ 
g(r) = lim fT eee en 9(r(1), 1) 
e—0 n=1 
where 
GN Gn Ses tn GG a 
r(n) = 4[r(n+1)+r(n)] , 
(19.64) 
ria) = irr l)=tin)|) fe , 
and 
rot 1) 
The p(n) integration can be readily carried out. The result is 
Tie 2 4 
a(n, t) = lim fT (gb) de(n) el tet”) 9(r(1), #) 
ah a (19.65) 
where ; 
BP) ade ated) Bt) PC (19.66) 


The same result can also be derived by using Theorem 3. By 


setting N=2, apa = dr(n) d@(n) and 
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r(n) 
Jar cay 
q( 0(n) 


in (19.49), we find 
1 ieL i ee(n) 
g(r, Of) = lim f TT (s---) dr(n) dO(n) e ~ eff” ofr(1), t) 
or Sal (19.67) 
where r(7t+ 1) =r and O(71+1)=0' , 


Lage) = L(F(n), 8(n), #(n), O(n)) 
ad - - - 
=a In ff (ny) - V(ir(n) i= Vara) (19.68) 
with $, Vo, r(n),F(n) given by (19.60) and (19.63)-(19.64), 
Q(n) = 4 
and 1 


Q(n) = 


[@(n+1) + Q(n)] 


Because o(r(1), t) is independent of 0(1), we can integrate first 
with respect to O(1), then @(2), +** . The result * of these angular 


integrations is 
7 4 Pe ees WG. 2 a 
Veet (shy dO(n) ezie(t(n) O(n))? _ | Tt r(n) | 2 
n=] nal 


which cancels the Jacobian term in (19.68) and leads to the same ex- 


pression (19.65), with o(r', @', t') = o(r', t') independent of @ . 


19.4 Feynman Diagrams 

The following examples illustrate how the path-integration for- 
malism can lead naturally to Feynman diagrams. We will see the rel- 
ative advantage of this approach versus the Dyson- Wick derivation 


given in Chapter 5, 


*Cf. S.F. Edwards and Y.V. Gulyaev, Proc.Roy. Soc. 1A279, 229 (1964), 
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1, Contraction 
Consider the Lagrangian of a simple harmonic oscillator 


ae 


L = lo(a,4) = 24 : 


che 2 


eer 
and F(q,q), G(q,4q) are two arbitrary functions of q and q. The 


path-integration "contraction" between 


F(1) = F(a(ty), 4(t))) and G2) = Galt), a(t) 


LE) 
is defined to be ee 
F(1) ) G(2) = fi, See Sldq] RONG) at meee 
ee <vac| fldq] : 4 go eee 
(19270) 


f= Ss 
where | vac > is the ground state (or vacuum) of the harmonic oscil- 
lator; i.e., 
a | vac > = 0 
where a is the standard annihilation operator defined by 
T 
cs ) 
2W 
and (AZAD) 


pes eal = (a-al) 


In the path integration (19.70), our "recipe" is always to first replace 


at any time t=t, 


[q(n+1)+ q(n)] = q(n) , 


[ q(n+1) = q(n)] 


q(t) by 
q(t) by 


and then take the limit ¢>0, asin (19.9) or (19.49). 


(19,72) 


q(n) , 


a 
2 
] 
€ 


Theorem 4, 
ti = - ia) 
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d 
3(1) (2) = =— DL(t, - t,) (19.74) 
alee dim E12 
and d2 
3(1) 4(2) = - D-(t,-+t,) = w? D_(t,-+t,)+ 16(t, —t,)m 
ice see ecm tid 05) ry AiG“ 


(372) 
These expressions are to be contrasted with the Dyson-Wick definition 


of contraction given by (5.45): 
q(1)q(2) = D_(t, -t,) = q(1)q(2) atalltime (19.73a) 


AUG) 0 Ate 
aes 


p(1) q(2) = q(1)q(2) = (19.744) 
_———— Lt ae if t. =f 
2 pee 
and ; ; ' 
ala 2) eat tH Zt, 
p(1) p(2) = 4(1) q(2) = ag . 
5x W if ty =15 
d2 ; 
aa a? De(t, - t,) - §8(t) - t,) (19.754) 


in which the curved-line connection indicates the path-integration 
contraction and the straight-line connection the Dyson-Wick con- 


traction, 


Proof, Let 


tT 


Ho = tp? + 4u?x? = (a at+d)u 


be the Hamiltonian operator of the harmonic oscillator. The denom- 


inator of (19.70) is, on account of (19.9a), 


-siw(t'-t) 


-i(t'-t) Ho | vaca : 


< vac | e 


the numerator for hy Sts 


2 
ete Ew Ho ce ity = t9) Ho Geni (ty7t) Hg | TIES 


(19,76) 
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and the same for rh < to but with the F and toe G interchanged, 

Consider first the case F= G=q. By using (19.7)-(19.9), we 
see that the path-integration formalism expresses the time-evolution 
of the state vector in the Schrédinger representation. Hence, from 


(5.15) it follows that 


eitlHo 5 @ tho = a 


is the interaction representation * of the operator q at +t. If we use 
the subscript I to denote the interaction representation, then (19.76) 


is Eine 1 
e AONE Weave | q(t,) q(t.) | vac > i 
as a result (19.70) gives 
< vac | q(1) q(2) | vac > if hy >t. 

g(1) 4(2) = 

—_~ < vac | q(2) q(1) | vac >| if ty >t, 
On the other hand, the Dyson-Wick definition of contraction be- 
tween F and G is given by (5.45): 


<< vac | F(1) G(2) | vac > eet. St 


F(1) G(2) = Lj 
a < vac | G(2) F(1) | vac >| if to >t 
977) 
By setting F= G=q, we find q(1) q(2)=q(1)q(2) if ty # ty 


At ty =tye it is easy to see from their definitions that both contrac- 


tions q(1)q(2) and q(1)q(2) are continuous. Thus, they are iden- 
ae (SS 
tical at all time. 


In the interaction representation, we have 
-iut T iwt 


I 
a) = (ae +ae ) 
V 2 


* In this simple example, the interaction representation is the same as 
the Heisenberg representation. 
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and 4 
g(t) = -i JS (ae Male) = pit) , 


where a and al are time-independent. Since 


] T iwt 


q(t) | vac> = —= aie Vdc ay, 
V 20 | 
we derive 
™ Se tin) 2 , 
SS ae STUNT a aw € wo De(t t,) 

(19773) 

where in the exponent - is for hy >t, and + is for t< ty . The 

function De(t, - ty) is continuous at Het, . Its integral represen- 


tation in (19.73) can be readily derived by using the contour integra- 
tion given in Figure 5.1, and that completes the proof of (19.73) and 
(19. 73a). 


For the rest of Theorem 4, in exactly the same way we can 


prove 
q(1) q(2) = 4(1) 4(2) 
and “—— ai 
GA) (2) en alg 2) 
See! vad 
so long as 
h e to 


The question arises only when fae to . From (19.72) it follows that 


when t, =t, , (1) q(2) is the average of 
l 2 Nee 


(aioe ta aint fq(n+1)+ ain) ) — Gon = Gea 
€ ) \ 2 f 2e 


which is zero, Thus, 


alq( 2) 20 when ete (19.79) 
Soe 2 
Likewise, when hy = to the contraction q(1)4q(2) is given by the 
Se 


average of 
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(cit =a) 


€ 


Because of (19.5), | q(n+1) - q(n) | ~ Je , this average value is 


o =) , as can be readily calculated by using 


iL 
CO x? ley Gee Ze) a! 
Ly ee (aie) : cae ane 


Hence, from (19.70) we can verify that 


g(1)q(2) = —+40 when t =t, . (19.80) 
ey € | 2 
From the D_~ function, (19.73), we see that when hy = to 


which agree exactly with (19.79) and (19.80). This establishes 
(19.74) ond (19.75). 

On the other hand, by applying the Dyson-Wick definition 
(19.77) we have,* since p=4, when tae to 


< vac | p(1) q(1) | vac > = - (19.81a) 


xe! 
— 
— 
— 

so) 
=~ 
i) 
— 

H} 


< vac | p(1) p(1) | vac > = Sty a (19.8 1b) 


xe! 
- 
mer 
-_— 
ho 
_— 

il 


This leads to (19.74a) and (19.75a) and completes the proof of Theo- 
rem 4, It is important to note that in our path-integration definition 


(19.70) and with the "recipe" (19.72) 


I 


* If we modify the definition (19.77) of the Dyson-Wick contraction to 


< vac | F(1) G(2) | vac > (eet 
F(1) G(2) = ¢ $< vac | F(1) G(2) + G (2) F (1) | vac >, ete tp 
——— 

< vac | G(2) F(1) | vac a tit ec te 


then when t, =) , q(1)q(2)=0 instead of - 5 but q(1) q(2) isstill do. 
{L———.-1} — 


With this modified definition q(1) q(2) = (1) q(2) at all time, but (19.75¢), 
Ne! Ei 

g(1) 4(2) = 4(1) q(2) + i 6(t, - t)), remains valid, 

eed ————d 
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contractions of time derivatives are the same 


as time derivatives of contractions, (19,82) 
but in the Dyson-Wick definition this is not true. 


Exercise. Let F and G be functions of q only. Show that 


Fl) G2) Fal) G2) (19.83) 
eee 


——————— 


at all time. 


2. Connected and disconnected diagrams 

In a relativistic field theory, when we express the S- matrix as 
the sum of Feynman diagrams by following, say, the method developed 
in Chapter 5, it is not difficult to see that in general every matrix 
element contains disconnected as well as connected diagrams. Physi- 
cally, disconnected diagrams represent independent processes, such as 
unrelated physical processes at different space-time regions. While 
the distinction is obvious graphically, it is less trivial to separate them 
analytically, The following example illustrates how the path-integra- 
tion formalism can be of use. 

Let us consider the simple problem of a free spin-O field in the 


presence of a given external source. The Lagrangian is assumed to be 
9 = . : 3 
Co ee ee a cies 


: (19.84) 


where a 2 : 
: é 
L(o,o) = -3 /s  ( oo £m? 9? 


and j =j(x) is an arbitrary c. number function of the space-time 


position aa (r, it). For j=0, the Hamiltonian operator is 
H= [412+ 3 (V9)? ] or 


with TT and @ satisfying the standard canonical commutation rule 
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(2.5). Let | vac > be the ground state of H. We define two func- 
tionals W and S of j(x): 


iS Ler 
t 
<A@) = ig | yo es) 
= fet 
eo ae | S [do] e J "| vac > 
and tides 
SO 2 ay >. (19.86) 


As we shall see, S(j) contains only connected graphs, and W(j) 


both connected and disconnected, 


To give the precise meaning of the above path-integration ex- 
pression, we introduce the Fourier expansion 
o(r, t) = af 2m Iq. Z(t) cos (ker) + q, c(t) sin (ker) ] 
: ‘ (19.87) 
where ee and Sof are Hermitian, and the sum = extends 
over the half-k space, as defined on page 423. It is convenient to 
use one running parameter for the different subscripts: 


a for c,k and s,k 


As in the previous section, we may group all these coordinates into a 


single column matrix q whose matrix elements are the q 's: 
a 


Equation (19.84) becomes then 


Lila, 4) = L(a, a) Sie 


a a 
a 


k 
fs a 2 3 Rd on 
me opm aa ae sin k-r if q=s,k 


where 


(@) 
fe) 
w 
ae 
- 
= 
Qa 
M 
Oo 
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Qa 


BGRci = 2 Ge = we a) 
- a a 


and 


Again, we divide the time interval t'- +t = + into J sections of 
e each, with q (n) as the value of q_ at ess (n-1)e¢. The 
a a 


denominator in (19.85) is 


i f Ldr 
<vac| Sido] e t | vac > 


= lim f dda <vac | q(7+ 1) > 


€— 


i + . 
-f TT tari 26) (a) Besta < q(1) | vac 


_ 2m ie 
n=] a 
where 
L(n) = L(q(n), 4(n)) (19.88) 
with 
q(n) = ene and q(n) = a es 


as before; the numerator is given by the same expression, except for 


the replacement of L by L . Thus, we may regard 
il 


rt ia 
[dp] = lim doy T OT ( clep(Tl , 
e>0 a 


ae 27 i€ a 
t' mw 
Sf bdr = lim e¢ Y L(q(n), G(n)) (19.89) 
5 e>Q 3 n=l 
and t! 1 = 
f Lidt= lim ¢ 2 L.(q(n), 4(n)) 
ty J e-0 nel J 


Next, we expand the numerator as a power series in j(x) . 
L] 


t 
The term exp if ee is a product of 7 factors of 
t 


el ely (n) = eiel(n) [1 ae j,(t.) (a) Oe 
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When ¢€ +0, we keep O(?le) but neglect O(70¢7). Hence 


iflede ie fof tee itl ide 
et J set aad mcm |) j(1) (1) e ft 
i f 
ee, is Lde if 2 lde 
+i? fd'x, dx, e fo j(2) (2) e HI 
i tele 
GOD Ga e & th 06s 
4 : ; jG 3 
where Jd x, - 1(2) o(2) ee (ry Ga e \d ron 
with Q2 = oe . The third term on the Pa ge can be written 
as es if Ld+ 


if ‘, dx. i(1) j(2) @(1) 9(2) 


in which both the regions t >t and t, >t, are integrated over, 


2 2 
and that accounts for the 1/2! factor. By extending the same con- 


gitcioticn to the higher-order terms in the expansion we can write 


t' t 
i Lider if lLdr oo .N N A if Ldr 
e 26 1 + sap Ue ey) eT 
Ne ee 
(19.90) 


By substituting (19.90) into (19.85), we obtain the power series 
expansion of the functional W(j) in j(x). The zeroth order is 1 
and the first order is 0 because < vac] (x) | vac >=0. The sec- 
ond order is given by the limits t!'> co and t>-o of 
re alee 
i2<vac|$fdxd y jx) of iy ene t | vac> 


te 
enc ene "| vae > 


i S,(9) = 


where S, is a functional of j(x), with the subscript 2 indicating 


that it is a second-order term, Because of (19.84), we find 


i S5(j) = 124 fF ie ayy j(x) De(x-y) j(y) (19.91) 


in which De is given by (5.48)-(5.49). Graphically, we may represent 
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iS, = e#——» (19.92) 
where the Feynman rules are: Each one-point vertex 


—_—= gives a factor i times j(x) , 
x 


each line connecting two points x and y 


eae gives a factor De(x-y) 


All space-time positions, such as x and y, are then to be integrated 
over. In addition, for each diagram there is an overall factor (= sym- 
metry aumbenes . For example, the symmetry number * for the diagram 
in (19.92) is 2 because of the exchange symmetry between its two 
ends, It is straightforward to perform the systematic expansion of W(}). 


The result fs 


a-———_4 
Ge eo Ss Bw ee 
o——_) 
oy 
¢ , (159)? _ (iSoP 
SS Ft i 5 eee (2.73) 


where 21,31, °** are the additional symmetry-number factors of 


these graphs. Hence we find 
W(j) = el S (j) 


From (19.86), we see that in this simple example S(j) = S, (j) lite 


clear that while W(j) contains connected as well as disconnected 


* Throughout the book, the propagator of a complex field is represen- 
ted by an arrowed line, and that of a Hermitian field by a line 
without an arrow. The symmetry number of any diagram should 
be determined before the momentum assignment. We first label 
all points and lines (arrowed or unarrowed) of the diagram by 
different letters, and then consider permutations of them, The 
number of permutations that leaves the diagram with the letters 
unchanged is defined to be the symmetry number, 
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graphs, S(j) contains only the connected graphs. As we shall show, 
this feature has a general validity. 

3. Spin-O field with interactions 

In this section we shall extend our analysis to the more compli- 


cated case of an interacting spin-0 field. The Lagrangian is given by 


L(o, >) = Lolo, 9) + LA (9) (19.94) 
where P 
ap 8 
Lo a -is | (22 (+ mtg? | fa 
and : (19.95) 
1 oe As 3 
ee Oe an pe an ip ® | oe 


in which 6m2, Io and f, are exactly the same notations used in 


0 


Section 5,6 when we discussed Feynman diagrams via Wick's theorem. 


Hence, according to (5.77)-(6.79) the Hamiltonian is 


H = Ho “ Ht 
where : a oe 3 
ae Ne ee le VG) ine ge edi: 
a te ih 


We first define the full Feynman propagator 


t' 
ep dl 
<vac| f [do] (x) oly) e t | vac > 
Di(x-y) = lim = 2 
E t'+ a0 if! ide 
‘eee <vac| f ido] e ‘t | vac > 


(19,96) 
in which | vac > is the ground state of Ho , [dg] and pe er; 
t 
are defined by (19.89), but with L now given by (I 9.94). Next,we 


Tp de 
expand e as a power series in Let : 
iffids iffigde iS lgdt if’ lods 
i = t . " ¢"! " t 
e =e Tp dt" e Le gt ye + ses 
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Notice that Li does not contain >. By substituting this expres- 
sion into (19,96) and using exactly the same argument as in the proof 
of (19.73) and (19.73a), we obtain 
De(x-y) = De(x-y) + i S D-(x~z) 6m? De(z-y) Ae 
4 A 
= Zz = aret 2 ve t 
+ ( ido) va De (x z) [D.(z zy} De(z y) d zdiz 
ee es 


Graphically, it can be written as 


Oa ae x y = x Z y “ x 22 Zi y 


ay age (19.975 
in which the Feynman rules are the same as those given in Chapter 5: 
a line connecting two points x and y 
anaes gives a factor De(x-y) P 
a 2-point vertex 


——o—_ gives a factor i6m* , 


(19.98) 


a 3-point vertex 


avin gives a factor - id5 


anda 4-point vertex 


gives a factor -i f 


Equation (19.96) can be generalized to an N- point func- 


tion 
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N ist Ldt 
<vac| f [de] To) e ¢ | vac > 
me 2 ii 
D, (1,2, v N) see i ft hdr 
t 
Rae <vac| f [do] e | vac > 


(19.99) 


with 1, 2, «+, N denoting the space-time positions Xp Xan te Xi 


For example, for N=4, D, is given by the sum: 


4 
] 2 ] S ] 4 
o———_-9 e— —aw 
+ + 
e—_—_-@ o——__- o——__6 
3 4 2 4 2 3 
] 2 
+ | + se5 (19.100) 
3 4 


While DA (1, 2)= Di(x~y) and D3 (1, 2,3) contain only connected 
diagrams, Duis contains disconnected as well. In order to separate 
she eonmeciad ones fren the nes ee introduce, as in (19.84), 
a fos : We 
ae 9) = Lio, $) + ff jodr (19.101) 
where L is given by (19.94), As before, j(x) is an arbitrary c, num- 


ber function of space-time. Define W(j) and S(j) as in (19.85): 


if’ Lids 
W(j) = el (i) = <vee | ice ! vac > 
: ist Ld ‘ 
<vac| fido] e | vac > 


(19.102) 
but with L. given by (19.101) and L by (19.94). By using (19.90) 


and 
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es (ick 
< vac | o(x) e t | vac > = 0 : 
we find = N N ; 
Wj) = 1+ 2 age SDA (12,N) TT j(a) dx 
N=2 : a=l 3 
Pa (19.103) 
where Dy is given by (19.99), Let us write the functional S(j) as 
a power series in j: 
oe) oc) .N 
i) = SC) = 2 sar & Salleewc ND 
N=2 N=2 °° N 
i ae dx, (19,104) 


a=] 
with the Cy the coefficients in the expansion, It is straightforward 


to verify that 


D,(1,2) = (1,2) = Feynman propagator De(x, - Xp) : 


—,. ' Men 
iS 


D,(1,2,3) = 3(1,2,3) = sum of all connected 3-point diagrams 
and 3 3 A 
iS, (j) = 30 S C,(1,2,3) ui j(a) d x7 


D4(1,2,3,4) = C,(1,2) Co(3,4) + Cp(1,3) C3 (2,4) 


+ C,(1,4) C(23) + C4(1,2,3,4) (19.105) 


4 


which leads to * 


a 


* On page 505, the coefficient u outside the square bracket can be understood on 


8 


the basis of the symmetry number of the disconnected diagram 


1 #———e 2 


3 e————e 4 


We note that the permutations between 1 and 2, 3 and 4, and the pairs Cl, 2) 


and (3, 4) give a total symmetry-number factor oe —sone 


PATH INTEGRATION S05). 


J 
= ALS C,(1,2)5(1) 502) a dx, 1? 
i f 4 
+ a ap C,(1, + 4) Hee a 


Gs 


2 ° 
aT ag) + 1S, - 


By comparing (19.100) with (19.105), we see that C4 (1,2,3,4) is the 


sum of all connected 4-point diagrams, 


Exercise. Show that Cy 2 «©, N), defined by (19.104), is the sum 


of all connected N-point diagrams, 


19.5  Fermions 
To include fermions in the path-integration description, it is 
necessary to introduce a representation of the fermion Hilbert space 


as polynomials of generators Zprz of a Grassmann algebra. * 


Oe 


1. Grassmann algebra 


The generators ZZ Z of a Grassmann algebra G. are 


ae 


elements that satisfy the anticommutation relations 


(caer Ne = ae ee ae ge 0) (19,106) 
t j Ij ji! 

Hence, 
zypo= Zo = ag ey Oy 


and any function of z. must be a simple polynomial of the form 


(2) = Gt Loli) a4 2. golini) 2; 2, 

| — (19,107) 

+ 2 $4 (i,j) & i z+ coe + (1,2, °+, 0) Z Zo Z, 
i<j<k 

ere rere nen eo ietcoe nc tentizcrion (New York 


Academic Press, 1966). 
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where the >, are ordinary c. numbers, We may choose all! the 
of : ins “, lL) to be totally antisymmetric functions of i : ios 
riod ie, $, changes sign under the permutation of any pair of 


its arguments, Equation (19.107) can also be written as 


oz) = +L ol z+ ar Dd oii) 
i,j 
tay o, (i i, jk) Zz. Zz, zo Pe 


The Grassmann algebra G. with n generators defines a linear 


é n : 
space whose basis vectors are the 2. polynomials 


les zn eeez 


iat 


ie IoD Shao oe Gpeegeene |=] 20 ae 


and the function o(z) is a vector in this space. 


The derivative operator 0/9z and the differential dz. sat- 


isfy the anticommutation relations 


a dz 
Q ae b 
( dz. ' ~b ; - Oz Sob 
L a s) a 
and (19.108) 
{dz 123 = dz dz, J = 0 
Hence, 
soz, 2 %, = ©,2%0o @ 2-2 & , z z, + 
zy in ie ai, iy re) di, in Be 
Canna Zest) 6. 
i i ai 
] m-] =m 
For o(z) given by (19.107), we have 
Oo(z) _ 2 1 cee 
Oz. ri ?y (0) + 2 $5(a, i) = ap QV : $3 (a, i,j) z= a 
] 
ap 3r u o4(ariri, k) = aj a 0000p 


i,jrk 
do(z) = 2. 9, (i) dz. + 2, Polir i) 2 dz, 
i,j 


] 
+ mi 2 $3 (i,j,k) z. z; dz + see 
"J, 
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and 
) d9(z) _ oo. do(z) 
ez oz Oz) dz 
The integration rules are * 
if dz = 10 
and (19.109) 
J 2.0z = = J dz 20 = oe 


where a canbe 1, or 2,-+, or n. For 9(z) of (19.107), we have 
: = ; 1 io 
Ff 9(z) dz, = (a) + d DOne) oe : 03 (1/5/90) 22, 
1 ee 
a cn 2 OUTER erie 0 be 


IrJr 


andif z'= z + constant and z!=z. forall i fa 
a a i 


S o(z') dz = Sf 9(z) dz, 
Multiple integrals are simply the iterated integrals; e.g., from 
(19,107) 

f 9(z) T dz, = 9 (1,2, +, 0) 


where 


jp dze = dz. dz me OZ 
: i n n-l 1 


Any (z) can be decomposed into a sum of even and odd polynomials 
of Zz. 


o(z) = o,(z) + 9_(z) 
where f 
o,(-z) = £9, (z) 


oe a ee ee 
* These are really "measures." If we wish, we may regard (19.109) 
as definite integrals. They are not inverses of derivatives. 
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By using the integration rules (19.109), we find that for arbitrary o(z) 


and 9'(z) the partial integration rule is 


aq! (z) a9, (z) 
de ae) 7 dz. = a5 Vs aac 0) (z) dz, (19.1110) 
a a 
as can be readily verified by first considering the special case 
NS Pan eo os and 9o'(z)=z_z. +: z, , and then consider- 
Oe inp te ee) ayy a e 
ing the general case, 
The "Fourier transform" of o(z) is given by 
fic =p exo). KZ.) o(z) TT dz, (19.111) 
i 


where the Ke anticommute with each other as well as with the Zo 
ie Kee — na, , 2 en 2. 2 (19.112) 
| J ! iH L J 


and the running indices i and j vary from 1 to n as before. By 


using (19.109), (19.111) and 


exp (2 x, z.) = Gs: era 
i | 


we see that 


K, f(x) = S exp (2. Kz.) ous) TT dz, (19.113) 


a 


Let us define the "&- function" to be 
6(2))= Ff I devexp Ce Be) = NG nail 
a! _ 
We shall now prove, for arbitrary 9(z), 


¢(z) = Sf 6(z-z') TT ae (19.115) 


where the z. anticommute with each other as well as with z., and 
I 


the order of product in TT is the transpose of that in TT ; i.e., if in 
i i 
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(19.114) 

1 che = di dk] . dk, ; (172116) 
then . 

6(z) = ez = (-1) Z nel 2] 


J 
in the same order, but in (19.115) 
Th dz, = dz dz, + dz° (AAAS) 


i 
in the transposed order, 


Proof. From the integration rule (19.109) it follows that 


Jake near ao. (19.118) 


a 


Let us examine a specific term in (19.107) by assuming 


O(z) = 2. 2. “s Z, with i, > i >i 

ty boo] i Q 

Since from the definition (19.114) and with the product order given 
by (19.116) 


6(z-z') = (z'-z)) (Zz) 4 hoe °° (Zz, -Z,) , (19.114a) 


the righthand side of (19.115) is given by 


i Ce ea ee 


] 


then integrate. Next, move (25 - Z) dz, to the end and integrate, 


etc. The result, because of (19.118), is 


We first move the pair (2) - z,) dz: to the end of this product and 


Zz z Ze 
I 


‘a 'O-1 07 
By applying the same arguments to every term in (19.107), we estab- 
lish (19.115). 
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From this result, we can show that if f(x) is the Fourier trans- 


form (19.111) of o(z), then the inverse transform is 


o(z) = f exp (>. z,«.) fk) dk. . (19.119) 
j J ; ! 
Proof, Substituting (19.111) into (19.119), we can rewrite the right- 
hand side as 
fT dz! TT dk, exp). «.(zi-z.)] 9(z') 
rt Ce | aja Ie ed 
J 
Since TI is kept in the transposed order of TI , according to (19.116)- 


(19.117) we have 


zt dz. iH dk. = dz’ “ dz, dz. di, dk. - di 
= (dz’ dk) (dz' dk 1) see (dz, dk,) 
By using 
S dx; Eki een Gee (19.120) 


and the fact that (dz. dk.) and (dz.{z, - z. )) are commuting ele- 


ments, we find the righthand side of (19.119) to be 


i liedzs TT dx, expl) «.(z!=2z.)] 9(z') 
a ! ; ! j dua! J 
awh dzi(z > z) dz'_,(2 


alee ae ee 


=f (2) - z_) dz’ (zy - z 1-1) dz' oy * (2) - z1) dz, o(z') 


f W(z!-2z,) dz! 9(z') 
i 2 ie 
Sf 8(z-2') Th dz! 9(z") = 9(z) 


I 
which is the lefthand side of (19.119). 
Exercise, Any antisymmetric nxn matrix 


Cn (ca =a 
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can be converted into a block -diagonal form through an orthogonal 


transformation, We have 


QS 2- ©& © 
No 


2 
OS Oo OVOn eS =e ec 


Oo 
(>) 
(>) 
1 
ws 


0 
0 0 
0 


=) 
Sa 2 & S&F 2 SF 2&2 2 ©& 


2 
no © Oo SG oS 2 6 


(>) 
Qa S&S ©& 
aS © © 

(>) 

t] 


if ene odde—— 20 aly where SS = 1 andthe a, are c, num- 


bers. Show that the integral 
I = f exp Ox a z. z,) dz ° dz, 


7 , 
i dpc dy = det | 20]? if n= 28 


0 im = 22 t le 
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Since det | a | =0 if n=odd, this formula can also be written as 
i 
[= def | 2a |? ; 
2. Quantum mechanics 


(i) Let us first consider the case of a single-fermion mode. The 


Hamiltonian is 


where w isa constant, a and at are the standard annihilation and 


creation operators that satisfy (3.42); i.e. 


ia, All =| 
and 


(a Maleeerra!, Geeeyc 
The eigenstates of H are ket-vectors | n ye 

ins = ee aS | (19.121) 
with n=0 or 1. 


In terms of the generator z of the Grassmann algebra G, , we 


can construct the “coordinate" representation* 


= en Aad 
(ol ibe aa CO rey Ue 22) 
and therefore 
son a) 
n= ne 2 = How” aa 


In accordance with (19.121), the states | n> in the z~representa- 


tion are 
Sas = al <ai> =) . (19.123) 
Likewise, the bra-vectors <n | can be written as 


<O|z>=-1 and <llz>=z, (19.124) 


* If we wish, we may interchange the roles of a and Bi so that in- 
stead of (19.122), a=a/daz and of=z, 
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so that the usual orthonormality relation 
<@yans = f <i pace <2 | Se rey 


and the completeness theorem 


3 ee ee ee 62" 0 (192126) 
n=0, | 
hold. The Green's function of the time-dependent Schrédinger equa- 
tion 
eG, 
H | t> = 1 ae | vy > 
5 Zetulsl : + 
is e . In the z-representation and for H=wa a, we have 
< 74) | een | zZ> = is ul | n> ee | a 
n=0,1 
= Ze ee Zs (12.127) 
ts ; “itH ; 
It is instructive to compute the trace of e . By using 
(19.123)-(19.124) and (19.127), we find 


-ifH | 


trace oe | e ZS 


-itH 


a: i |S dz ate 
SS [-dz'(-z'+e 


= ]+ sau 


[AS ee er leg S 


es dz242z' dz) (-7" a) dz | 


which is, of course, the familiar answer, Another useful exercise is to 


set t = € = infinitesimal in (19.127). We have, after neglecting O(e7), 
ez! | eee | Z> = -z'+(l-iew) z 


which, because of (19.120), can also be written as 


(Bez) 


Sf d« eX (1 + fewnz) 


where 
Kk? = {x,z} = {«,z'} = 0 
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Thus, 


Goa | ae) 


-ieH 
e 


PZ dz = S dk dz e“ 


= Rees). 
(19.128) 


where the integration refers only to dk. This formula will be useful 


later on when we discuss the path integration. 
Exercise. By using 


<2 |@) (2 = ” <2 | Sain | :C |W Sau ZS 
n,n' 


for any Hilbert-space operator O, show that 


<2) 2 =] 522) 
a7 |G | 4S =z 62 —2)e = 2 ze 
' 9 (19.129) 
eZ cc es = as 6(z-z)=-l1 , 
gal|ala| as = ae 26(2-2') = 2 
and therefore 
en |ala | as = Peels dice alas.. 


(ii) The generalization to N_ fermion modes is straightforward, 
As in Section 3.5, each mode carries an annihilation operator a, and 


its Hermitian conjugate a! . Their anticommutation relations are 

iere aun =o: 
eel 

(o,4} = fal ell = © 


Let the eigenvalue of the occupation number operator al. be n.=0 
I 
or 1. The Hilbert space is spanned by the o- basis vectors 
t it Peay 
Osa a, |O>-7,a,, 0>, er |S 
r SN a Ore 
[nye M5, 2 (ay) * (ay) (a) ) | O> 


t 
eh ee 0, a ay! | 0 > (19,130) 


ns = 
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where n_ denotes the set tn, } and | 0 >= satisfies 


a. | CS — 0 
forall i. 

As in (19.122), the "coordinate" representation of a. and o,! 
can be expressed in terms of the generators Zp Zor tr Zn) of the 
Grassmann algebra Gry 2 

= ie aye) 
a = Ze and a = Fach A (E1619) 


i 
For the ket-vectors (19.130), we may write 
v4 | O> = Z) 25" Zn) 
and 


Ke | in = < | Mop Mey, 20 2 


N 


fa n n 
g \N. ge \i<zlo>, (19.122) 
Oz, dz, 


as in (19.123). The corresponding bra-vectors <n are given by 


MW 


Sin || 2S <n eine || 2 > = Tl a G2.l33) 
| 


ae 


where the + sign is chosen so that 


nn' 


Pf ew les eek | as = 6 A (19.134) 
I 


For example, if TT dz. = dz. “ dz, dz, , then 
N 


! 
C10) || ea = ea 
etc, Just as in (19.126), these basis vectors also satisfy the complete- 


ness theorem 


d Za ns<in|2s = T 6(z" - z.) (19,135) 


in ee T is the transpose of 1 in (19.134), as can be verified by 
multe ioG (19.134) on the left one et | n' > and summing over 


n= tn, }. The z-representation of an arbitrary Hilbert-space state 
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vector 
| a= ec Jn 2? 
n 
where C =C is the probability amplitude of finding | > 
n meal oe Ul 
he 
in | n> , is the polynomial 


Sars oS rane n> 
| 1 GaSe | 


Ul 
(a) 
at 
(@) 


+ Coo . 


Fi TE, coe 7 


= 9 1i2 N° 


The z-representation of its bra-vector is the complementary poly- 
nomial 
gles = WG <a | 2 
n 
so that 
= 2 
| 2 is G2 ric, 


As an example, let us consider the simple Hamiltonian 
H = ) »., a,! a. 

Sul 

1 


: : Sli. 
The coordinate representation of e Ay is given by 


-it ee n. W. 


HA y= Yezt|noe Slee 
n 


<z'|e 


For t = € = infinitesimal, by using (19.128) we find, after neglecting 
Ole). 


<2! | eel | 


ZS TT dz, 
i 


=i ol dk. dz. ES a) - (1+ ie =o Kj 2;) (oi ise) 
, 
J 


where the integration sign refers only to dk. a ele) (es paz "alll 


ia 


anticommute with each other, as in (19.120). We note that on the 
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righthand side the products dk. dz. e‘i ey and «x,z, commute 

with each other; consequently the order of i in TT can be arbitrary. 

This introduces great convenience in its Application: to be contrasted 
with the lefthand side in which W dz. must be kept in the same order 
as in (19.134), When e > 0, according to (19.135) we have 

~ieH | 


eZ |e zZ> iI dz. = TT 6(z. ~z.) TT dz. , which gives 1 upon 
i i 


integration, 


Exercise. Show that for 


ica, SR = eee a za 
ae ee eee 


and e infinitesimal, after neglecting O(e7) 
Ze ieee | 2> TT dz, =o) TT dk, dz, oh (2; zy 
i i 
elimi a OK z,.) (19.137) 


where as in (19.136) the integration sign refers only to dk. , and the 
c. number constants a. = wo . The order of the product in un on the 
righthand side can again be arbitrary. 

3. Path integration 


Consider the example of a quantized spin-} Dirac field (r,t) 


moving in a given external vector potential V_ . The Lagrangian den- 
rt 


sity is 
7 
ce= -$ (D + m) ¥ (19.138) 
"4 uy 
where 3 
D = ae. = ig V 
. r 


The corresponding Hamiltonian density is 


H = 9 y (7D. +m) P+ gVoH Ye . (19.139) 
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ole, 
The expansion (3.32) gives 
os ip-? ii -ip-T 
wir, t) = vee S are: (t) ae e 4 gel! ee 
(19. 140) 
For each pair a_._ and bl. we introduce two generators z, and 
P,s P,s 2n 
Zz of the Grassmann algebra so that * 
2n+] 
a = Z bt ez 
P,s Zn P,s 2nt] 
and 
By ol Pine ee = (19.141) 
Pr 705 oe 7OntI 
Hence, (19.140) becomes 
(19.142) 


¥(r, 1) = 2 9 (rz ¢) 
a a 
a 
where 9» (r) is the appropriate c. number spinor function, either 


a 
a EY QQ or ve Z e P* Ae , which satisfies 
a 


Pr 

to => 

d = 
f oe 94") r oye (19,143) 

The Hamiltonian in the z- representation is 

a — 

SONS ER Gs % (19.144) 
with ‘ 3 

H GRR tl) ey leh 


ap 


The solution of the time-dependent Schrtédinger equation 


a 
Hel ite ae Sere 


in the z-representation satisfies 


* For the "positron" states, we have exchanged the roles of Zot] 
0/ OZ. 4 for a temporary notational convenience; thus, repre- 
sentations (19.132) and (19.133) should be interchanged accord- 


ingly when dealing with these states 


See the footnote on p. 512. 
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ad TS = (cee | sgl a aa MWidze<2, | 
a 4 


We may divide t'-t into 7¢ intervals of «€ each. Let z (n) be 
the value of z at ie att (n-1) €, with the set tz (n)t corte 
sented by z(n). For n=1 we have aoe and z(l)=z. By ap- 
plying (19.137) to the Hamiltonian (19.144), we find 


-ieH | 


<z (nt1)le z (n)> TT dz (n) 
a a a a 


_ Kg(n) [24(n+1) - 2, (n)] 
= fT de (n) dz (n) 


Nah th Pein anal Il 


aBoa 8B 
Because 
got SM as ep ea (eee | z(7) > TT dz (7) 
AUD iH) a -1)> Tdz (t-)) 


ic), 


Ss Ihaz (2) < 22) [ven > 
a a 


we obtain, for any state vector | > attime t, the solution of the 
Schrédinger equation at time t' tobe 


<a |= eal ge ge 


FSA nents ze T dz (z) <z | > 
a 


ieL(n) me 


lim ff = TT dx (n n) dz (n)-e 


e>Q0 n=l] a 


Vis 
(19.145) 
where z(n) and x(n) are the values of z and «x at time 

a cl ae a a 
ae (n-l)e , 


iin) = 1 k(n) 2 (n) + oe Hg (n) za(), (19.146) 
a ap 


Ze Mach) azn) 


z(n) 
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and z (%1+1)=z' . It is convenient to define 
a a 


WW 


¥(n) = ¥(F,t.) =P g(r) zin) , 


; Ape A =n tee +1)- n 
b(n) = w(r, i = ps ( Ls p( ) w y o (r) Zé (n za ) ' 

£ in a (19,147) 
vliny= 9G) =D oh) aim , 


Bin) = 8,4) = Hm) yy = Lol) xy Kim 


[ Note that ¥(n), ¥(n), v"(n) and ¥(n) are all polynomials of 
the Grassmann algebra generators z (n) and « (n).] On account 
a 


of (19.144) and (19.147), L(n) given by (19.146) can be written as 


Val= = dhe nl, © 2m) Oa 
HoH 


f dr ¥8(n) Li ¥(n) = yy, B, +m #9 Y4 Vo) Hn) 


Equation (19.145) becomes eae 
nee Wes rl —_ ; 
<Ple ae El Sata fi oe ave oo ~(1)|> 
E> Oo) Snel (19.149) 
where 
[d¥(n) db(n)] = TT de (n) dz (n) , (19,150) 
a Qa Qa 


which represents a change of the basis from z (n) and x (n) to 
a a 
Bin) and v"(n) , with the final configuration ¥'=%(TL+ 1). Be- 


cause of the orthonormality relation (19.143) we may write 
Tek tate da) Smet GG a 
a a a = n n 


= constant ul di(r, +) dy(r, t) = [d¥(n) d¥(n) J 
r 


As in (19.15a)and (19.22a), (19.149) may be written in a compact form 


erence 


Ue Ee er eoy 6) (19.1492) 
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where 
[dy dy] = fim TT [d¥(n) d¥(n)] (19,150) 
er0 on 
and ! 
S U(r) dr = €). L(n) 
t n 
Exercise. By setting F(1)=9(1) and G(2)=9(2) = ¥ 2) v4 in 
(19.70), but replacing [dq] by [d¥d%] and L by 


-f ar ¥(y, 52 +m) ~ , show that 
U 


eC) ¥(2) = Sp(x)- x5) 


given by (5.60). 


Ise “Qc D 
We are now in a position to derive the Feynman rules in QCD, 
In the time-axial (Vo= 0) gauge, the coordinates are the Cartesian 


aT Vv. and % used in Section 18.3. By using (19.22) and 


(19.149), we can readily express the Green's function re ula 
in terms of the path-integration formalism, where H is the operator 
given by (18.38)-(18.39). By dividing t'-+t into Yt intervals of «¢ 
each and setting Vv. (n) = ve (r, te mM (on) = it (r, vs) with 


ee t+ (n-1) € , we find for any state vector | > 


Sih it) i i = 
<ViP' le | > = lim fT [dTT(n) dV(n) [dB (n) dp(n) J 
e-0 n=l, Lin) 
eo Ve vi), ¥(1)| > 
where (12.151) 


Un) =f (Ty Vay + i9l in) bom) 
HE (V,(n), T(r), 900), FT (nd) 1dPe , (19.152) 
[dM (n) dV(n)] =_T ATT," (r, +) dV," (4), CAH (mr) d¥(n)1 is 


r,i,2 
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given by (19.150), Hy is the classical Hamiltonian density, (18.29), 


2 2 ays yt 


T Q 
Hy(Ve re, ? )= 21. TT. + B. 4% D. + m) b | 


(19.153) 
Vi (n) = [V."(n+ 1) - Ve(n) /« with the final configuration 
Vit =vits 1), and ¥(n), i Ga uCaneare given bys (oman 


sai p(7l+1)='., By regarding the integration variables ve (Gan) 
T.(n) , (mn) and v!(n) as the values of ve r Tr.” ,¥% and yt at 
time t =t+ (n-1) € , we find that the integrand in (19.151) gives 
the amplitude for each path in the "phase space". Just as in (19.22a) 


and (19.149a), the above formula can be written in a more compact 


le Cesc 


POM eo 
eri gelies S (dT dv] [db dy] e t (19,151a) 


where 
pl Urdr = eS Un) ; 
t n 
its precise meaning is, of course, the original equation (19.151). 

In the above path-integration formulation, the constraint 
(18.35) is automatically insured if we apply the operator Maen ; 
only to initial states that satisfy the constraint, e.g., the vacuum state. 
In the derivation of Feynman diagrams discussed in Section 19.4, this 
would be a step that we should take in any case, as exemplified by 
(19.70). Consequently, it is not necessary for us to consider the con- 
straint separately. 

1. Covariant gauge 
Let us denote the gauge and the quark fields in the covariant 


gauge by a and ioe ,and replace the classical Lagrangian den- 


sity (18.3) by 


: ' 
ee os aces tte ae (19,154) 
ae 
Beli en) Se ole y 
4 S55 ure ee 1 ae ane Fa i 
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where g is a constant 


a Oo ees Q Vinnie. im 4h 
ae = ax, iy ax, A pot A A 


and 


) , Q 
neh ere i ce a’ r 
u Xa Lu 


as in (18.4), The subscript cov denotes the covariant gauge and g is 
the unrenormalized coupling constant. Although the usual canonical 
quantization processes cannot be applied to the covariant-gauge La- 
grangian density ney without encountering some formal difficulties,* 
it is possible to prove the following theorem which relates ee! ina 


path-integration formalism, to the Hamiltonian H in the Voz 0 gauge. 


Theorem 5. Apart from an overall constant normalization factor, 
Lvor | eu 
~i(t!-t 
<vt,¥ |e! Ts ie lym [d # (n)] 
Ul 


e-0 | n=l 


| 


[dF (n) dP (nm) } 2 (n) pe leey 


cov 


as a, Cae oe (19,155) 


The lefthand side is identical to that of (19.151) with H given by 
(18.38)-(18.39). On the righthand side 


t 
\ 
om), 9! @), 
(19.156) 
in which the Lagrangian density ae is given by (19.154), s& (n) 
rT 


LS eee Loy (0) An) By (le y 


cov cov 


is the value of ~ (r, t ) cttime ft =t+(n-l)e , 
i) n n 


* If we apply the canonical rule to £ complications arise because £ 
eeu 7 cov 


: 2 
=- os 2. (0, A") ] +--+; therefore the conjugate momentum of Age is 
eG = ar/ar @ . Consequently the Hamiltonian density - bo(Py) - = (Vv on 


2 
+ +++ has no lower bound, since - $o(Py) <0 if a >O (cantinued on next page) 
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: A (n+1)- A (n) os 
A (nr) = —B——__!  , [dA] =_T dA%(r,t), 
In . Hy a le a 
pe) a (19.157) 
: ae r at ft 


and Yn), TG tl eee ee a ee 


cov cov cov cov 
given by the same expressions (but without subscripts) as those in 
(19.147) and (19.150). When n= 7(+ 1, the values of At) and 
oaate) on the righthand side of (19.155) are related to Ma and 
on the lefthand side by 


Ate = ye. Ag (t+) SF 
ands (19,158) 
» (+1) = w 


cov 


Proof, We start from the Vo = 0 gauge, and introduce into the in- 
tegrand of (19.151) the factor 


n=] 
(exp ald) gece; == [V. pe os ) 
; a a bul 


where Aa) = Ae, i and A O(n) = Cr, i) are given by 


the Hermitian matrices 


A.(n) = T Aa) = ula)” V, (a) vin) + : voy |V, uf) (19.160) 
and 
Agin) = T AO (n) = - sr Infu(n) eer | 


0,2 estab ’ 
and a CY ) <0 if a<0O. By introducing negative metric, it is possible 
ta convert the cavariant-gauge Hamiltonian inta a positive-definite operotor, 


but then it has difficulty with unitarity. 
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=-— Wenomioe | - u(n))+ Fez fue) (u(t 1) - u(n))]? 
fe on (19.161) 
In these expressions, Te and V. are given by (18.1) and (18.31), 
u(n) = u(@ (n)) (e162) 


is the Nx N unitary matrix function which depends on the M 
group parameters @ tn) =@ alte t _) as in (18.52), and the differential 


d{@. oS = TT de. (aii a) oe for a numerical factor, the Jacob- 
a, vr 


~~ 


ian | Q 9 | is given by 


|e | = Set eae Oa te 
Caja (iat ee Ay (n')) 
=) def 68_(n) Raat a 


(19.163) 
In order to match the final configuration of (19.151), we set 


AP (T+ ere + Dee etleeep 


u(M+1)=1 . (19.164) 


Tae since the integrand of ie 159) is invariant under fe (n) 
= AD (n) + constant forall n=], , +1, we may cee 
ALiTl+1)=0 

We now examine the region where the summand in the exponent 
of (19,159) is of order 1. Because in the summand the coefficient of 
[Aint 1) - Ay in) ]2 is proportional to a , we expect only those 
configurations with Aint 1) - Ain) of order e€* to contribute to 
the integral over @,{n) . Thus since B tes iO A oir) should 
Pe ere a ere endnhoniie 16)).ulne 1) unis 
only of order ¢. 

If we perform f d[TT(n)] in (19.151) we find, up to a numer- 


ical factor: 
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JS Alin)! exp ie >» S ae 
n 


: [re [V."(n+ 1) - Vv. (n) ] ey -3 7. (n) my) 


-1 


exp i4 5 S PrlV "(n+ 1) = Veta) }? € 
n 


= expi Df Prirlv,(nt1)-Via)]2 @ | . (19.165) 
n 


Next we can use (19.160) to express this exponent in terms of AS 
and u. A particularly symmetrical form is obtained if the quantity 


in square brackets on the last line in (19.165) is conjugated with the 


= a = 
matrix [u(n) Neca Ne u(n+ 1) 4 


e7| tr fV,(n+1) = V, (0) 12 = Vie fru Wee A.(n+1) 

Bae eile + Elune)? Vilufay (n+ 1) I 
] 
.(n) 


ion faneeinnice alu(n) un ie 


Se 


-[u(n) om) 


(19,166) 


oe 
See 
ie) 


V, Luin) ae pul 
Using (19.161) to replace va u(n+1) by a function of Ayo), 
Hele u(n+1) = Il+ige A gin’ + O(e =) | 
we can expand the righthand side of (19.166) through order e¢: 
=] . =I 
€ tr[V.(n+1) - V.(n) J = etre elias = A. (n) | € 
2 3 
+iglApin), A.m)1+ Y, A gin) ) + O(e7) 
g 
where we treat A (n+ 1) - ar (n) as of order e*. Thus if we change 


integration variables from V.(n), b(n) and $(n) to the unitarily 
equivalent set A (n) : 


= cate b(n) 


= 
=) 
— 
| 


Bin)uln) , 


=| 

Ss 

— 
HT 
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the exponentials in (19.151) and (19.159) combine to give the covar- 


iant-gauge action up to terms vanishing with e : 


ie sd rtr (Tia, ner -#K.(n)) 7+ igl Agia), A. (n) 1+ V, Ap in) | ? 


nen hy V. * (n) + ( (Ag(at) Ala) © 12 
os 7 oy \n 1) - n 

ie DS ae Fy (o)| MMeowt teow 9 Ao) 14 inet 

Vj favs) #00) ]) 


Finally we must use (19.161) to change the integration variable 


8 tn) to ey (n). The resulting Jacobian det[ [60 ( n)/6 Ao ( : jell | , 


n 


after some eat can be shown to be the covariant-gauge Fad- 
deev- Popov determinant f(r) (19.157), apart from a constant multi- 
plicative factor, [ For ne see Phys.Rev. D22, 939 (1980). ] That 


completes the proof of Theorem 5, 


Just as in (19.56)-(19.56a), we may exponentiate the product 
TT c (n): 
n J 


i 
if f (n) = exp [trace In ft? | (19.167) 
n 


il 
where the matrix 71* is given by 


] 1 
<0,x| Mt | a> = <x) so BP |x> 
XH 
2 ' 
= <x| aos ) agg a LS 
a i: 
= - (19.168) 
and Se (Cit) oe (0 tee? Usiintroduce a matrix G 


whose elements are given by 
-| 
2 ' m 
<t,x|6|M,x'> = 9<x| (3) d fon ek os 
d 


4 u a? - u W Poem m 1 
= f Pe <x| (sea) |x" ><x" | oF eee xoeiedee) 
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Since 


3 _ 4 0? W itt 
Pea itie aces = J) lsc ih 78 | see || Wak 
r 


2 0 | 1 = G | rales: F 
(19.167) becomes 


il 
ij go) = det ?ft* = constant - det (1- G) 
n 


= constant - exp[trace In (1-G) ] 
(19.170) 

where the constant can be absorbed into the overall normalization 
factorim (7, 1o5): 

As in (19.151a) we may rewrite (19.155) in a more compact form, 
To exhibit Lorentz invariance, it is convenient to take the limits 
t'> co and t>-a@. By using (19.170) we see that, apart from an 
overall constant normalization factor 


eH id lila coe 


cov COV 


lim e 
t'+ 00 4 
t--0 Fe Uae x + trace In(1- G) 

-e (19.171) 


where a and G are given by (19.154) and (19.169), 


[dA] = T dA "&) 
ana Xp F (19.172) 
[dp de J = ul dP oO) Fog &) 
2. Feynman rules in covariant gauge 
To derive the Feynman rules, we follow the discussions given in 
Section 19.3. We can either use (19.99) by considering the N-point 
function 


N ; 
<vac |[dA] [dh dps OTT. FQNere eee 
= cov cov’ j=] 

D gy(1e2, 02 N) = Sev 


< vac | [dA ] [dpe ] m2 | vac > 
(19,173) 
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Fig. 19.2. The ghost-loop diagram due to -+ trace G" 
in (19.174), 


where 
eS ~ 
iZ = Ie <a ee In (1-G) 
= Pie he eM fe oe elk (19.174) 
cov } 0 
latel lie = fee , or &, or ¥, or introduce the device (19.102) 


vy 
ene 


eae 6 
<vac|[dA][dh_, d¥_] el WTI, AS * 


| vac > 
cov 
<vac |[d& [dP dp J | wees 
ame asst (19.175) 
Both methods, of course, lead to the same Feynman rules. 
In (19.174), every trace G" term gives rise to a loop diagram* 
shown in Figure 19.2; there are n vertices in the loop, each stem- 


ming from the factor 


*R. P. Feynman, Acta Physica Polonica 24, 697 (1963); L. D. Faddeev 
and V.N. Popov, Phys.Lett. 258, 29 (1967). 


530, PARTICLE PHYSICS: INTERACTIONS 


pe Q'm 


<x AG | x's (19.176) 


aus 

Ox, 
in the expression of G given by (19.169). Because of the additional 
factor <x | (?/ ax?) ees in G, between the vertices there 
are propagators which are identical to those of a spin-O field. Since 
these "spin-O" quanta enter only in loops, they are not observables; 
consequently they are referred to as "ghosts". From (19.174), we see 
that each ghost loop carries an extra factor - 1, making the ghosts 
behave like fermions. [ The factor i in (19.174) is the normal sym- 
metry-number factor of a loop due to the cyclic permutation of its 
vertices.] Expression (19.176) is not symmetric with regard to x and 


x! 


because of the derivative. Correspondingly, the ghost-gluon ver- 
tex is asymmetric with respect to the two gluon lines, as shown below. 
This asymmetry can be taken care of by giving each ghost line an ar- 
row before assigning its momentum, and requiring the arrow direction 
in each loop to be continuous, as in the case of a complex field. 
Every such vertex can be viewed as annihilating a ghost of momentum 
q and creating one of momentum p ; the latter enters explicitly in 
the Feynman rule given below. Hence, the ghost may be represented 
by a fictitious complex isovector field, In the following we represent 
the fermion (quark) propagator by an arrowed straight line, the gauge- 
field (gluon) propagator by a wavy line with no arrow, and the ghost 
propagator by an arrowed dashed line; the subscripts and superscripts 
are space-time and color indices, p,q, r denote 4-momenta with 


and p? standing for p+ i(O+) and p?-i(O+). 
Pp 
quark propagator 


————— gives Ta 
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gluon propagator 


Lx m, ’ age P,P 
: i gives oe 6 (a-1) a 
p 
ghost propagator 
Ve m : =] gill 
gives a 
Sess Se as p 
Pp 


quark-gluon vertex 


Q 


2,r Q T 
gives aye! =-%3g %) Q 2 
M SU, 


gluon-gluon vertices (p+ q+r=0, with the direction of mo- 
mentum flow indicated by the arrow) 


2 yd rope 


Mm 
s &mn 
SS Ra gives gf Mes) oe Can, 
q 
ait 2) ae 
Ih 
ny 
QA fii 7 cog ie 
gives _ 8 Sage Ge (6,8 ea 
&nj ¢xmj a 
< s (5, 8,7 6, 8,,) 
K,K n,y 


Qkj emnj _ 
Fe a (68, 65)! 


532. PARTICLE PHYSICS: INTERACTIONS 


| = 
gluon-ghost vertex nv 


[iS ee = 
q p 
From these Feynman rules, the Lorentz~invariance character of 
the theory is obvious. 
3. Coulomb gauge 
For the Coulomb gauge we apply Theorem 3, (19.4%) - (19.51), 
onto the Hamiltonian (18.97). We shall omit the details, and give 
only the final result. As in Section 18.4, let A and ue denote 


py 
the gauge and quark fields in the Coulomb gauge. The classical La- 


grangian density Lo is a function of AS : he nee ay yl and 
p 
oe) t 

c Ps. = D 19.177 
where 

pee oe at 2 aha gf amar , 

LV xe < 

De ee en (19.178) 

Ho OX, r 

Ee =e 


and ve is given by (18.78) and (18.92). 


The Hamiltonian H in the Coulomb gauge is given by (18.97), 
generalized to SU, (and with g_ now standing for 99) 


ere Q 2 

He sagt gay +30)0; 
+a yly Ot mle) dre do? £ glo G) 
PANE IC. By '(-V (0,8) | | ss 


4 oe ene (19,179) 
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Q 
where G7) is the conjugate momentum of A P 


n 
oF e p2mn Baan poytpey , 
I l Cc Cc 
a on Q Qmn ,m,n 
6. = ETS yA +g f A by 


with i,j,k cyclic, Vv. fo. is the matrix 


m> 3-- 


<9,1|V.8.\ 07> = (6 ” V2-9F (F) V,) 6 (rr) 
and. (19.180) 
9 = det V, (x) 
As in (19.45), we define 
= 1 
H=J/9 H——  . (19.181) 
a VE 


The time-dependent Schrédinger equation is 


Q2Q2'm 


os ed 
ee ast (19.182) 


In the A. rae and ¥. representations, if | t>= | > at time t, 
then at a later time t' on account of Theorem 3 the solution of 
(19.182) is given by 
Bre yey m1 
ane mele = Te ur eV ane mene a 
I c c = ti c c 
e>0 n=] 
. \ Po 
wel Ebeff ln <AM), ¥), F(1) | S 
(1973183) 
where, apart from an overall normalization factor independent of n, 


[dF_(n) d¥_(n)] = T dv (r,t) dP (r,t) 
da 
‘ TAS H 


in which p canbe 0, 1,2 and 3; as before, ets (n-1) € with 
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Wle=1' =4> and A (7% +1) and oT + 1) denote the final con- 
figuration At and Ue given by the lefthand side of (19.183). 
[ Notice that Aj (7+ 1) does not appear on either side,] As in 
(19.50) 

Q i 


Le) = Sor SAO), AMM), ¥0), ¥1), ¥)) 


Cc Cc 


: i In J (n) - Vi) (19.184) 


where 4} is the Jacobian (19.180) and L. is the Coulomb-gauge La- 
grangian density, (19.177), in which the arguments are 


Cr, : Wee = 
(Ge ae ae! cae ete) ae | 
I 2 : 
AS ae ale ot) = wet ’ 
ye ; b (nt+1)-¥ (n) 
0 ar 
: c 


The additional potential Ve is given by * 


WIE) =e 2 fdr <a, |(V, By Jae 


22) 


es a m,r> 


+ g2f drdr <i, |, Bat oo, ae |n,r> 
pte oe Seite), Loh ue 
‘<arlh (V8) 0 )(9 ar it ea 
(19.185) 


* N.H. Christ and T. D, Lee, Phys.Rev. D22, 939 (1980), The first term 
in (19.185) was originally obtained by J. Schwinger, Phys. Rev. 
127, 324 (1962), 130, 406 (1963). 
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where (7) - oe is the adjoint representation analog of the 


generator Tt. 

The Feynman rules can be derived by following the discussions 
given in Section 19.3 and considering expressions similar to (19.173) 
and (19.175), but in the Coulomb gauge. Because of the In a term 
in (19,184), on the one-loop level there are the Faddeev-Popov ghost 
diagrams. Due to the e term, there are additional two- and higher- 


loop diagrams, 


Remarks, For interactions without derivative couplings, the Dyson- 
Wick derivation of Feynman rules given in Chapter 5 is perhaps the 
simplest. For theories with derivative couplings, such as QCD, the 
path-integration method is the more convenient. This is because, on 
account of (19.82), contractions of time derivatives are the derivatives 
of contractions. 

For the gauge theory, the common practice in the literature has 
been to start from a formal path-integration representation before 
choosing the gauge. This approach usually encounters ill-defined ex- 
pressions involving o/o, resulting sometimes in mistakes such as 
missing the additional interaction term Me in (19.185). Our method 
is to start from the time-axial gauge which has an unambiguous Ham- 
iltonian, The Feynman rules in different gauges can then be derived 
by definite coordinate transformations. In order to show that each 
step is indeed well-defined, we have purposely avoided using the 
compact form of path integration; therefore, e.g., in the derivation 


of Theorem 5, some of the formulas have a clumsy appearance. 
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Problem 19.1. 

(i) Write down the QED Hamiltonian in the time-axial gauge, 
then go over to the Coulomb gauge by following the discussions given 
in Section 18,4, 

(ii) Derive the QED Feynman rules in the covariant and Cou- 
lomb gauges by using the method given in this chapter. Compare the 


result with that of Chapter 6. 


Problem 19.2. The Hamiltonian of a nonrelativistic charged parti- 
cle of mass y in a magnetic field 
B=Vxa 
=o | ~ @ =e = § , 
Hi= an P ea) 7 as ie a) , (19.186) 


(i) For a constant BY z axis, we may choose 


= 1 1 
a = -3By y a = » Bx 
and . ” = 
ea with eS |. (19.187) 
Prove that 
>) -iHt)> 2 _ tee il 
< | : | Nye 7 (sa? sin wt Weiss) 
where ne z9)? = 
ae t ey ea) 
eB 5 
4p aa [ esti ea (aaa cot wt 
and oB (19.189) 
a2: 


(ii) Show that 


trace pin =f der <r | SRS 
= (ae OF SEG (19.190) 
2int sin wt : 
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where Q - 00 is the volume of the system. 


(iii) If instead of (19.187), we change the gauge and choose 


a — ie) and a = Bx , 
x z y 
show that ‘ 
= Ssh a oo ih lie 
ae tp) > = Ope! sinwt © 
where AeA) 


el 5 e B(xy os Xo Yo) r 


and I-and w remain given by (19.189). Thus, trace Pal is invar- 


iant under the gauge transformation. 


Problem 19.3. The Lagrangian density of a charged scalar field » 
of mass m and charge e in an external (c. number) electromagnetic 


4- potential ay is 


ee =i, a) (D) 9) - m? 9! ¢ (19.192) 
where 
= ae ee itere (19.193) 
r ax aw r ax d : 
r r 
and the external electromagnetic field ee is related to ay by 
eek a 
dv Ox. Vv ax 
r 
According to (19.85) and (19.95), we define the action S(a, ) and 
the full Feynman propagator De (x, x') to be 
‘ i We Ldrt 
iS(ay) < vac | S [do do] e 1/2 | vac > 
S Dy 
ie Ladr 
t T/p 0 
<vac| f [do do] e AW: | vac > 


and (19.194) 
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Debt) = < vac] f [dp do] (x) (x') e a2 vac> 


A ipl’? tide 
<vac | f Edo dole =tyZ | vac > 
where T > oO, 

Ee ec i, and Lo = f by dr 


with £5 given by the free field Lagrangian density, 


and x and x' denote the space-time coordinates 


= (r, it) and x = (rt, it) 


When expressing the complex fields and o! in terms of their Her- 


x 


r 


mitian components | and os 
a - ae 
p ~ am (>, i 5) and 0) = oe (9, Se i 5) t 
we have 


L dg! 


do] = [dos] C [doo] 


in which each factor [ do. is given by the top equation in (19.89), 


Both S and Dp. are functionals of ay (x) . 


(i) Show that the equation of motion is 
=-m2 = 
(D, D, m=): = Ole. (Ie Vs 


(ii) By expanding De (x, x') asa power series in a, , prove 


ew 
that ] 
Dae) = HED, Datel | lex 


* es = 
re att ei2 LD, Dy (m-ie) tS 
: (1g: 1:26) 


where €=0+, 
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(iii) Show that in terms of Feynman graphs S(a,) can be writ- 


») 


ten as a sum of one-loop diagrams, 


(iv) By differentiating with respect to m2, prove that S(a 


) 


r 
satisfies 
as 4 ; 
> ae = f ax De (x, x) = De(x,x)] (9.197) 


where D(x, x') is the free propagator given by (5.49). Thus, S is 


proportional to 
i ie. = QT 


where 9 is the volume of the system and T is the total time dura- 


ticns both — a, 


(v) The effective Lagrangian density © ore is defined by 
~ -] 
Loge (Opes 
Prove that 
= ° = ae se) 
= -i(QT) fa aL trace see. te! 
eff o & 
__giBL(82/ 8% Ax4)= (m ~ 16) 
I) 
Problem 19.4, In the above problem, assume that the external i 
is a constant magnetic field, Derive that 
(Re. eae Ley, (19.199) 


(4n)2i2 sineB? 


co dQ ae 3) = Ualene = 
Facet lJe 
(19, 200) 


Remarks, If we expand Copp OS a power series in B, the coeffi- 
ient of B? is divergent; this is connected with the renormalization 


of the electromagnetic field and should be subtracted. We define 
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the renormalized effective Lagrangian density by simply dropping this 
term from (19.200). The result is 


1 aa eBg 1 


eae, [Ga 2 
(Capp) = ~ (4m)? J g3 -sineBY gee) 


une (19,201) 


The reality of (Lee) can best be demonstrated by setting 2 = 
r 


~i& and rotating the integration path from 0 + @ to 0 ~~io. Thus, 


= all co dé eBé | > -~~Em? 
Oe vet Camesraee |g ORE Ie 
which is finite and equal to 
(eo ae 
192202 
360nt | an) 
when B>0O. 


Problem 19,5. Assume that tn Problem 19.3 the external i con~ 


sists only of a constant electric field E/z axis. Choose the gauge 


in which 
eS Se 
z 
oe ea ee (19,203) 
but all other a, are zero, Hence, 
/ : (19,204) 
D2 ae bop De See pers 
y dy y z Oz 
Show that 
iP( d+ 6. ) ] iO 
OP era7| ON ie = ene 
where ; (195205) 
Oe ag (XS Xo) a) ee 
and 2.42 : 
<z,t| Ue one ee oe el? 


= 4n sinh eEQ 
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where (19.206) 
= eer eee = fe2 B 
aa SE sateen ei oaet a cosh Zeke = ft) | 


+ 4(coth eE2) ee (tanh cE2) (t+ t6) 12) 


and (ii) the effective Lagrangian density (19.198) is given by 


eer «| fe) S eE? -i2(m-ie)? 
Up ae - <) anne 1] e ' 


or asin (19.201), the renormalized density is 


] co 3 eE2 
Sr a ~ (An)? - lear eEQ 


pel) Misilie)c 


1+ Z(eE2)? ] 


(19,207) 
i2 Dy Dy 


(iii) Prove that trace e , and therefore also £ is 


eff ’ 


invariant under a gauge transformation, 


(iv) Set 2=-i&, and rotate the integration contour to path C: 


complex & plane 
———— = en 
% nd 
where 
d= feE . (19.208) 
Equation (19.207) becomes 


1 eEé 
gee) = (41)? = eEé 


1 -~Em? 
sale tcecvac 
(19,209) 
Show that, unlike in the previous case of a constant magnetic field, 
(£ pe) has now an imaginary part given by 
eile. 


nam? 


: ager fee) a \" 1 eE 
itm (©, 94) = yee Len a (19.210) 
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and for eE >> m2? 


Hog) = 
(v) Discuss the physical meaning of Im (£.,,) 
eff r 


Problem 19.6, In the case of an arbitrary constant external electric 
and magnetic field E and B . 
(i) Prove that (19.198) gives * 


pel me ral ee) ee <1 ~i2 (m-ie) 
ett ~~ Gay? 93 Lsinh\,2 sinh D 5 
i : (19.211) 
where ; y 
i. a 
d =e[s = (s24+ p2)? | - 
at 
eo (es (Ee eB) 
and Pare (ie 22 
p =E-B 
Thus, A, is real and )_ imaginary; we may choose 
A, = | A, | and Mugen. me ae (19.213) 
Show that 


(ii) the renormalized effective Lagrangian is now 


eee & lat See 
eff, Gaz 4 8 Sine crane ye 


= iz 
ee oom 
(19.214) 


where C is the same contour as in Problem 19,5(iv) but, instead of 


(19.208), 


d=a/h, , (19,215) 


cS 
* J. Schwinger, Phys.Rev. 82, 664 (1951). 
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(iii) the imaginary part of (© ep). is 
: > eee eee n | AL AL | -nam?/) 
TO eg) ee OG aera wae le 


n=] n sinh | an | 

+ (19.216) 
and (iv) in the special case where either E=0 Gaies d, =0 and 
A_=ieB), or B=0 (.°. 4_=0 and d, = 518), (© ep), reduces 
to the results given in Problems 19.4 and 19.5. 
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Chapter 20 


QUARK MODEL OF HADRONS 


Assuming that quantum chromodynamics is the underlying theory 
of the strong interaction, we should in principle be able to derive the 
structure of all hadrons just from QCD and a given number of quark 
flavors, This is quite far from the present reality. The description that 
we shall give below will be essentially phenomenological. While such 
a state of affairs is certainly not satisfactory, it has not been uncom- 
mon in the evolution of physics, In this connection we may recall the 
relation between the well-analyzed theory of quantum electrodynamics 
and the extensively studied phenomena of superconductivity. There is 
hardly any doubt that it should be possible to start from QED plus the 
existence of nuclei and electrons, first to establish the crystal structure 
of solids, from that the electron-phonon interaction, then the B,C. S. 
theory *, and finally superconductivity. As yet, however, no one has 
succeeded through pure theoretical deduction even in the first step, 
proving the existence of crystal from QED. Hence, one need not be 
overly surprised at the inadequacy of our present theoretical deduc- 


tive power with regard to QCD, 


eee 


* J. Bardeen, L. N, Cooper and J. R. Schreiffer, Phys.Rev. 108, 1175 
(1957). a 
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20.1 Phenomenological Formulation 

We start from the discussions given in Chapter 17 by assuming 
the QCD vacuum to be a perfect Lorentz-invariant color-dia-elec- 
tric medium (x, = 0). As shown in Fig. 17.6, when the color-die- 
lectric constant of the vacuum «,.— 0, all colored particles such as 
quarks and antiquarks are confined to a domain, which defines the 
hadron; inside it we have «= 1 and coupling = g?, which will be 
regarded as a relatively small number. Outside, the coupling is 
94 = Gey «.. > a. The region g,.> @ exerts a strong repulsion 
against the quarks and antiquarks, Just as in the example of the He- 
He atomic interaction mentioned on pages 402-403, the particles 
automatically stay away from this strongly repulsive region, The stan- 
dard technique in the atomic problem is to replace it by a boundary 
condition: Restrict the interatomic distance r to 2 radius a of the 
repulsive potential, At r=a the wave amplitude is zero. In the 
present QCD case, because of Lorentz invariance, the corresponding 
boundary-value problem requires the relativistic soliton (bag) solu- 
tion for the hadrons, as will be discussed in this chapter. We shall 
see that when we expand the QCD interaction around these soliton 
solutions, only the relatively small coupling g inside the hadron is 
the relevant parameter, and thereby the ultra- strong coupling diffi- 
culty referred to on page 395 is resolved, Because QCD is asymptoti- 
cally free, the quarks inside the hadron behave approximately like 
free particles; furthermore, for u, d and s quarks their effective 
masses are relatively small, 

In the following, we shall discuss how to obtain such a power- 
series expansion in terms of g? (the coupling-squared inside the had- 


ron, not the Gs outside), For example, such an expansion for the 
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hadron mass M is 


oo ee (20.1) 


ML 2 ae ee : 


0 1 


Because of (17,20), we can consider the color-dielectric con- 
stant k to be a Lorentz-invariant quantity. It is convenient to intro- 
duce a phenomenological spin-0 field o which is a function of x, 


and to set 


|e vienna 


o when) (kos — (Ol 


so that inside the hadron we have k=1 and, therefore, o = 0. 
Outside, k is « =O and o is o __, The criterion for the func- 
foe) vac 
tion a(x) is given below by (20,3), 
The phenomenological Lagrangian density is assumed to be 
(not exhibiting counter terms *) 


Q 
LV 


2 


Do ayl ey, oe 
em ip 14%, ch ee a U(c) 
(20. 2) 
where is the quark field as in (18.3), ye and Dare given by 


£=-4kV 


(18.4) in which the gauge group is the color SU, ae is the renor- 
malized coupling inside the hadron, U(c) is a phenomenological po- 
tential function, f anew coupling constant and m_ the mass matrix 
of quarks inside the hadron, 


Some explanation is needed for this seemingly complicated La- 


grangian density. 


1]. Dielectric constant x 


The pure gauge - field Lagrangian density is, in the notation of 


ee 


* The counter terms are needed for the renormalization of loop dia- 
grams of the vector and quark fields, but not the phenomeno- 
logical ao field, 
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(18.3), -4 Va Ve . We first discuss the case when « is a constant, 


(i) « = constant 


In this case, we can consider the scale transformation: 


ve + VK we 
} E 
and 


oy) ye 


From (18.4), it follows that 


Ve ee 
ay EY 


and 
= ge eS: 
HV WW HY WwW 


Such a change merely brings a redefinition of g and V a therefore 
Ll 


it has no observable consequences. 


(ii) « = K(x) 

If « can vary, then relative values of « at different space - 
time points do produce physical effects. As explained on page 395, 
our conclusion that Koo < 1 depends on the convention (17.6). In 


terms of the electric and magnetic fields Ee and BS given by (18.5) 
I I Y 
Q 


the Lagrangian density - 4 a he can also be written as 


Pe ee (DE = Be He) 


3 ills E,” - B. 


where 


Bee = pele and Eee = wl, A 


Q 
i 


with uy the color magnetic susceptibility. This leads to the relation 


a =e 


given by (17.20). 


When k = x(x), there must be a positive energy density produced 
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by its gradient V.«. Due to covariance, the simplest form is 
i 


2 
b F(x) (ZS) 
UW 


where F > 0 is ascalar function of «. The function o(kx) is de- 


fined by 
a(x) = i vy FUR) det = (20.3) 
I 


For convenience, the lower limit in the above integral is chosen so 
that o=0 when x=1, in accordance with the convention men- 


do ,* 2 
ax ) term in (20.2). 
u 


tioned on page 546, This leads to the - 4 ( 


2. Energy density function U(c) 

By definition, the expectation value of o(x) is o worn the 
vacuum state, In order to insure this, we introduce the phenomeno- 
logical potential energy density function U(o), whose absolute min- 
imum is at o= Gh Pas Without any loss of generality, we may set 


Co = 0. In addition, as shown in Figure 20.1, we shall assume 


U(o) 
Uo 
_Z 
p 
yi O 7 vac dl 


Fig. 20.1. Energy density function U(o) in the phe- 
nomenological Lagrangian density (20.2). 
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U(a) to have a local minimum at o=0 with 


UCC) == "> = Ol(m so (20.4) 


where m= nucleon mass, 

Since o is only a phenomenological field, describing the long- 
range collective effects of QCD, its short wavelength components do 
not exist in reality, We may therefore as an approximation ignore all 


g loop diagrams; i.e., o will be regarded as a classical field, 


3. f= coupling 

In the phenomenological Lagrangian density (20.2), there is a 
direct quark-o@ coupling f. As explained in Chapter 17, so far as 
the microscopic basis of the quark-confinement problem is concerned, 
it suffices to have the -4%V : V : term with k= «(x) and the 
vacuum as a perfect dia-electric (i.e, in the vacuum state «= ue 0). 
The origin of the f- coupling lies in the dichotomy between the two 
coupling constants: Inside the hadron we have the relatively small 
quark-gauge field coupling g ; outside, the coupling is ch a/x2, 
which > a when Kanal 0. On the one hand, because of the repul- 
sive nature of the outside region, this ultra-strong coupling co has 
the desirable effect of preventing the quarks from moving outside the 
hadron, On the other hand, it also presents a technical difficulty for 
the usual power series expansion, In order to overcome this obstacle, 
we shall devise a new expansion scheme which involves only powers 
of g*, but not 9°*/K This purpose can be achieved by introducing 
in (20,2) the direct quark -@ coupling f together with the assumption 


fo + wm , (20,5) 


When the quark is inside the hadron, because o = 0, its mass is m 


which is assumed to be finite and relatively small; but outside, its 
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mass becomes (ioe m) > a. Thus, quarks do not like to go outside. 
Phenomenologically the f- coupling with (20.5) gives a convenient 
alternative formulation to confine quarks which is relativistically co- 
variant, Because the f- coupling restricts the quarks to staying always 
inside the hadron, that enables us to take full advantage of the rela- 
tive smallness of the quark - Ve coupling g in the inside region, By 
introducing the f-coupling we are able to expand any physical observ- 
able, say the hadron mass M, ina power series of the form (20.1). 
Since the quarks are already confined through the f- coupling, the 
parameter g* in the expansion is automatically the coupling inside 
the hadrons, and not g2/ Keo * 

[ The f- coupling plays, then, the same role here as the hard- 
sphere potential in the He-He problem discussed on pages 402-403 
and on page 545, ] 


20.2 Hadrons as Solitons (Bags) 

With the direct quark-o coupling f, we can now neglect the 
exchange of the vector field in the zeroth-order calculation, The des- 
cription of the hadron reduces to that of a simple soliton model, con- 
sisting only of the scalar o field and the quark ¥ field, The details 
will be given in Section 20,4, By using the soliton solution, we can 
then proceed to evaluate radiative corrections due to exchanges of 
vector mesons, in accordance with the series expansion (20.1). 

Before entering into any detailed mathematical analysis, we 
want to show that it is possible to understand most of the features of 
the physical hadrons by using some simple but general arguments, Let 
us first consider hadrons made of light quarks u, d and s, For sim- 


plicity, we shall approximate their masses inside the hadron as 
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zero:* 


~ 


rie =O (20.6) 


Because oa is = O inside the hadron, but = ce outside, from 
Figure 20,1 we see that there is a volume energy 


ao Rap (20.7) 


where R is the hadron radius and p_ is defined by (20.4). If we as- 
sume the function U(a) to be steep near a= 0 and oaks i.e., the 
local maximum Up in Figure 20.1 is >> me = (1 GeV)3, then in 
order to minimize the total energy, the transition from g=0 to g= 
Crac mear the hadron surface must be a rapid one. This gives rise to 


a surface energy 
4a R75 (20.8) 


where s is a constant, whose exact value depends on the shape of 
U(a). 

Inside the hadron, there is the kinetic energy of quarks. Pure 
dimensional considerations tell us that it is proportional to aa in 
the zero-quark-mass approximation (20.6). Let N be the number of 
quarks and antiquarks inside the hadron, The kinetic-energy term can 
be written as 


g 
N z (20.9) 


where & is a constant, For the low-lying hadrons states, 


_ 2 for mesons, 
a ‘e for baryons. oe) 


If we neglect the vector exchange, i.e., set g? = O in (20.1), then 


* The effect of nonzero quark masses will be discussed in Section 
20.6.2. See also Exercises 1 and 2 on page 570, 
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by combining (20.7)-(20.9), we see that the zeroth-order hadron mass 


M is given by 


= a E 4n 3 B 
be Nag ee alee (20.11) 


which depends on three constants 
Sp fe eine! 3 


The hadron then resembles a gas bubble immersed in a medium * 
(i.e., the vacuum), In this analog problem, because the medium exerts 
a "pressure" p on the bubble, there is a volume energy (47/3) 9. 
In addition we have a "surface tension" s which accounts for the sur- 
face energy 4m R?s, and a "thermodynamical energy" Né/R of the 
gas inside the bubble. The radius R is determined by minimizing the 
total energy M. From - dM/dR = 0, we find 


In Clea NE (20.12) 


The bubble is kept from collapsing by the thermodynamical energy of 
the gas Né/R, and it is prevented from further expanding by the sur- 
face tension s and the pressure p. In the literature, this bubble an- 
alog is sometimes referred to as a "bag". £ See (20.14) below for the 
values of € in different bag models. ] 

In the zeroth order we neglect the vector exchange; therefore 
in (20.9) the energy inside the bag consists only of the kinetic energy 
N&/R, which is independent of the quark spin orientations. Conse- 
quently, so is the hadron mass. As we shall discuss in the next section, 
this leads to the approximate SU, symmetry, 


For the low-lying hadron state, each quark is in the same 


* Conceptually, this is merely a transfer of Dirac's idea of leptons to 
hadrons. See P, A. M. Dirac, Proc, Roy. Soc. 268A, 57 (1962), 
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relativistic s, orbit whose z- component angular momentum j_ can 
3 Z 


be 4+ or -34,, which will be denoted in the following as t or |. 
The details of the s, wave function clearly depend on the potential 
U(a) in the heraere™ density (20.2), and will be given later. 
So far, except for the general shape given by Figure 20.1, there 
is a great deal of arbitrariness inthe function U(a). As already men- 
tioned, we shall assume that U(a) is a steep function of o ; i.e., 


its curvature d2U/do2 in units of (nucleon mass m,,)* must be large 
g 


N 


at o=0 and ka In addition, the value U, at its local maximum 


0 


(between 0 and cone) is >>m : In Section 20.4 we shall prove 


N° 
that under this general assumption, the quark wave function inside the 
hadron, for the low-lying baryon and meson states, can always be re- 
duced to the solutions of the following set of two dimensionless coup- 


led differential equations: 


i: oe = 

and... x (20.13) 
Noe Bo eo ara 
pp 


which contains no free parameter. The solution of this set of nonlinear 
equations is characterized by a single parameter n, varying from 0 
to o. Inthe limit n->0O the solution becomes the MIT bag *, and 
when n~oo the SLAC bag **. Consequently (20.13) may be regarded 
as the universal equations describing the whole range of all possible 


"bags". In these two limits, the constant & in (20,9) is 


- ; 2.0428. MIT bag (n- 0) (20.14) 


1 SLAC bag (n > &) 


VY 


* A. Chodos, R. J. Jaffe, K. Johnson, C. B. Thorn and V. F. Weiss- 
kopf, Phys.Rev. D9, 3471 (1974). 


** W. A, Bardeen, M. S. Chanowitz, S. D. Drell, M. Weinstein and 
T. M. Yan, Phys.Rev. DII, 1094 (1975), 
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When we take into account the exchanges of gluons, there are 
radiative corrections which violate SU, symmetry. Because in the 
approximation that both the quarks and gluons are massless inside the 
hadron, their interaction energy should also be proportional to RT , 
based on dimensional considerations. Furthermore, as we shall show 
later in Section 20.6, to the first order in g?, the total interaction 
energy due to gluons depends linearly on N_, the number of quarks 
and antiquarks in the hadron, Consequently, it is proportional to N/R, 
as is the kinetic energy of quarks, (20.9). Therefore, to the first order 
in g7, (20.1) becomes 


g 
Mi = Mo + g* M, = Nao 4 Sp 4 Ro 5 (20nl on 
where 


r 


6+ O97) 


is a constant independent of N.. The hadron radius R is determined, 
as before, by - dM/dR = 0. Equations (20.11) and (20.15) are iden- 
tical in form, Hence, with the first-order g* corrections included, 


we see that the hadron masses still depend only on three constants: 


sor P and s 


This greatly simplifies some of our subsequent discussions. It makes the 
overall agreement between the theoretical results and the experimen- 
tal data independent of details, thereby giving more credence to such 
a phenomenological analysis. 
20.3 Approximate SU, Symmetry 

1. Mass degeneracy 

The baryons and mesons are color singlets of three - quark and 


quark - antiquark systems, In this section, we examine their low-lying 


* See, e.g., the mass formulas for w, op, N and A given on p. 577. 
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levels, which are states composed of u, d,s quarks and their anti- 
particles. In the zeroth approximation, we neglect the quark-mass 
differences inside the hadron, as well as the effect of exchanging vec- 
tor gluons, Consequently, as mentioned before, in the baryon ground 
state, the wave functions of the three quarks can differ only in the z- 
component of their angular momenta, In the following we shall refer 
to the quark wave function as X , 

Since the phenomenological oa field is a Lorentz scalar, it is 
even under the charge conjugation C. Let us denote the charge-con- 


jugate wave function of x by 
ie er (20.16) 


where in the notation of Chapters 3 and 10, Yo = [ See also 


Po 2: 
(20.26)-(20.27) in Section 20.4.] For the meson ground state, the 


quark wave function is again the same X, and the antiquark x; both 


have the same energy. The mathematical relations between xX, X 
and the solution of the universal bag equation (20.13) will be given 
in Section 20.4. As we shall see below, a great many of the conse- 
quences are independent of the details of X and ioe 

Because each of these wave functions describes a relativistic 


s, orbit, it is characterized by a z-component angular momentum 


al 
A or +. For simplicity, we shall call t or } the spin component, 
even though it is really the z- component of the total (spin plus or- 
bital) angular momentum of the individual quark or antiquark, Each 
quark or antiquark has therefore 2-3 = 6 degrees of freedom, where 
2 are due to the two spin configurations t and | , and 3 to the 
three flavors u,d and s. 

Let al and b°&T be the creation operators of the quark and 


a a 
antiquark for the orbital wave functions X and X ; the superscript 
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c=, 2,3 denotes the color index and the subscript « = 1, 2,7 
the flavor-spin index, The low-lying baryon and meson state vectors 
GC Cuvee) tc) enc! 
€ a a 
apy a B if 
and (20, 1|7) 


Chey 
M6 a bs | o> 


where | 0> is the vacuum state, «© ~ is given by (12.10) and T 
a 
and M_. are constants, and all repeated indices are summed Over, as 
a 
usual. In the zeroth approximation, the energy (20.11) is independent 


of the flavor-spin indices g, B and y ; this leads to SU, symmetry.* 


CC cue : : oF 
For the baryon states, because ¢ is totally antisymmetric and a 
a 
anticommute, only the symmetric part of T contributes, Hence, 
a 
without any loss of generality, we may choose T to be a totally 


a 
symmetric tensor in q, 8B and y, of which there are altogether 56 


independent components: 


6 of the type Ny F 


6-5 = 30 of the type T 


WZ 
and 
ee 
ene | = 20 of the type T193 


By following the discussions given in Section 12.1, we see that the 
T , and therefore the low-lying baryon levels, form the irreduci- 
ble representation of the SU, group. Likewise, there are 
6? = 36 independent components of the meson tensor M .. Under 


aB 


the SU, group of transformations M a8 can be decomposed into 


* F. Glrsey and L, Radicati, Phys. Rev. Lett. = 173 (1964); F. Glrsey, 
A, Pais and L, pocieen ibid., 175; B. Sakita, Phys.Rev. 136, 
B1765 (1964), cao 
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1 
M.-+6._.M and M 
oB 6 afB yy rae One 


which form respectively a 5) representation and a a represen- 
tation. In the zeroth approximation 20,11), the 56 baryon levels 
are all degenerate and the same holds for the 36 meson levels. 

For the baryon states, the total angular momentum can be j = $ 
or 4. Their flavor compositions are given by (12.49), from which it 
follows that the (® representation can be separated into the j =3 
decuplet (Q , =*, £* and A) and the j=z octet (2, 2, A 
and N). Since there are (2j + 1) components for each j, the de- 
cuplet has 10-4=40 different levels and the octet 8.2 = 16, 
making a total of 56. For the mesons, j=0 or 1. The G5) rep- 
resentation can be decomposed into the vector nonet (o, w, K* 
and ») and the pseudoscalar octet (4, K and m); the (1 de- 
notes the pseudoscalar singlet 7', making a total of 36 approxi- 
mately degenerate levels. 

The zeroth-order energy is determined by (20.11)-(20.12); it de- 
pends on three parameters: € , s and p, of which & is given by 
(20,14). To see the physical effects of different values of s and p, 
let us examine the limit where either s or p equals 0. 

(i) If the surface tension s=0, we have the radius 
Ae 


noo Wires 


and the mass 


uw Né ae 
Mena ice: NG 


Hence, the ratio of the low-lying meson energy M, vs. the 


baryon energy Mo is 


Alw 


m 


abe 
Mp = (%)" , (20.18) 
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(ii) If the pressure p= 0, we have 


L Wee 
Caen oe. 

and 2 
M= 355 & N°, 


Wee ec (20,19) 


Relations (20.18) and (20,19) are independent of & , and are 
therefore valid in both the MIT and SLAC bag limits. 
2, State vectors 
Consider first the baryons, In (20,17), the color superscript ¢ 
in a su can vary from | to 3 and the flavor-spin subscript o from 
l ei ; the latter will be denoted now more explicitly by ie Ure 
Ul, d, ; d) , Sy and s | where f indicates the quark flavor and 


the subscript 2 the spin component. We write 


= malls att a8 
at 


JaBy> = ; a [oss (20,20) 


and therefore 


| Ce ORC os etc, 


Uz, Uy d 
The explicit form of baryon state vectors can be obtained quite easily 
by combining (12.49)-(12.50) with the top expression in (20,17), 

(i) baryon decuplet 

These all have total angular momentum jes , and therefore 
their z- component ie canbe $, >, **. From (12,50), we see 


that for the i = 2 states: 


eee ewe 
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| Ag > = [ |d,u,uy>+ Uzd Uy, > + Ju,uydy> | 
(ZO) 


}As> = |dydydy> 
where the subscript # on the lefthand sides indicates ip . For other 


j, ~ component states, we can use the rotational operators given by 


(13.47). For example, from (20.21) it follows that the ib, = states 


are " 1 . 
[ihe ee Ny eye eae ee E 

+ ] 
[Aa Se Lldyuypey>s lev u,>+ dy oyu, > 


+ Pt al sae | hy Oh See Ju, u,d)> 
phd saluyoy dy > |v. usd) >], 


As mentioned before, there are altogether 4- 10=40 such decuplet 
states, The remaining 56 - 40= 16 members of the represen- 
tation are the spin-3 octets given below. 
(ii) baryon octet 
These are also given by the top expression of (20,17). By using 
(12.48) and their orthogonality to the decuplet states, we find, e.g., 
|p, > = wae [ -2 [ig By Soe Jd up up>t [el > 
+ Juyd,u,> -2 Ju, 4, U,>+ Ju;d,uy> 
+ Ol Ss Ju, upd,>-2 ued p> | 
(20,22) 
; 


where the subscript 3 again indicates j_. By interchanging u=d, 
p i+ By ging 


we have | n, >. Similarly, we can construct all other baryon octet 
2 
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state vectors. 

(iii) meson states 

The G5) 4 G) representations can be decomposed into a 
vector nonet (i.e., SU, flavor octet and singlet) and a pseudoscalar 
nonet, These state vectors can be constructed by using (12.39) and 
20l lay 

The SU, symmetry is broken when we include the mass differ- 
ences between quarks and the radiative corrections due to gluon ex- 


changes. These topics will be discussed in Section 20.6. 


Exercise. Work out explicitly the state vectors for the 36 low- 


lying meson levels, 


20.4 Zeroth-order Soliton Solutions 

We now turn to a detailed analysis of the soliton solution, As 
in the previous section, we shall first neglect the quark interaction 
with the vector field as well as the masses of u, d and s quarks in- 


side the hadron, The relevant part of (20.2) then consists simply of 


ae fi C) Seep AL do = 
Lo = p raise 2 Nie) Wc ee 20. 23) 


which is our zeroth-order Lagrangian density. The corresponding Ham- 


iltonian density is the normal product Ko: , where Ko is given by 


Hy = 12+ 4 Vo)? + Uo) +b (-i6- FB fo) o , 
TT is the conjugate momentum of o , and ee B are the standard 
Dirac matrices. As mentioned before, since o is only a phenomeno- 
logical field that has no short wavelength components, we shall, as 


an approximation, neglect all oa loop diagrams, The remaining o 


diagrams are called tree diagrams, which correspond to the classical 
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approximation for the a field. The quark fields are fully quantum- 


mechanical; i.e., they satisfy 


for, nh, wnt = 8 Ty) (20.24) 


1. Basic equations 
For a classical o , the conjugate momentum TI commutes with 
a ; hence, the lowest-energy state always has TT = 0, and therefore 


o is independent of t. From (20.23), we see that ¥ satisfies 
(-ia-V + Bfo) = i¥ 


As before, # stands for the column matrix whose elements are the 
quark field Ye of color ¢ and flavor f, It is convenient to expand 


the quantum operator in terms of spinors that satisfy the same equa- 


tion: 


ve =F Clary, x0) e'ents (be) x) el fat] 


= (20;25) 
where Xi and X,, are the c. number spinor solutions of 
(Sto Vie fo)- cn ae (20.26) 
X a - 
in n 
with e. positive. In the representation (3.10)- (3.11), a= ae 
B=p., and Yo = Po %r we have 
%o A* Y= 9, ne Sema 
and consequenily 
SL . f 
Xo YoX* (20.27) 


as can be readily verified, In order to satisfy the anticommutation re- 


lation (20.24), we have at equal time 


Lye wee te ee 5,5 6 
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5 Cc : 3 

All other anticommutators between (ap) 4 (be ) and their Hermit- 
n n 

ian conjugates are zero. The zeroth-order Hamiltonian 


Ho =f: Ko: 1 becomes 


ae c Cc | e 
"0 : eae La, Mn (a i i Eh , eh il “n 
+ f [3(vo)? + Uc) | ae, (20. 28) 


Let e be the smallest of oe X and X are the corresponding 
x, and X, . As already discussed in the preceding section, the ground 
state of the baryon (p,n, +) will consist of three different colored 
quarks, all of which have, apart from spin variations, the same wave 
function xX ; likewise, the meson ground state consists of one quark in 
X and the antiquark in x = ¥yX*. Therefore, according to (20.28), 


the energy of the lowest hadron level is the minimum of 
E=Ne+/f [3(¥o)?+ Wo) | Ae (20,29) 


where N= 2 for mesons and 3 for baryons, o(r) is a c. number 


function and ¢ is a functional of o(r) determined by the c. number 


Dirac equation (20,26), 


(-ia- V+ Bfo)x = ex (20.30) 
with ¢ as the smallest positive eigenvalue, and 


fe xl x de ] 


Since 


gE = ee eaches x d°r 


, 


by using (20.30) we see that 


Se _ i 
Ge oi EX 


Therefore, the minimum E occurs when SE/ Go.— 0 of 
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- ¥20 + U'(c) = -FNx' Bx (20.31) 


where U'(o)=dU/do. For the ground state, o is spherically sym- 


metric, the spin j = +4 solution of (20.30) can be written as 


u 
1 (gaye ) & (20,32) 


where for (2 =t or -3 
0 
1 


we ie (a) mo belay 


ao is the Pauli spin matrix, u = u(r) and v = v(r) are the radial 


functions. Substitute (20.32) into (20.30) and (20.31). Because 


9 Gein) = Soe = 
and t 
oe (Se Uo = yo ey 
we derive the radial equations 
du _ 
a (-e-fo)v , 
dv 2 z 
i eee O) (20.23) 
and 
d- cum do ; a a % 
ar var U'(a) = F N(ut* = v2) 


[ See Exercises 1 and 2 on page 570 for the modification when the 
quark mass m#0.] 

The above set of equations is still somewhat complicated since 
it involves an unknown function U(a). As mentioned earlier, we 
shall assume that U(a) is of the general form shown in Figure 20.1, 
with a very steep shape; i.e., its curvatures U" at o=0 and cee 


0 


Consequently, o@ can only fluctuate near O inside the 


are both >> A and its height U, at its local maximum is also 


Se me ; 
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hadron, and we may approximate U(o) asa quadratic function; i.e., 
UW = sia 2 Ge 
o 


and its derivative U' my a with mi>> m Now the magni- 


tude of da/dr is ~o/R where the hadron lee R is expected 
tobe ~ ma , and therefore pi ie mo: Hence, coman with 
U'(a) we can neglect the derivatives d2a/dr2 and + do/dr , 
As a result, inside the hadron the last equation in (20.33) becomes 
simply 

~ Nf 


oO See eS Oe) (20.34) 


oO 
Substituting this into the top two equations in (20.33), and with the 


scaling transformation 


p= er , 
Al 
ee a No 2 
ea eres 
oO 
ane re (20.35) 
oo a aN ae 
m € 
0 


we find that inside the hadron, the quark wave functions are deter- 


mined by (20,13): 


Se eae 
dp 

and 
Se a oe 
dp op 


It is quite remarkable that independently of the detailed form of U(c), 
the quark wave function inside the hadron is determined by these two 
equations which have no free parameters. [ This situation resembles 


the Thomas-Fermi equation for the electron distribution inside an atom; 
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after a scale transformation it also reduces to a dimensionless differ- 
ential equation with no parameter.] At the boundary of the hadron, 
r=R, we have zero matter density yg %=0. Thus, at the hadron 
radius r=R=é/e (i.e, p=é) 


Ce = en (20.36) 


Outside the hadron radius, the quark density remains zero. Hence for 


r>R, (20.31) becomes 
-V20+ U'(o) = 0, (20.37) 


Since o will change very rapidly from a= 0 inside R to o= ne 


outside R over a width ~ ml << R, we may approximate V2 by 


d?/dr? . The solution is simply the one-dimensional soliton solution 
(7.19): 
i ee (20.38) 
/2U(a') 


For example, when U is a quartic function and p = U(0) is neglected, 


we have é 


U = Gym oe Varo 
vac 


and the solution (20.38) for r near or > R is 


~ 


m 
£ [1+ tanh (2 (r- R))] 0 : (20.39) 


vac 


oO 


This shows explicitly that the width of the transition region is indeed 
= 


1h 
0 


2. Solutions 
Although the fundamental equations (20.13) do not contain any 
explicit parameter, their solutions form a one-parameter family. From 


(20.32) we see that v , and therefore v , is the p-wave part of the 
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Dirac j =4 spinor solution, Therefore as r — 0 , V=O0> i.e, as 
p70, V=0. This can also be seen from (20.13); because of the 
2v/p term, as 9 ~ 0 we must have 4=0. On the other hand at 
the origin, U(O) can be an arbitrary constant. For a given initial 
value U(0), the corresponding solution can be obtained by a direct 


integration from p=0 to p= & ; at that point we have * 
u(é) = ¥(&) (20. 40) 


and therefore the boundary condition (20,36) is satisfied. Equation 
(20.40) determines the constant £, From (20.35) and the normaliza- 


tion condition 


ried = J ele = |. 
we find 
a n 
c= ft f= (20,41) 
where 
ee ee (20.42) 


* 


From the inside solution, we arrive at the boundary condition (20.36), which admits 
at p= (e.,9t=R= 2/2), 0(e) = = 60a) As wesholl see, by connecting the 
inside with the outside solution, we can use Only te (ein mot u(f)=-(£), 
This is because when r>R, ot is large; the first two equations in (20,33) can be 
approximated by du/dr=-fov and dv/dr=-fou. Hence, in that region the 


solution is 


1) 


vy = exp [ - f fa(r)dr] , (20, 40a) 
For the special example (20.39), we have 


_ Sioa, ta) 
u = ve pieee! oT aa . (20.40b) 


=| 


which, for r > R, attenuates exponentially over a length (fa Pe) = 0. (rem 
Vv 


(20.400), it follows that u=v, and therefore G=% , at the boundary. 


* 
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It turns out that the initial value (0) can only be between 0 
and a critical value Ors 1.7419. When u(0)>0, we have n> 0, 
but as u(0) > OT ties ech u(0) > Dy the solution has singu- 
larities and becomes unphysical. Thus, a convenient parameter to la- 
bel these solutions can be either U(0) or the integral n , (20.42). 


Examples of the two limiting solutions, n +0 and oo, are given in 


Figure 20.2. 


150 

f 100 
Cos] 
<> 
1 
% 

50 

0 10 20 
p-— 


ES : -| ' 
Fig. 20.2, G2 - ¥? vs. » for (i) (4m) n<<1 (with an 
arbitrary segle for U2 - $2) and for (ii) (407!n 
= 3.53 x 10° (with the exact scale for u? -v?) , 


3. MIT bag 
The MIT bag corresponds to the limit n+0 (j.e., G(0) +0). 
From (20.42) we see that, in this limit, the amplitudes G6 and % are 


uniformly small. Consequently, we may neglect the nonlinear terms 
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in (20.13). The equations then become linearized: 


ic ee 
dp = Vv 
and AS P 2G 7 (20. 43) 
— =g 
dp 


When combined, they yield 


a 2d 
( ee |) i = 10) 
dp? “ 6 dp 
The solution is 
rn sin 
U(p) & ji(p) = =k, 
fe) Jo fe) 0 
and 4 (20, 44) 


’ 


He) = = Ge Ho) & jy(o) = (B22 ~ cos 9) 2 


where jig and jy are the spherical Bessel functions, The boundary 
p= is determined by (20.40); io@,, in(8) = jy (€) , which gives for 


the ground state 
5 = 2.04269 (20.45) 


The hadron radius R and the energy ¢ are related by R=é /e 


or a2 = (20,46) 


By using (20.29), we see that the total energy E of the system con- 
sists of the quark energy Ne and the field energy 
SE(Vo)? + Uoe)] ae Inside the hadron r¢ R 


near the surface r=R+ O(m=!) , @ changes rapidly from 0 to 


Pee is = 


d : : = 
Sac an then remains so outside, Because U(0)=p and Ee) 


= 0, the integral 


f Ue) ap Ss = Rp (20,47) 
rsR 
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is proportional to the volume. However, the integral over the transi- 


tion region 
f TUlo) + M¥o)21 dr = f (Vo)? a 
= 4AnR?2s (20.48) 


is proportional to the surface area 41 R? with the proportionality 
constant s defined to be the surface energy per unit area. In (20.48) 
the integration extends over the region r=R+ O(m='); the first 
realli: is due to the virial theorem (7.44) for D= 1, 

The total energy is then given by 


2.0428 | 4a ne es RO (20.49) 


E= N R 3 


4, SLAC bag 
The SLAC bag corresponds to the other extreme, n — oo (i.e., 
u(0) = Une 1.7419), From Fig. 20.2 we see that the quark wave func- 
tion concentrates entirely on the surface. In this case,* & turns out 
fobe 1| and «= ee Instead of (20,49), the energy of the system is 


N Ar 43 


E a baw Re) a a ee (20. 50) 


SLAC 


This and (20.49) confirm (20.11) with & given by (20.14), 
Historically, the MIT bag was proposed with the surface energy 
s = 0, and the SLAC bag with the volume energy p=0. The origi- 
nal presentations of both models are actually quite different from that 
given here, By regarding hadrons as solitons embedded in the QCD 
vacuum, we are able to give a systematic survey of all possible bag 


solutions; the MIT and SLAC examples represent but two extremes. 


ep ces Te a 
* For details, see Phys.Rev. D16, 1096 (1977), 
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Exercise 1, Suppose that inside the hadron the quark mass _m x 0. 
Show that the first two equations of (20.33) become 


= u(r) = [-e-(fo+m)] vir) 


and 
(f Es =) v(r) = [e-(fo+ m)] Un) 


but the last equation remains unchanged. 


Exercise 2, In the MIT bag approximation, we may set 0 =0 in 


the two equations above, Show that the solution is 
Wie) Ves j,(k r) 
where k=Ve2- m2 , and 


v(r) jy (ke) 


e+m 


with the same proportionality constant, The hadron radius R is now 
determined by 

iokR 

jy (k R) e+m 


20.5. Applications to the Nucleon 


In the nucleon state, the quark wave function is X given by 
(20.32). It depends on the spin variable 2 = t or |. For clarity, we 
shall label the corresponding wave function oe As before, we 
have the normalization condition 


6xixer =. (20.51) 


Here, as in the following, the repeated index » is not to be summed 


over, 
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1. Charge radius 
Let r* and Bi be the root-mean-squared charge radius of 
P 
the proton and the neutron, It is given by the integral 


> ey x! oe ae (20,52) 


where & can be either ¢ or |, Q: denotes the charge of the f - 
flavored quark in units of e, and the sum extends over the three 


quarks in the nucleon, From (20,32) we see that the above integral 


is independent of the subscript » . For p, the total charge 
LG. Sey 


and therefore 


i 


fe = fx) x, 9? ae, = Leg Seis a , (20,53) 


p 
For n, because » Qe= 0, 


rp = © 


n 
2. Magnetic moment 


The electromagnetic current operator is 


where te is given by (20,25), Fora constant magnetic field B , 
the electromagnetic vector potential A can be chosen to be 
A = 4BXr 


° 
‘ 


the corresponding electromagnetic-interaction Hamiltonian is 


=e =~ 3 Ms — —> 
-efj-Adr = SU eae 
where Hop is the magnetic-moment operator. Thus, 
oo =teL Qs vol exe Ye ae (20,54) 


tc 


So) PARTICLE PHYSICS: INTERACTIONS 


where, as before, the matrix a = py o- Take B along the z-direc- 

tion. The expectation value of the z- component (py > over the 
Pz 

proton state with I = 4 gives the magnetic moment of the proton, 


By using the | py > state given by (20.22), we find for the proton 
2 


= = Pes ee 3 
BR, = <a iba > = ef Kee alex doe, 


a (20,55) 


and likewise, for the neutron 
= 4 Wt fo 3 
Ha # <mgL (y Ing> = bets cl ¥ ERR), x, 
~ xb (Ex) Xr] 
(20, 56) 
We note that in the |p, > state the relative probability of finding 
Uy versus uy is 5: i- that of finding d, versus dj is 1:2 
and that of finding u versus d is 2:1. Since the charge of u is 


$e and that of d is -Je , we see that because 


the u, contribution cancels the d, contribution; that explains why 
in (20,55) Hy depends only on the X 4 wave function. Similarly, 
one can work out the other coefficients in (20.55) and (20.56). By 
applying a 180° rotation along the y-axis, we see that 


fxp (exer, xpd = sp xf xa), X,d°r 
and therefore, from (20.55)- (20,56), 
aoe -< (20.57) 


which agrees remarkably well with the experimental value - .685 . 
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3. g,/By, 
As we shall discuss in the next chapter, in the 8 decay 


[= [ese e + ve , the vector and axial-vector current Operators are 
Vo eS p ei / ow c 


and ct : (20.58) 
i) 115% 
Cc 


> 
I 


The ratio of 9,/9y is defined to be 


Yn _ <P) done 
Jy SPA vy line 


By using (20.22), we find 
6 3 
“ec SXfoXiar : (20.59) 


As noted before, the explicit solution X , depends on a single 
parameter n of (20,42), which can vary between 0 and co. When 
n +0 we have the MIT limit in which xX . is determined by the spher- 
ical Bessel functions given by (20,32) and (20,44), When n— oo, we 
have the SLAC limit in which X, is nonzero only at the surface, In 
the original proposals, the MIT bag has no surface tensions, and the 
SLAC bag is without any pressure p. Consequently, in either case 
there is only one constant: p for the MIT bag and s for the SLAC bag. 
This single constant provides the overall mass scale of the system; 
hence in either model there is no free parameter. By using the explicit 
solutions of the quark ae function X, , it is straightforward to cal- 
culate - ; Hy and S,/ Gy . The results are listed in the following 
Table; this also gives the range of variation in the soliton model of 
hadrons, since the MIT and SLAC bags represent two extreme limits of 


all such models, 
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Experimental 
value 


Physi cal 
observable 


3.86 /m, | 4,25/m, | 3.21 /m, | 
H, 2.79/ (2m) | 2.36/(2m)) | 2.14/(2m,) 
a 
ee 0.685 Bo 3 Bo 


25 


From the value of 9, /3\, , we see that the experimental result 
favors the MIT-type bag model more, However, so far we are only in 
the zero-quark-mass approximation, From (20.59) we see that in the 
nonrelativistic limit f a o, x, ar > 1, and therefore 
5 

Gn/By ~ 3 
Thus, if we take into account the effect of the quark mass, it is not 
difficult to raise 9/9, from the limiting value for the zero-mass 


quark to the observed value 1.25 in any of these bag models, 


20.6 First-order Corrections 


In the zeroth approximation, the hadron mass is given by (20,11) 
which is SU, symmetric, We shall now turn to the question of sym- 
metry breaking; in particular we are interested in the spectroscopy of 


hadron levels, such as those listed below (in MeV): 
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Funnies oot Doce 7 

1 

1 (140) Dg ES n' (958) 
1 

| I 

1 

' 9 (770) ! w (783) @ (1020) 

i} [ie oo ad bc tee 

1 I 

' NN (940) A (PR 8 Be 


As noted before, the breaking of the SU, 


the gluon exchange and partly to the fact that the s quark "mass" is 


symmetry is due partly to 


heavier than those of u and d by ~200 MeV. The former destroys 
the spin - SU, symmetry, whereas the latter breaks the flavor - SU, 
symmetry, resulting in the familiar Gell-Mann - Okubo mass formula 
already discussed in Section 12.3, The first-order corrections that we 
shall examine include both effects. 
1, Gluon exchange and mass formulas 
For hadrons composed of u, d, u and d, the zero-quark -mass 


approximation is a good one, * We assume 


1m, SO. (20.60) 


Hence, for these hadrons the first-order correction consists only of the 
effects due to gluon exchange, which brings in a spin - dependent in- 
teraction and thereby lifts the degeneracy between a and p and be- 
tween N and A, as we shall see. For simplicity, we shall concen- 
trate first on these four hadron states. Let g be the quark-gluon 


coupling inside the hadron. To first order in 


* See (20.73) and (20.74) below. 
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(a) b) 


Fig. 20.3. | Lowest-order gluon-exchange diagrams for 
(a) mesons and (b) baryons, 


the diagrams are given in Figure 20.3. 
As in (20.15), the mass of the hadron h can be written as 


é 
m = M=N04 e ey Re, (20.61) 


In the following, we shall first show that with the gluon-exchange dia- 


grams included, 5 is indeed N- independent and is given by 


a ten lill -Z te a O(a ?) (20.62) 


r 


where I __ and | are positive numbers ~ O(1) , 
el mag 


for 


- 3 T 
Z = ] for ) (20 63) 
- 1 for N ‘i 
] for A 


and & , determined by (20.40), is the zeroth-order value of & . In 

the limits of the MIT and SLAC bags, ~ is given by (20.14). The con- 

stants I , and | are related to the color electric and magnetic 
el mag 

interactions, and can be calculated by using Figure 20.3, 


We note that there are four parameters £, a.,p and s in 
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the mass formulas (20.61)-(20.63). Suppose that for simplicity we set 


the surface tension 


and in addition fix & by choosing some particular soliton solution, 
say either the MIT or the SLAC bag limit. Even then, there remain 
two unknown parameters p and qa: Hence, among the four masses 
moar mM, ma and my of +t, 9, N and A, there are maximal- 


T 


ly two-mass predictions, assuming that the two constants I , and lg 
e 


| 
in (20.62) have been computed by using Figure 20.3. As we shall al- 
so prove, it turns out that without actually computing these constants, 
we can simply derive these two mass predictions based on general 


properties of diagrams (a) and (6), The resulting mass formulas are 


3 mA ] theory 
(3)4 eee (20.64) 
ar 1.180 experiment 
and 3 3 
3(m~ - m°~ ) ] theory 
—i_—- = (20.65) 
4(m, - my) 1.187 experiment , 


which are valid independently of the assumption of & and the numer- 


ical values of LL and nae . Thus, a certain degree of success of 


the model can be assured without detailed computation, 


Proof, In the zero-quark-mass approximation, on pure dimensional 


reasoning both diagrams in Figure 20,3 are proportional to a/R ; 
its coefficient depends’on N , the number of quarks and antiquarks, 
and the spin configuration. To derive the N-dependence, let us de- 
note the eight Gell-Mann matrices of the ifn quark (or antiquark) 


by te , Where 2 = 1, 2, --, 8. Both diagrams have an amplitude 
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proportional to the sum 
i 
tL 4 =gl ra — 
ij ‘i ° if 

in which the first 4 factor occurs because each pair (i,j) has been 
counted twice in the sum, and the other two 4 factors are due to the 
Feynman rule of the quark-gluon vertex given on page 531. Because 
hadrons are color singlets, their state vectors | > satisfy 

N 

ey is Sen 

5 I 

i=] 


Hence, we have for the expectation value 
Q 2 
<VOL ke fs Se 
I 


and therefore, on ae ely (2722), 


! 2 
alee d, ar le =o} 0. |>=-8 
i7j =) i 
To obtain the spin dependence, we observe that each diagram 
has a spin-independent electric part | a and a magnetic part | aaa 
The latter is multiplied by a coefficient that depends on the average 
value of 4 ba Se where a. is the Pauli spin matrix of the ne 
73 
quark (or antiquark), 
For the mesons, wm is a spin-singlet and ep @ spin-triplet. The 
spin-singlet wm satisfies 


2G. |n>=0 ; 


and therefore the average of Oe ee is 0. Hence 
i 
<al 4 Deer a = Healt 2 as = ae 
if J 0 | 


For the triplet, since the matrix >. g.* a, has zero trace, its average 


iA 
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value must be - 4 that of the singlet. Thus, we derive 


IN 
tH 
A 
NI 
i 
at 
a4 
V 
i} 
t 
ma ~W 
= 
fe) 
= 
= 


ean 
iZj ( 
Likewise, for the baryon states, we find 


(2 for N 
BS | | a ae 
iFj 
Putting these factors together, we find that the color electric energy 
is equal to - Zo. N/R multiplied by a spin - independent constant 
ly . Because it is due to an attractive force, Ly is positive, Simi- 
larly, the color magnetic energy can be written as 3a 7 N eee as ' 
Since the magnetic force in a spin-singlet state is attractive, the cor- 
responding energy for m should be negative; consequently, ag is 


| and ae are ~ O(1). Equations (20,62) 
and (20.63) are then established, 


also positive. Both I 


Next, we note that since @ =1 for both » and A, the values 
of € for A and p must also be the same. From (20,61), it follows 
that the only difference between m= and ma is due fo IN =2 for 
p and N=3 for A. In the case of zero surface tension, by minimiz- 
ing the mass, (20.61), with respect to R we find it to be oc NA and 
that leads to the mass formula (20,64), 

In 20.62) & and aly only appear in the combination 
(é > Sic . Thus, even if we treat la “ Lea ee a and p all 
as unknown parameters, with s=0 (20.61) actually depends only on 
three combinations (& - a tay) mec, || and p.. By eliminating 


c mag 
these three from the four hadron masses m ,m ,m,, and mar we 
TT 


N 
derive (20,65). This completes the proof of (20.61)-(20,.65). 


The success of the bag model is therefore quite insensitive to 
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the details of QCD, and to the specific soliton solutions. Consequent- 
ly, the spectroscopy of light-quark hadrons is not the best place for 
the determination of Go [See, however, (20.72) and (20.79) below.] 


2. Quark masses 


The quark mass term can be written as 


ct 

AL = i Tey es mi wet Boyt m. BUS + 
(20,66) 
where the color superscript is summed over as before, and ... refers 


to the heavy~mass quarks (charm, bottom, etc.), In order to maintain 


isospin invariance, we assume 


In contrast, the flavor SU, symmetry is broken because of the mass 


difference between 5 a Ue(or dij, 

(i) vector mesons 

The vector nonet consists of e(770), w(783), K*(892) and 
$ (1020). Among these, » is ss, the four K* are us, ds and 
their charge conjugate states; p and w are the isospin triplet and 


singlet states of uu, dd, ud and du. By using (20.66) and 


m =m, we derive the following mass formulas: 


and (20.67) 
mo-m = 2(m,.-m 
in good agreement with the experimental data, Note that from the ob- 


served masses, 


and 
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ie fin = 2m 
Teo SY 
oe K* 


The mass difference between s and u (or d) is given by 
4(m. - i = 1725 Mey = (m. - m) <18 > (20.68 ) 


where <8 > is the expectation value of vip pb, If we use the zeroth- 
order quark wave function (20,32), then 


Rees (oo Be ed 


which, e.g., in the MIT bag limit is given by 


2 > = a ee (20.69) 
f Cig? (p) + iy2(0)1 p2dp 


where j,(p) and j,(p) are the spherical Bessel functions of order 
Jo\P J,\P 2 


O and 1, and the integration is from »=0 to p= = 2.0428. 
Hence, we find from (20,68) and (20.69) 


IW Restle 260 MeV . (20.70) 
(ji) baryon decuplet 

From (12.50), we see that the equal spacing between 

A (1232), £*(1382), =*(1530) and (1672) 


can be readily explained by using the mass difference (m. - m_) . 


From the experimental value, we determine 
145 MeV = (m.-m) <B> . (20.71) 


In comparison with (20.68), there is a difference between the average 
value <8 > for the meson state versus that for the baryon state, The 


% difference is 
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= 145-1125) / (145 125) 


which is not unreasonable, since only the zeroth-order quark wave 
function is being used here. 

(iii) baryon octet 

Among the members of the spin-3 octet, N(940) has no s, 
A(1115) and ¥(1193) have one each, and =(1318) two. Clearly, 
the ~ 78 MeV mass difference between A and y cannot be due to 
the expectation value of Ele , given by (20.66); it must be attributed 
to effects connected with gluon exchange. By using diagram (b) in 
Figure 20.3, we can calculate the color electromagnetic energy dif- 
ferences between two massive quarks, between one massive and one 
massless quark, and between two massless ones. This together with ks 
can account for all the octet mass differences. We will not give the 
details except to remark that the actual fitting is made easier since 


the bulk of the mass differences 


m-m..= 175 MeV and i(m_-m = 189 MeV 


A N S N’ 
is not that different from the 145 MeV between the decuplets. 

(iv) pseudoscalar nonet 

The nine low-lying pseudoscalars 1(140), K(495), n (549) 
and 7'(958) are different because the pion has a nearly zero mass 
when compared with other hadrons. Also, unlike the vector-meson 
p -w degeneracy, there is no pseudoscalar isosinglet that is near the 


pion mass, Why ? 
a, Near-zero pion mass 


From (20.61)-(20,62), we see that the pion mass m is = O ; 
Tw 
provided that the parameter go is near zero for the pion state. Phe- 


nomenologically, this is possible if the QCD fine structure constant 
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a has the value 
Cc 


3 é 
a = : 
= A Fe) 
The constants I,, I and € areall positive and O(1) ; of 
el mag 


these, § can vary within a factor of 2 depending on the bag mod- 
el, as shown by (20.14), If we assume these constants to be of com- 


parable magnitude, then we have 


g oe 
aor) 4A 


Hence, the near~zero pion mass leads to the estimate 


a eae ey ° (20,72) 


In Chapter 24, when we discuss chiral symmetry, arguments will 


be given for expecting the pion mass 


Furthermore, to first order in m = m 4 and me, the ratio of the pion 


and kaon masses is related to that of the quark masses by 
mM By ] m . | 
ng SS ee ee (20,73) 
Ms 


[ The derivation will be given in Section 24.6.2. ] 
Combining (20.70) with (20.73) we find * 


* Cf. S. Weinberg, in A Festschrift for I, I. Rabi, ed, L. Motz (New 
York, New York Academy of Sciences, 1977). An estimate of 
the mass difference between u and d quarks is also given there. 
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m ~ 250 MeV 
(20, 74) 
m = m, ~ 10 MeV 

uU d 


b, =~ 7! anomaly 


The p-w degeneracy is due to 


a _ (uu - dd) 
J2- 
(uu +_dd) 
J2 
and Mm = ma. By changing the spin configuration of oe from spin- 


: miler S) 
triplet to spin-singlet, we have the pseudoscalar a. If we were to 


: fo) 
perform the same operation on w 


, we would expect an isosinglet 


pseudoscalar which should be approximately degenerate with the pion. 
But there is no such particle. Both » and 7! are of much higher 
mass, This is the so-called U, problem, Its solution lies perhaps in 
part in the anomaly due to some non-perturbative effect,* and in part 
in the annihilation diagrams given in Figure 20.4, which have unusu- 
ally large coefficients due to internal symmetry * and exist only for 


singlets in flavor, color and spin. 


20.7 Hadrons ‘of Heavy Quarks 
Since the dramatic discovery ** of the J/% (3100) level, our 


knowledge of the quark-lepton system has been greatly extended with 


* —G. 't Hooft, Phys.Rev. Lett. a7 0 (1972); 
** See R. Friedberg and T. D. Lee, Phys.Rev. D18, 2623 (1978) and 


the references mentioned therein. 


“J. J. Aubert et al., Phys.Rev. Lett. 33, 1404 (1974); J. E. Augustin 
et al., ibid., 1406, From these experiments we infer the exist- 
ence of the charm quark c. 
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(a) (b) 


Fig. 20.4. The non-existence of a low-mass isosinglet 
pseudoscalar may be due, in part, to its 
coupling with the two-gluon state glue-balls), 


the addition * of c, b and +. Among these, only the c¢ quark 

was predicted via a compelling theoretical argument (called GIM 
mechanism, which will be discussed in the next chapter). In our pre- 
vious discussions of the light-quark hadrons, the quarks were relativ- 
istic; therefore, we approximate the "bag" as slowly moving and the 
quarks as free particles inside the hadron. For the heavy-quark sys- 
tem, the opposite should be expected. Following the view developed 
by the Cornell group ™ we shall regard the heavy quarks as nonrela- 
tivistic particles, and simply replace the “bag" phenomenologically 
by a long-range confining potential. Thus, to derive the energy levels 
of ce (J/# family) and bb (T family), we consider the Schrd- 


dinger equation in which the quark and its antiquark are represented 


* The existence of the bottom quark b was inferred from the discov- 
ery of T by S. W. Herb et al., Phys.Rev.Lett. 39, 252 (1977). 
The heavy lepton was discovered by M. L. Perl et al., Phys.Rev. 
Lett. 35, 1489 (1975). ae 


poe EEicaten cticl yp riysuRey, Letts 3477907 (177). 
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by two nonrelativistic particles at r, and r 


] faa 
| V2.2 a ~ 
gor Ge) > ea = Be (20.75) 
where ; 
re = ra | r v. = 
] 2 i on 


and m is either the c¢ quark mass mor the b quark mass me 
Let p be the relative momentum conjugate to T ; ond) se G. 


the spin operator of the iff particle. The potential energy U(r) 


can be written as a sum 


Di = Oe) WE: (20.76) 
where U(r) is a spin-independent central potential with r= |r| : 


and U(r) depends on the orientation of r and the spin configura- 


tion, We can classify the spin-dependent potential U (r) as follows: 
s 


TAC) CS NM Gace UPN eG sp U(r) 
4 a 3, = 65 or) & ENT) (20.77) 


where Uy (r) F U(r) and U, (r) represent respectively the angu- 
lar independent factors in the spin-orbit, spin-spin and tensor inter- 
actions, It is of interest to know to what extent we can determine 
these potential functions from the present experimental data, 

The central potential U(r) is usually written as a sum of a 
"Coulomb" part oc a and a confining part oc r 


Wie) = Se = (20.78) 


— + 
c S ff a 


t 


In order to fit the experimental data, the parameters q.,a and the 


quark masses are assumed to be * 

a eee 

* E. Eichten et al., Phys.Rev. D21, 203 (1980), The parameter x = ,52 
in that paper corresponds fo 4a /3. Here the factor AUB 5 
due to the product of the factor © 2/3 in (20.62) and the N=2 
of (20.61). Cf. the estimate (20.72) and the alternative deter- 
mination of a from the high-energy expression (23.123), 
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Che eh eae 
. =| 
a = 2,34 GeV : 
m= 1.84 GeV (20.79) 
aie m, = 5.17 GeV 


The known levels of cc (J/¥ family) and bb (7 family) are 
given in Figures 20.5 and 20.6. Let E(nS) be the energy of the 
spin-triplet S-orbit level, n°, . We see from these figures that 


the following relations are approximately valid: 


2 
£9) = US) 


and (20.80) 
E (3S) - E (15) 


EOS) = E (15) ae 


ce oe eR 
Ey (35) = Ey, (15) 


(4030) 


Fig. 20.5. Energy levels of the J/¥ family. 
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3 
AS ater le 
1 (10500) 


a 
1 (10400) 


J 
1 (10020) 


Fig. 20.6. Energy levels of the 1 family, 


where the subscript & denotes the cc system and [ the bb sy$- 
tem, This near equality between these level spacings is approximate- 
"ly satisfied by the potential (20.78), provided that the parameters are 
given by (20,79). The same data can also be explained by using a dif- 
ferent form * of the confining potential; instead of being linear in r 7 
it is oc In (r/constant) , for which we expect the level spacings to 
be independent of the quark mass, as in (20,80), Thus, these energy 
levels do not uniquely determine the shape of U(r). 
We now turn to the spin-dependent potential U(r) . The 
spacings between the °P states for different J depend on the spin- 


dependent potential. We define the fine-structure ratio 
? Ey Pa) = Eg Py) 
Ey(P,) - Eg(Po) 


an ae eS 


* C. Quigg and J. L. Rosner, Phys. Lett, ZB al oa), 


F (20.81) 
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which has an experimental value = 4. If we assume phenomenolog- 


ically the potential (20.76) to be generated by a ceniral potential 
times the product of Dirac matrices y (1)+ y (2) of the two particles, 
U 


as in a single vector-meson exchange, then in (20.77) U. , U.. and 


Ds 
U. would be completely determined by the central potential U.. We 


find 


7 3 d 
ate ~  Om?2r dr we : 
= 2 2 
les oe Wee |) (20.82) 
and 2 
d 
U = | poe = ih Ea 
t 3m2 dr2 r dr e 


From these equations, it can be shown that for U. ocr the ratio F 


aoe is2 n) 
SB (5-7) & 
which gives 
F = Z for in 
and 
4 
Fo= = for ee 


both are very different from the experimental value. Consequently, 
the simple assumption (20.82) seems to be inconsistent with the ex- 


~ 


perimental value of F=3. 

In (20.78) the short-range Coulomb part, - : aa7t , is presum- 
ably due to a single-gluon exchange; hence there is a related spin- 
dependent potential given by (20.82). On the other hand, the confin- 
ing potential is due to multi-gluon exchange. Thus, it is not surpris- 
ing that the long-range component of the potential may deviate from 
(20.82); it should contain at least one part that transforms phenomeno- 


logically like a single-scalar exchange.* The relation between the 


(footnote on page following) 


590, PARTICLE PHYSICS: INTERACTIONS 


two phenomenological potentials U. and U. used in the nonrelativ- 
istic Schrédinger equation is consequently expected to be different 
from that of a single-vector exchange. 

Other heavy -quark hadrons, such as the D mesons (cu, cd 
and their charge conjugates) and the charmed baryons have also been 


observed; these are given in the Appendix. 
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1977), 


G. Morpurgo, ed., Quarks and Hadronic Structure (New York, Plenum 
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C. Quigg and J. L. Rosner, Physics Reports 200, ez lie), 


Our discussions of the light-quark hadrons follow closely the papers 
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D18, 2623 (1978). 


eee 


* If we replace the vector-vector factor y (1)+ y (2) bya scalar- 


scalar factor 1-1, then instead of (20.82), we have 


eae oa) and 0 a | a 


Chapter 21 


WEAK INTERACTIONS 


While the phenomenon of 8 decay was discovered near the 
end of the last century, the notion that the weak interaction forms a 
separate field of physical forces evolved rather gradually. It became 
clear only after the discoveries of other weak reactions, such as 
decay, « capture processes, etc,, and the observation * that all these 
reactions can be described by approximately the same coupling con- 
stant. Up to the present, numerous different types of weak reaction 
have been observed, as can be seen from the Table of Particle Proper- 


ties given in the Appendix. 


In order to gain a perspective on the gradual evolution of the 
field, we shall in this chapter give a survey of the phenomenology of 
the weak interaction along more or less historical lines. 

All the known weak interactions can be separated phenomeno- 
logically into three classes: purely leptonic, semileptonic and non- 
leptonic, depending on the proportion of leptons present in the reac- 
tion, So far, their amplitudes can be adequately described by the first- 


order matrix elements of the effective Lagrangian 


* ©, Klein, Nature 161, 897 (1948). T. D. Lee, R. Rosenbluth and 
C. N. Yang, Phys:Rev. 75, 9905 (1949), G. Puppi, Nuovo Ci- 


mento 6, 194 (1949), J, Tiomno and J, A. Wheeler, Revs. Mod, 
es 21, les) (0e6)), 


BWAl, 
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aot - Mies 2 Semiler ‘i eronlen ay 


whose specific forms will be discussed in the following. 

Throughout this chapter, we assume that all neutrino masses are 
zero and the conservation laws of lepton numbers L. a be eine! L. 
are valid; these assumptions are consistent with the existing exper- 
imental information, The present limits* on the masses of vie 2, 
and Vv, are, respectively, about 35 eV, 0.56 MeV and 0,25 GeV. 
Since very little is known about the weak decays of b-quark hadrons, 
we shall restrict our main discussion to hadrons that are composites of 
uv, d,s and c quarks, Furthermore, CP and T violations will be 
regarded as due to an interaction distinct from the weak, Only in 
Section 21.10 when we discuss the Kobayashi-Maskawa model, shall 
we examine the weak interaction of the b-quark, and also explore 
the possibility of incorporating the nonconservation of T and CP 


into the weak hadron currents. 


21.1 Purely Leptonic Interaction 
1. Phenomenological Lagrangian 


Iam(2 Val) fi can be written as 
ep 


oan G ae gy fig @ 2 9 
len = V2 (jy Jy + 2 Jy jy) (2) 
where 
in = ico! yy Ty ¥5) Yo 
a : (21.3) 


aaa ee 


* Throughout this chapter, all experimental values given without a 
direct reference are taken from Review of Particle Properties, 
N. Barash-Schmidt et al., Revs.Mod. Phys, 52, No. 2 Partelie 
(1980) and/or Proceedings of the IX International Symposium 
on Lepton and Photon Interactions at High Energies, Fermilab, 
1979, ed. T. B. W. Kirk and H. D. I. Abarbanel. 
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» 


wus gullies ars 


and & 
ah 14% eh se Ys) ‘vo 


T 
Np 1A 1S eS. 16) 9) |) 


in which the sum extends over the three known charged leptons 

=e, p and +; G isthe Fermi constant ~ 10° /m,?, and Os 
g. and g, are real dimensionless constants, The superscripts +, - 
and 0 denote the change of charge Q effected by the lepton current 


For example, i converts Vo to 2 and the change 


le 

ae = Sina 7 Sinitial 

is - 1; similarly, AQ=+1 for j.” , and 0 for j,°. 
2. Muon decay 


The best-analyzed current-current matrix element is p decay 


The observed muon lifetime is related to the uncorrected Fermi con- 


stant 


(G 
uncer Y uncor 
and the electron and muon masses m and un by (see Problem 21.1) 


2 


= 8 =| 
(sien. = (602 mw sae a aes 
I= Huncor # ie 
which gives, from the experimental muon lifetime, 
-49 & 
(cy = (1.4320 + .0002) x 10 ~~ erg cm (21.6) 
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where the subscript py reminds us that the value is determined from 

decay and the subscript uncor indicates the absence of radiative 

correction. Equation (21.5) can be regarded as the definition of 

(G ) . For a four~fermion interaction (21.2)~(21.3), the radia~ 
H uncor 

tive correction of py decay can be calculated; * this gives the cor- 

rected value of the Fermi constant 


G=6-= (1+ ge (a? - 2); (G4 


H An H uncor 


(1.4350 + .0002) x en erg cine ; (21.7) 


or, in the natural units, = 1.029 x 10° /m 2 : 
In Problem 21.1, the reader is asked to verify that the normal- 
ized e distribution in the rest system of a completely polarized 


muon is ** 
d?N. Sd 2x 4 cos. O11 = 2s) a creee (21.8) 


eee = oF 
where the upper sign is for e and the lower for e , m_/m is set 


to be zero as an approximation, the variables x and @ are given by 


x = (momentum of e) /3m 
and B 
9 = angle between the muon polarization and the momentum 
ofe , 
so that 
] T d? e 
‘, dx 4 sin 8 d@ gic d SoC I 


Equation (21.8) has been verified experimentally to great accuracy, 


* T. Kinoshita and A, Sirlin, Phys.Rev. 113, 1652 (ligao) 
S. M. Berman, Phys.Rev. 112, 267 (1958), 


™ T. D. Lee and CN. Yang, Phys.Rev, OS Slavamils 57): 
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Remarks. (i) The unique spectrum and angular distribution (21.8) 
follow from the two-component theory and the lepton-conservation 
law; both are assumed to be valid in the Lagrangian density (21.2). 
Without these assumptions the most general four~fermion interaction 
with no derivative coupling would contain ten complex constants. 
The e distribution is, then, no longer unique. For example, the nor- 


malized spectrum would be given by 


dN 4 16 
a =6x? [ (2 = Ae a (De re (ae A) 


where p is called the Michel parameter* which can be any real 
number between 0 and 1, [ Equation (21.8) corresponds to p=4.] 
The spectrum (21.9) is given in Figure 21.1 for several different p. 


As we can see, p measures the height of the end-point, at x = 1. 


dN 
e 


dx 


Fig. 21.1. Spectrum (21.9) for different 9 values. 


* L, Michel, Proc.Roy.Soc, (London) A63, 514 (1950). 
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O 
1948 1952 1956 1960 1964 1968 


YEAR 


Fig. 21.2. | Experimental determination of the Michel 
parameter p versus time. 


It is instructive to plot the experimental value of e against 
the year when the measurement was made. As shown in Figure 21.2, 
historically it began with » = 0 and then slowly drifted upwards; 
only after the theoretical prediction in 1957 did it gradually become 
p=%. Yet, itis remarkable that at no time did the "new" experi~ 


mental value lie outside the error bars of the preceding one. 


(ii) When x=1, the distribution (21.8) becomes 
d-WN 
e 


———— = ] ¥ cos®@ 
dx d cos 9 


As we shall see, this expression can be derived without any actual 
computation, In the rest system of the muon, the momentum of e ; 
a. , has its maximum magnitude at x= 1. The neutrino and anti- 
neutrino momenta P, and P- must therefore be parallel to each 


other, but antiparallel to Pee Because v_ is lefthanded and v 


righthanded, when these two particles are moving in the same 
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direction, they transform together like a spin-O particle with a total 


momentum 


eee =P 


under a Lorentz transformation, Since y and e are both of spin-3, 
as in (13.101), the angular distribution of e must be a linear func- 
tion of cos @. 

In the ue decay, the final e is lefthanded, From Figure 
21.3, we see that the angular momentum conservation requires 9 = 0 
to be forbidden, but @= a is allowed. Thus, the angular distribution 


= ; F ae: 
of e has tobe 1- cos @; likewise for e , it must be 1+ cos 0, 


8@=0 G=7 
e. Vv vy 
Be 7 
= 
v v 
Hu e _ 
e 
FORBIDDEN ALLOWED 


Fig. 21.3. The curled arrows indicate the directions of spin-rotation 
ine) decay. 
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3. Neutral lepton current 
Next, let us consider the scattering of e by v or v 
Throughout we use v_ without any subscript for the generic terms a 
a | ’ iS 
ve and v_ , and we call i 14 (1 + ¥5) he simply the 2Q Vo 
current, From (21.3) and Figure 21.4, we see that in the product of 


+ ~~ ~~ 
the charged currents jy iy , the square of the e Vv, current allows 


MG Ne 6 7 yy Sie ey eae 
@ e @ e 


and the cross term between the ev. current and u Vv current gives 
"ul 


Ve Ae egy Sea 
UW e 


Fig. 21.4. To O(G), the coupling ie tin between the charged 
currents can only give these two diagrams for y + e 
and v + e reactions. Without the neutral current, 
v+e->v +e and vy oe. seatioul 


H i 
be forbidden. 
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However, to the same orderin G , the elastic scattering 


can only be generated by the product of the neutral current it ike . 
By using (21.4) and Problem 5.4, we see that* the total cross 
sections of 


MY a © ~-W wr @ 


u fy 
and _ a E 
+, @ =) we 
H u 
are given by, after neglecting O(m_/E) as compared to 1, 
G? Mm, Ee 
Bh ie ie Oe 2 2) al a 2 
HO) ge lal? Caren > ele, eas 
and B ' (21.10) 
= a = e v 2 = 2) } 2 
Se eee a lg [2 Cle, SCR Rea 


where E, is the neutrino energy in the laboratory frame. From (21.7) 
we have 

G?m_E 

ev 


AG lone en) GeV? 
2u Ny) 


Both v e. and v e. elastic scattering events have been observed. 


The experimental values of their cross sections are 


ae ey 2 Oe 2) 1 eae 
H “ (21.11) 


and cn 49 
Ag ee | Sees 0) a0 (E /GeV) em ae 
ete i een ee 
* To derive (21.10), we first replace Cy and C, in (5,128) by 
ey Sy G and 9,94 G, then note that onreblem 5.4 the 
(center-of-mass energy)? is 2E.,m+ m?=2E m where m 
becomes mg in the present case, and finally, integrate the 
variable y from 0 to 1. Further discussion will be given 


in Chapter 22; see (22.87) and (22.92). 
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which establish the existence of the weak neutral current interaction 
and imply that the g's are SC) 
ihe => ose discovered by Perl et al, in 1975 through the pair- 


ae) Dae ee! 
production e +e ++ +74. andthe decays 


Vo se Ww 
es es T HW 
TOS = ' 

WY oar W 

T y 

Yo oar 
ae ae, aR e 
Te = en + 

\ EN) 

7; e 


As discussed in Section 10.4, from the high-energy neutrino 
reactions we know that v +n A e + p and, therefore, vy 7 vee 
uu 


Likewise, it is found that 


ee 7 oe 


and this leads to the conclusion 

- 7 ee (Zi) 
While it seems reasonable to expect etc be different from v_, at 
present there is still a need for direct experimental evidence, If 
Ve AV , then there would be conservation of a third lepton number 


L , in addition to Le and L_ discussed before, The assignment of 


L is (similar to Le and Pe given on page 211) 


other 
particles 
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21.2 Phenomenological Lagrangian for the Semileptonic Interaction 
The semileptonic weak reactions can be described by the phe- 
nomenological Lagrangian 


_ © 2 
1 emilep 7 oe ah 


5 i : meets 

where G is again the Fermi constant 1° denotes the same lep- 
g 1 J P 

any 

r 


ron current. As before, the superscripts + and o refer to the charge 


eo ie ine (21.13) 


eh a 


ton current given by (21.3)-(21.4), and J the corresponding had- 


change 
AOS Opal © “initial (21.14) 
The hermiticity of the Lagrangian requires 
c 
a | eee 
i = 4 
Jy if A= 
and e @I.15) 
+ J if r»%374 
Ge = : 
: - O 
= Jy if Y= 4 


where the + sign is connected with our convention YG it. 


ai (0) = 
The current J.“ can be decomposed into a sum of a vector- 


r 


and an axial-vector part * 


(21.16) 


* R. Feynman and M.- Gell-Mann, Phys.Rev. 109, 193 (1953); 
R. E. Marshak and E. C. G, Sudarshan, ibid., 1860; 
J. J. Sakurai, Nuovo Cimento 7, 649 (1958), In (21.16), the 
vector and axial-vector currents are classified by using the par- 
ity operator determined by the strong and electromagnetic inter- 


actions, 
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+,0 
d 


rule with respect to the strangeness change 


Alternatively, we may also classify J according to its selection 


Be final — riicl eZ) 
and write 
ae = [ aes) i ee (21,18) 
5=0 AS#0 


From our analysis of the K - K system we know that, in accordance 


with (15.49), the weak-interaction Lagrangian satisfies 
AG ee ae? 


Both the AS=0 and +1 components exist, as exemplified by the a 


and K decays that will be discussed in the next section, 


Palle 99 and Koo Decays 


1. Pion decay 


The two-body lepton decay 
a =r g* + v. (ory 


Q Q 
depends only on the AS =0 part of the charged current i . As we 


) 


shall now show, in the decomposition (21.16) the matrix element of 
ee : : 

Vy (x) between the pion and the vacuum must be zero; i.e, 

x 

T 


< vac | V(x) | >= 0 


In the rest frame of w, this equation holds for ) = 1,2, 3 because 
of rotational invariance and the zero-spin nature of 7 ; it holds for 
X= 4 because of space inversion and the fact that a js a pseudo- 
scalar (under the strong and electromagnetic interactions), 


According to (11.80), the x dependence of the matrix element 
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of AS (x) is known: 


+ - + a i 
< vac | Ay (x) | x > = <vac | A}(0) | x Sie. 
where k is the 4-momentum of the pion state and, as usual, 


lon eS ky x 


Since wm is of spin-O0, we have from Lorentz invariance 
42 t 
< vac | A) (0) | 1 > eG ky i 


this follows because there is only one 4-vector, k, in the problem. 
Hence, the proportionality constant in the above expression is the on- 
ly parameter that the "9 decay amplitude can depend on. For rea- 
sons that will become clear, this constant will be written as the prod- 
uct ioe cos o where Ba is called the charged pion-decay constant 
and Qo. the Cabibbo angle. [ See Section 21.5.] We may write * 

a 


ee 2.19) 


< vac | Axx) | SS i cos @ F_k 


where w is the pion energy is iw) and Q is the volume of the 
system. 

The decay rate of ee can be readily computed by using 
(21.13), (21.16) and (21.19); the result is 


G2 F2 m 22 
Rate (1) 5) = 1 we m,?) cos? @,. (21.20) 
8am 
T 


* The factor (20 ae in (21.19) is due to our convention of quantization in- 
side a large but finite Paton Q. If we introduce a phenomenological pseudo- 
scalar field (x) for the pion, then according to (2.20) 

1 ik-x 


< vac | $,(%) | ™> = er e (21.19a) 


which has the same factor. 


604. PARTICLE PHYSICS: INTERACTIONS 
[ See Problem 21.2.] From the observed pion lifetime 

t = (2.6030 + .0023) x jt Sec 
and (21.7), we determine 

Be cos oF = 128 MeV. (Zic2iy 


The theoretical ratio of 5 and "9 decay rates is 


Rate (1 _) m2(m2 = m2)? 7 

eee 1+. 0.%5 = 1.233 x 10-4 
2 Deas 2 

Rate Svs! ie (m= mee (21722) 


where the factor 0,965 is due to a radiative correction of - 3.5%. 
It is straightforward to show that the corresponding ratio of the phase 


space for these two decays is 


es 2 2 
phase space (5) : (m m ) (m= + om. ) a 

oe ano 2 ; 
phase space (T 9) (m * se (m= cami — 


The smallness of the ratio 1.23 x 104 in (21.22) is due to the lepton 
current ia which requires the helicity of Yh to be always 3 (i.e., 


righthanded circular polarization); if the lepton mass m, were 0, it 


Q 
would also require the helicity of 2 to be -4 (i.e., lefthanded 
circular polarization). On the other hand, from Figure 21.5 we see 


that in the decay 
i) WA) Ho) P 


because of angular momentum conservation v. and 2 must have 


So 


the same circular polarization. Thus, if m, = 0, the decay fr 


. Q2 
would be forbidden, For mM) # 0, the probability of 2 being of 


righthanded circular polarization in the rest frame of nm is 


2 
_ 2M 


Ue 7 ais 
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Fide. 212. In the rest system of a , angular momentum 
conservation requires the helicities of 2 


and v ; to be the same. 


where Vo is the velocity of @ in the rest frame of 1 . This factor 
1- Vo z much larger for y. Multiplying the above aa deed ra- 
tio by the ratio of Us , we obfain the result 1.23 x 10 given 
by (21.22), as was first pointed out by Finkelstein and Ruderman, * 
The experimental verification of this small ratio supports the V - A 
nature of the weak interaction current. It also gives a sensitive test 


of the symmetry between e and y currents; i.e., the Lagrangian is 


invariant under the interchange 
e > UU and v 


2. Kaon decay 


Exactly the same analysis applies to the decay 


CTR x (or v 


Q ») 


Just as in (21.19), the kaon decay amplitude depends only on a single 


constant, which will be written as a product F_, sin 0. where F,, is 


K K. 
the kaon-decay constant and 0. is, as before, the Cabibbo angle. 


We write 


] pila x 
1 DENS) 


* R. Finkelstein and M. A. Ruderman, Phys.Rev. 76, 1458 (1949), 


Pe 
< vac | A, | K > = isin @ Fk (21.23) 


606. PARTICLE PHYSICS: INTERACTIONS 


where k is now the 4~momentum of the kaon state and w=-i ky. 
The decay rate is 
CBee a2 
a Se 2 _ rae 2 
Rate (Koo) = : 3 (my mM, ) sin 2s 
AM 


From the experimental decay rate, we find 
Fy sin oa = 35 MeV . (21,24) 


As we shall discuss in Section 21.5, the Cabibbo theory requires 


and therefore 


tan@ = 27 . Gis) 


However, because of the recently discovered b ~ quark hadron, we 
expect a modification of the Cabibbo theory, which will be discussed 
in Section 21.10, [ Further analysis of the semileptonic decay ampli- 


tudes of + and K will be given in Chapter 24, ] 


21.4 Classical (Nuclear) B decay 

Among the various weak-interaction hadron currents, the most 
extensively studied is the one responsible for the nuclear B decay. 
In these transitions we have AS=0 and AQ=+1. We shall now 
survey the main properties of the relevant current, which will simply 


be labeled as 1S with the subscript AS =0 omitted.* 


1. Charge symmetry 
As shown in (21.15), the currents J and J are related 
through the Hermitian conjugation. The charge - symmetry property 
requires that they also be connected by a 180° rotation in the isospin 


eee 
* Cf. the notation used in (21.18), 
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space: re 
edmells occ. ee + 
2 a 
e Jy e Jy ? (21526) 
where the operator exp (it L,) is defined by (11.49)- (11.50). 
2. First and second class currents 
Assuming invariance under time reversal T , we have 
J) eee , (21.27) 
Consider now the product of T and the charge ~symmetry operator, 


ya ae (21.28) 


From (21.26)-(21.27), we have 


eith T y= 1"! etl = ie (21,29) 
r r 
Any ie that satisfies this equality will be called the "first class" 


current independently of its charge-, or T- , symmetry property. 
There is an alternative way * to express the same property. By 


using the G- parity operator given by (11.48), 


G= cet 


cA 


we can always decompose 


t + ds 
eS Ce a 


into the following sum, without any symmetry assumption: 


t + ae 
ubere + & ] + + | 
= i _ a = a 
oN = ZIV, 7 GN. GC 2 tA, GA, G ) 


* S. Weinberg, Phys.Rev. 112, 1375 (1958). 


608 PARTICLE PHYSICS: INTERACTIONS 


is the first class current, and 


1 1 


ie BAH +GA"G) 


a + oo 
a GV, G 


is called the second class current. By using the CPT theorem, we 


have, in accordance with (14.19), 


“Vv, if x7 
(CPI) V." (CPI) | = - Vo 2 E 
Vv if x=4 
r 
and = 
oF F 
ay if X74 
(CPT) A*(cpTy! = - ey 2 : 
A if A=4., 
r 
Since under space inversion 
ye if xA4 
ol : 
PV, P = ie 
Vy if X=4 
and 
zis : 
A if X44 
are ‘ 
PA, P = _ 
- Ay if X=4 , 
it follows that a safishiecs(21.29)- ine 
1 
a I, i (J =) 1 iT I, = (i : 
a = 
whereas (ALS) 
etl, + ae 1"! eit mn =n 
2 


Thus, if both T invariance and charge symmetry hold, then the sec- 


ond class current must be zero, 
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oy 2 (21.32) 


The question whether the second class current exists in the weak inter- 
action or not has plagued the field of 8 decay for nearly a decade. 
Cnly very recently has it become clear that all the present experi- 
mental information is consistent with the absence of the second class 
current, * 
3. CVC and the isotriplet current hypothesis 

The conserved vector- current structure proposed by Feynman 

and Gell-Mann consists of two related parts: 


(i) CVC, which states that the vector current is conserved, i.e. 


ist 
iN 


Oxy 


= 0%, (21.33) 


and 
(ii) the isotriplet current hypothesis, which states that (with the 


inclusion of the Cabibbo modification) the three current operators 
ve Vv 

N el r 
ee eee). and = —=—*——_ (21.34) 
V2 cos 8.  'T=1 J/2 > cos 9. 


transform, respectively, like the L, = 1,0 and -1 members of a sin- 
gle [=] triplet, where () is the isovector part of the had- 


ronic electromagnetic current operator in units of e, and 9 is the 
e 


Cabibbo angle, to be discussed in Section 21.5. Here, we may view 


* See especially pages 549-592 of Unification of Elementary Forces 
and Gauge Theories (Ben Lee Memorial Conference on Parity 
Nonconservation, Weak Neutral Currents and Gauge Theories, 
Fermi National Accelerator Laboratory, October 1977), ed. 
D. B. Cline and F, E. Mills (London, Harwood Academic Pub- 
lishers, 1978), 
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the factor (cos 6) simply as a normalization constant, so that 
(21.34) holds at zero 4-momentum transfer, As shown in (21.50), the 
actual value of cos 0. co 97 46 

It is important to observe that (ii) implies (i), but not vice versa, 


For example, we may consider a vector current 


= () t 
Si ah Ox, oh M4 Puy ue 


where } isa constant, ie and i are field operators for n and p, 
and 
eee MO aN 1) 
EY yoy VU 
is given by (14.15). Since ue is an antisymmetric tensor, the current 


K satisfies 


aK 
7 


OX, 


However, K_ is totally unrelated to (J 
rv 


el 
) 
Nel 
The isotriplet current hypothesis can also be extended to the 


axial-vector current, in which case, because the electromagnetic cur- 


rent is a pure vector, we require simply that 
A and A (2133) 


be the I,=1 and - 1 members of the same I= 1 triplet. From 


3 
these properties, (21.34)-(21.35), the charge-symmetry condition 


(21.26) follows. 


Exercise. Prove the following statements concerning the matrix ele- 
ments of Nee Ve and Ay = ee between the physical nucleon 


states: 


(a) From Lorentz invariance and space-inversion symmetry (of 
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the strong interaction) we can write 


<n | Vy (x) os 
ee , ' -igq-x 
eae ral See) aiemig pS) fa | vac 
and (21.36) 
2 in | A (x) | p> 


= iv! Y4 ¥5l yy + i(n “p)yh, + i (n+ p), ha] os aac 


where Py and n, denote the 4-momenta of the initial p and final 


r 


ae op and U_ the corresponding Dirac c. number spinors, 

oy = (n a P). f 
the Y are the Dirac matrices given by (3.11), and f. : h. Gi = 1,23) 
are six complex functions of q?. 


(b) If the charge-symmetry condition (21.26) holds, then f 


f, F hy P ho are real and fy : he are imaginary. 


(c) If T invariance holds, then all six f. : h. are real. 


] f 


(d) If there exists only the first-class current (i.e., (21.32) is 
valid, or equivalently the symmetry condition (21.29) holds), then 


f= hs = 0 but fy f, P hy and he can remain complex. 


(e) If both T invariance and the charge -symmetry condition 


are valid, then fy P f, P hy and ho are real and f, = h3= Or Of 


course, in this case there exists only the first class current. 


(fF) If CVC (21.33) holds, then fy spur fy and f, can re- 


main complex (provided we ignore the mass difference between n and 
pe 
g) If the isotriplet vector- current hypothesis is valid, then 


fy = 0 and fy , f, are both real; furthermore, they are related to 


the isovector parts of the nucleon charge form factor F. and the 


Q 
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magnetic moment form factor FAA by 


fy = We ate (We M) FAA 
and -] (2027) 
2 = (mt my (a= wy) Fay» 


n 


“nh 
iI 


where Fy and FAA are real functions of q? , normalized to unity 
0 


i= be. WS = ire (21.38) 


are the anomalous magnetic moments of p and n, 


(h) In general, (21.36) can also be written as 


ca [V(x | p> 


Se Le ieee Teen rel oar teisie fell West 
ne 4 ev py pA~M Ss Pp 


and (2139) 
<n | A(x) | p> 


aya ‘ : -iq-x 
= Oem ¥5 CY, 9,t id, dpti(n+p), ge] Ue q 


where a is given by (14,15), 
Va ue Hemme aly yee = te 
EY Te VERE hy ae ca hg 


4, Experimental verification 


There exist several experimental verifications of the isotriplet 
vector-current hypothesis, and therefore also CVC, (21.33), Histori- 
cally, these were the first quantitative tests linking the electromag- 
netic observables with the weak-interaction observables; they provid- 


ed an important impetus to our search for a unifying theory. 
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(i) Pion B decay 
From the isotriplet vector - current hypothesis, the matrix ele- 


ments of 


are related, It is a good approximation to neglect the dependence on 
the 4-momentum transfer in the pion B decay; hence its amplitude 
is completely determined. The theoretical branching ratio is 


+ o 2s 
by _ ISO eve 10°? Ee 


Rate Ga ad iy) 


which is in good agreement with the experimental value * of 


= L0e ory jon 


exp 


(ii) 8 decay of Be and 2 


Another sensitive test is provided by the aa spectra of the de- 
cays of 2 and we As shown in Figure 21.6, Ne Ne and 
the excited state of ae form an isotriplet of spin-parity 1+. The 
decay of these three states into the groundstate of ae gives ane 
cellent opportunity to compare the B and y matrix elements. 

For sucha 1+ — 0+ transition, when the 4-momentum trans- 
fer qd = 0, the e° decay amplitude is determined only by the ax- 


ial-vector current, However, to first order in qy the vector current 


* R, Bacastow, T. Elioff, R. Larsen, C. Wiegand and T. Ypsilantis, 
Phys.Rev.Lett. 9, 400 (1962); P. DePommier, J. Heintze, C. Rub- 
bia and V. Soergel, Phys.Lett. 5, 61 (1963); A. F. Dunaitsev, 
V. I. Petrukhin, Yu. D. Prokoshkin and V. I. Rykalin, Proceed- 
ings of the International Conference on the Fundamental As- 
pects of Weak Interactions (1963). 
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Fig. 21.6.  Energy-level diagrams of A = 12 decays. 


also contributes. Assuming the isotriplet current hypothesis and time~ 
reversal invariance, we can set Go = O in (21.39), i.e., no second 


class current. Hence, the matrix element of V. is 


r 


ers ail 
<n] V(x) | p> =. M46 Sy +4, 7 Spy) 4 


In accordance with (21.37) and (21.40), when a 0 
-] 
Oy = (m+ mC = a) 


which has an unusually large factor due to the anomalous magnetic 


moments of p and n , given by (21.38). Therefore, the qd - 
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dependence in this transition is dominated by the q o term, 
U 


pr IMM 


. i P 
We may write the 8B spectrum as a constant times 


1+ aE 
+ 


where E is the 6 energy in the laboratory frame. The isotriplet 


current hypothesis gives 


(21.42) 


where Gy, and Ga 


constants. [See (21.45)-(21.46) below.] By using (21.42) and the 


are the usual vector and axial-vector B decay 


experimental value G,/Gy, = - 1.25, we find 


84 % (MeV) 


"th 
which is in good agreement with the experimental! observation * 
(a- a) = 862 .24% evn 
exp 
As a corollary, this agreement also supports the absence of the second 


class current, 


5. Fermi constant in B decay 
The phenomenological Lagrangian =e for the nuclear B decay 
can be extracted from (21.13): 
G Sd - + 
OBES ots F 91. 
ae ee (21.43) 
where ie contains only the 2 =e part of the lepton current (21.3), 


and Je refers to the AS= 0 part of the hadron current in (21.18). 


As before, we write simply 
ae sel 


a + 
Jy = es . 


[Gmc Vom yn celceranclle\aMompnyssrev, Lett, 37, 72 (1777), 
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with the subscript AS = 0 omitted. Because the lepton current ia 


is a direct observable, what can be measured from the hadron part are 


the products G Vv. and G AX . Without the second class current, 
(21.39) becomes 
ee ~iq- x 
<a p> Pur ¥4(% By t 4M) eae 
an (21.44) 


Bg i -iq.x 
Seas SN Ca Op) gM 


When the 4-momentum transfer q, = 0, the vector (Fermi) and the 


axial-vector (Gamow-Teller) coupling constants G, and Gy are 
traditionally defined by 
= ‘. _ 2 
Gy, = G-: Lim 9,4 ) 
q=0 
and (21.45) 
= = a 2 
Gh a G Lim 9, (4 ) 
q=0 
The present observed value for the ratio is 
oT 
sa = SS Se le (21,46) 
ey 


Historically the 8 decay amplitude was first analysed without 
the two-component neutrino theory and parity nonconservation; the 
factor 1/2 in (21.43) and the minus signs in (21.45)-(21.46) are 
reminders of this bygone period, [ See (21.136) in Problem 21.4, ] 

As we shall see in the next section, the Cabibbo theory re- 
quires 


a 9(4*) = cos o (21.47) 


where 0. is the same angle given by (21.25). Since according to 


Q2LA.G= oe , we have 


Gy = ” cos ee : (21.48) 
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Experimentally, G can be determined by the pp decay and Gy by 
the nuclear 8 decay, Logically, it is simplest to regard (21.48) as 
the definition of cos o. . We note that this is the same definition 
provided by the normalization condition of the isotriplet vector - cur- 
rent hypothesis (21.34) at the zero 4-momentum transfer limit. The 
Cabibbo theory requires that the same 0. can also be obtained by 
comparing either the T) > and Koo decay rates, or the nuclear and 
hyperon 8 decay rates. [ However, as we shall discuss in Section 
21.10, this particular aspect of the Cabibbo theory most likely re- 
quires some modification because of the recent discovery of the b- 
quark, J 

In order to determine o). accurately from (21.48), it is neces- 
sary to examine the question of radiative correction. 

First, we observe that the nucleons have strong interactions, but 
not the muons, From CVC we have, by integrating (21.33) and on ac- 
count of Gauss! theorem, 


+ d?r 


—— if V, =-i sf VVE ar 


= 0 


in which the surface term vanishes because there is no zero-mass had- 
ron.* If we imagine that the strong interaction is turned on very slow- 


ly, the space integral f{ vi ae , and therefore G.,, must be un- 


V 
changed. Hence, (21.48) is not affected by the strong interaction, 


Next, we examine the effect of the electromagnetic interac- 


tion.** Let (G be the vector coupling in B decay without 


) 
Vv UNCOr 


* In QED, due to the zero mass of the photon, even though the elec- 
tromagnetic current is conserved, there remains a substantial 
renormalization of the electric charge. Here, the "charge" 
G,, of the vector current is not renormalized. 


Vv 
** A. Sirlin, Nucl.Phys. B71, 21 (1974), B100, 291 (1975), Revs, Mod. 
Phys. 50, 573 (1978), ) and private communication. 
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the radiative correction, From the various B decay ft values (and 


especially that of gaat we have 


(G = (1.42233 © 0005) x Jor” erg em oe 


Mf Ne cor 


In the approximation that mn and p can be represented by local field 
operators, a point-like four-fermion B decay interaction has a diver- 
gent radiative correction; the result is 
m 2 
(G) = (G) [1- Eten Asain pes OF at) 
Vcor V'uncor 4n is 


a Me ae 


where E is the maximum 8 energy and ) the ultraviolet cutoff 
parameter. However, if the weak interaction is mediated by the inter- 
mediate boson, then the radiative correction becomes finite. As shown 
Dy Si nlinwe a= ms, the mass of the neutral intermediate boson in a 
specific gauge model; the corrected value of oh as deduced from 
(21.48) with the appropriate radiative corrections of Gy and se 


included is 
cos 0. = .974 + .002 (21.50) 


which, within the context of SU, symmetry as required by the Ca- 
bibbo theory, agrees reasonably well with that determined from K 


Q2 
and T) > 7 aS can be seen from (21.25), 


To see the importance of the radiative correction, we note that 


by using (21.6), (21.48) and (21.49) without the radiative correction 


we would have 


(sin @ ) = 12 


© uncor 


which differs significantly from the above corrected value 


sin®@ = 228 + .0] 
Cc 
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21.5 Cabibbo Theory (including the GIM modification) 

The Cabibbo theory* in its original form concerned only the 
weak interaction of those hadrons which are now regarded as compos- 
ites of u, d and s quarks, The modification due to Glashow, Ilio- 
poulos and Maiani extended it to include the ¢ quark.** The charged 


2, 9 
weak-hadron current operator J. in the semileptonic Lagrangian 


nN 
(21.13) is assumed to be 
Saal (1+ y.) (cos ¥, + sin@ #) 
d gy A US cd c's 


Aare : 
+ ue UI ¥ + Ys) (-sin a. % 4 + cos ve a 
and VIEW) 
i (cos o vt sin 0. v!) Y4 7, (1 £ Ys) i 


= 
HI 


+ i (sin a. ot cos oy 0!) Us ey lee ¥5) ee r 


where o. is, as before, the Cabibbo angle. The operators ie c 1) . 
ue ; ue stand for the respective quark fields ve (f = flavor and i= 
color = 1, 2, 3) but with the color superscript omitted, so that for any 


Dirac matrix Tf 
Pe eee ti na eee 
Mia M4 =e salle. o7 uv i te = . [ i 5 GES) 


Tv) U d 


etc. in which the repeated index i is summed over, as usual. The cor- 


responding electromagnetic current operator (in units of e) is 
ee at 7 
a 7 Tey, 1 ay oY ie 


* N. Cabibbo, Phys.Lett, 10, 513 (1963). 


** SL, Glashow, J. Iliopoulos and L. Maiani, Phys.Rev. D2, 1258 
(1970). Historically, this paper provided a strong theoretical 
reason for anticipating the existence of ¢ quark hadrons sever- 
al years before their actual experimental discovery. See Sect- 
rone22. 32 le 
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[ The inclusion of the b-quark will be discussed in Section 21.10.] 


1, Nuclear 8 decay 


The relevant vector and axial-vector current operators are 


— T 
3 icos ®t M4 ; 


Vv," 
" (21.54) 
A 


a ii 
AL = icos@ t ¥4 % 15 %g 


and their Hermitian conjugates. The corresponding electromagnetic 
current operator can be separated into an isovector part 

el eer: Saal 
(J, oe = 74 oe 14%, uy ¥ ee +) (21235) 
and an isoscalar part 

el me 1 i t 

’ ae Srl ls a eee % %y? 
+igg! y -ity! (21.56) 
cA ee i Eb eran é 

so that their sum is 


Sy el el 
= (Jy oe (J) ) 


By using (21.51), we see that the Lagrangian < Erlep , (2a 
satisfies T invariance. Assuming isospin invariance of the strong in- 


teraction, we find that V>~ and AX, 


symmetry, the | Al | = 1 rule and the absence of the second class 


given by (21.54), satisfy charge- 


current condition, Furthermore, isospin symmetry implies that u and 


d quarks have the same mass; hence, V. satisfies CVC and the iso- 


r 
triplet current hypothesis, 


Ze ™) 9 and Ko decays 


The relevant current operators are 


: i 
i cos 0 oa Y4 % ¥5 ¥ (21.57) 
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for w,, decay, and 


Q2 
ere i 
i sin 0. cy 14% ¥5 we (21.58) 


for Koo decay. Thus, under the assumption of SU, symmetry the 
angle J, connects the decay rates of a, and K which leads 


92 g2° 
to (21.25), 


3. Strangeness nonconserving currents 


From (21.51), we see that the AS#0O hadron current is given 


Ey i (sin oh ee + cos oF vt) Y4 x, ( 1+ Ys) uw, (21.59) 


and its Hermitian conjugate, Now the s quark is of strangeness S=- 1] 


and charge Q=-4, and the u and c quarks are both of $=0 and 


Q= 4%. The above current, and therefore also £ ., ___, satisfy 
semilep 
WAS |) <2 
and (21.60) 
AQ = AS 


In (21.59), the part that is responsible for the B decay of hyperons is 
— t 
i sin ol a" Y4 YC + ¥5) a 


Since the s quark is of isospin I= 0 and the u quark of I=%, the 


hyperon B decay, and also the corresponding £ , satisfy 


semilep 
Ad eee ae (21.61) 
Both (21.60) and (21.61) have been discussed in the previous chapters 
on symmetry violation. .[ See pages 243-247 and 367-370. } 
4. 8 decay of the baryon octet 
The relevant currents are 
+ ee el ¥ 
dy, (x) = 4 he Y4 ¥ (1 + 5) (cos 0. ie sin 0. *) 
I 


= cos Se es +A (gl + sin al V, 603 + A,)3] (21.62) 
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and its Hermitian conjugate. In the SU. tensor notation of Problem 


3 
12.2, we see that 


1. 
V(0)5 = aoe ae 
A(x), = 18 (x) y, » eb (x) , 
2 a 4% %5 %g een 
Vi(xy = THOT Ye #60 
and 1 : 
i ei 


are members of the octet vector and octet axial-vector current opera- 
tors, According to (21.55), the isovector part of the electromagnetic 


current is related to the same octet by 
Ui, = Tee. ie (21.64) 
rN fe] ee rE mage : 


As in (12.87), let us consider the zero 4-momentum transfer limit 


q70. We may write, in expressions similar to (12,86), 


; i Te ened a : q ilk ‘Ni eee 
ES Bbaeisles i(D' d a + F Fibe) Y 4% ¥ 
and : : a (21.65) 
: iin ee ijk i i 
cu BLL Asp | Be Dd mats Sole, % Yq ¥ 


where u and u! are the initial and final c. number Dirac spinors, 


g lik and plik are given by (12,82)-(12.83) and D, F, D', é are 


constants, By definition, the diagonal matrix element of (J. ° 


r ) =) 
at q=0 is proportional to the isovector part of the electric charge 
of the state. Thus, for example 
el 
<p| (J) pene’ 
Lim rae eras = = ] - (21.66) 
-0 <= J mee: 
q [oa 


According to (12.48), 
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1 
leo > 1B esp SB) Sucks 
|= > = |B > and <= | = <8, | 


By using (21.64)-(21.65), we find that (21.66) can be written as 


spall — peel Pen 22 
Mie © ie) Eig soe 
re BE ti We 
Di(day, - 490, ) + P(fgy, - fy)? 


which, because of (12,82)-(12.83), becomes 


D' - F 


—————_ = -] 
D' + F 


Thus, we obtain 


D' = 0 (21,67) 
Likewise, on account of the fact that for the diagonal element 

Lim <p| (J) Do = ei ane | 

j= HO, I=] | : > 
we have 

p= 8] (21.68) 

Consider the B decay amplitude of 

Beet web aa “i ay (v_) 

e€ e€ 

When the 4-momentum transfer q +0, we may write 

Lim <B | FIB> = jut! y, Mu (21.69) 

gy "4 : 


q70 
where M isa 4x4 matrix depending on B, B' and the subscript 
X. Through (21.62)-(21.68) and Problem 12.2, M can be expressed 


in terms of 0. and the two constants D and F. The results are 
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given in the following table. 


Reaction M 
oa pe v, cos 8 Ey + (D-F) y, ¥6] 
7 = he ea SG cos 9 fen/ 4s Dy. Yc] 
e c ‘5 
+ © 4 x 
Ne > A e Va cos oe [ V4 D % ¥5] 
_ oO —_- =_ 
5 = F e ve cos Q [V2 J2- FY, ¥5] 
i —'©) Fae a I 
=F =e ve cos Q La DS IF) % ¥5] 
fe) ae . a <a “ 
A peas sin 9 [v3 Te Gc (Doe) % ¥51] 
> = ne ve sin prea Par 3) ee 
_- o-- : ia a 
= + Ae ve sin ee hs = hs PTS (Da, SF) % ¥51 
- Oo --= 2 ae jain 
S = Ve sin 0 [v2 ee 2 (Ds ie) % ¥51 
Be eas in + (D-F) ] 
= re 2s sin ohh % 15 


a 
Table 21.1. A table of M, defined by (21.69). 


By comparing these theoretical expressions with the experimental re- 
sults of the nuclear and various hyperon 8 decays, listed in the Ap- 
pendix, we find the constants 


Di-ae? 
and (21.70) 
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The last equation agrees very well with (21.50). [ See (21.133) for 
its modification due to the b-quark current. ] 

Historically, much of the experimental evidence for the validity 
of SU, flavor symmetry of the strong interaction came from the suc- 
cess of the Cabibbo theory for these weak decays. 

5. Leptonic decay of the D mesons 
The D° and D’ mesons are cu and cd composites, and ib 


and D_ are their conjugate states. The lepton decay of the D mes- 


ons can occur via 


c+ d+ +y, 


em gt ho & yy 
Q 


with a rate ratio = tan? OFS 5%. Because K and K° are su 


or 


and sd composites, we expect 


rater iss i g ve K + ++) 
= 95% (217) 


rate (D> ree von ser) 


+ — 

where --- refers to anything, D denotes D or D° and K repre- 
= —O - 

sents K and K . At present, there are too few leptonic decay 


events of D mesons to test this prediction. 


21.6 High-energy Neutrino Reaction 
1, Kinematics 
Consider the collision of a high-energy neutrino (or antineutri- 


no) on a nucleon N: 
v +N > 24h (Zle72) 


where the initial v stands for v, or v, (Q =e, ot err) iain 


Q Q 


final @ canbe any neutral or charged lepton and h any hadron or 
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2 (k') h(p') 


v(k) N(p) 


Fig. 21.7, Lowest-order Feynman diagram for v+ N>Q2+h. 
The Lagrangian density is given by (21.13), 


complex of hadrons. Let us denote, as in Figure 21.7, 
k = 4=momentum of v (or v) , k! = 4-momentum of 2 : 


p = 4-momentum of N , p' = 4=momentum of h, (21.73) 
and 


SNir Sp and s, = helicities of N, h and Q 


Q 

The 4-momentum transfer between the lepton and the hadrons is 
Gi = ea = ip aap 

Throughout this section, we assume that the initial nucleon is not po= 


larized and all polarizations in the final states are summed over, Fur- 


thermore, we set 
the lepton mass = 0 


Let M be the mass of h, and mA the nucleon mass, By taking the 
products of the four initial and final momenta we can construct six 


scalars, of which four are the initial and final masses 


k= 0, k?=0, p?=-m2 and pt? == M2, (21,74) 
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The other two invariants may be chosen as 


=e. 4 Seca: 
x DARE and y rage (21.75) 
By squaring p + q = p', we have 
2p-qt+q? = a ta , 
and therefore 
2 
= ‘| 
fs o7 ene . (21.76) 


If the final state h is a single hadron, then M is fixed; but if 
it refers to a specific channel of continuum states, such as pr, naK, 
etc., then M is a continuous variable. Sometimes, we may be inter- 
ested in summing over all possible final hadron channels; in that case 


the reaction is called "inclusive", and we may write (21.72) as 
Vv oP N —> Q + eee 
In the following, we shall regard M asa variable, The kinematics of 


the problem then depends on three independent invariants, say M, x 


and y , or 
Le pee dc dnd x, (ZG 77) 


or some other equivalent choices, 
In the laboratory system, the initial nucleon N is at rest. The 


components of the various 4-momenta given in (21.73) are 


SS ge re ae 

Se, Tay) ME pene) (21.78) 
and a 

q = (q, iq) 


Since p' = p+q, we have 
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P=q and - = i. + 


; Se: G, (21.79) 


Because k>- p=- my EY , the three independent variables in (21.77) 


may also be written as 
and x, (21.80) 


We can readily express other kinematic variables in terms of these 


three; e.g., 


M2 = im, > oF a y = a 
N 4 u Ai, [EX i 
Nov 
q? . q? 
E = |e ’ q EES a 
g Vv 2m, | x 0 2m.) x 
= _ oa 2 
—— (k+ p) my t+ 2m E , (21.81) 
1 
= D = a q 2 
Pe= | i | [gq + ( am x ) ] 
N 
and B 2 =| 
ayes. a 
cos9 = | DES ‘al EE ) 
v N v 
= > > 22 Savon ae 
where 0 Lk, Kk). From q Ce) E 7ae cos 9), 


it follows that 
Ge a Oa, 


i.e., the 4-momentum transfer q is space-like. By using (21.76), 


and on account of the final hadron mass M >M) 7 we have 


Oe cael (21.82) 


<=] when M = my (21.83) 


The variable y=q-p/k-p_ canalso be written as 
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yroraoe (21.84) 


which is the fraction of the incident neutrino energy that is trans- 
ferred to the hadron in the laboratory system. Consequently, y lies 


within the range 


Ce yee le (21.85) 


Exercise, 
(i) Show that at any given E , the range of q? is 


(Ogre Ee 
Oe ee (21.86) 


5 


where s is the (center-of-mass energy)? = mS oe aii ls 


Nov 
(ii) At fixed EY and q?, show that 


Me Ne 2 ee (21.87) 


and therefore x lies within the range 


ae 


2. Structure functions 

The semileptonic Lagrangian (21.13) is a sum of terms, each of 
the form "current x current." Because of the two-component theory 
of the neutrino, the lepton current for the neutrino reaction is always 
of the form 

Ve 1g (1+ 5) 

Q '4") 5) Vo 

or its conjugate, whether the final 2 is a charged or neutral lepton. 


The differential cross section d?o0 of reaction (21.72) depends on 
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three variables, say E , 4? and x, as given by (21.80). The ma- 
trix elements of the lepton- current operator are readily calculable. 
This makes it possible for us to extract the explicit E ~ dependence 
of d*a, as we shall see. We can then express d?¢ in terms of three 
functions * which depend only on the two remaining variables q? and 
x, whatever the final hadron states may be. These functions are 
called structure functions. 

To derive these functions, let us first consider a given final 
hadron channel! h ofa fixed M. [ Later, M will be allowed to 


vary. ] We define 


toe pees! dale his | > 


Be d (21.88) 


c= ee <i Schr | alin 
cers S B 

a 
where j and J_ refer to the appropriate lepton and hadron cur- 

a a 
rents, and SNe She Sp are helicities defined in (21.73). In (21.88) 
the + sign is due to our metric convention x = (r, it); the + sign 
is for 8 #4 and the - sign for B = 4, so that under a Lorentz trans- 
formation 


£<2 Hite" and t<h| J, | N>* 
transform in the same way as 


<1 tiga and tm Ne 


From Problem 5,3, by setting C,=C,=1, m =0 and 


VA ab 
replacing Ne b. by k , k, , we find that L 8 in the zero-lep- 
U ct 


ton-mass limit is given by 


ne eres 
* T. D, Lee and C. N. Yang, Phys.Rev.Lett. 4, 307 (1960); Phys. Rev. 
ey 2239 (11962), 7 
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2 
L = eS lene 25) kk * k's ea) 
op’ 2) = EE, a"p* “ap” op cPww “yy 
if the initial neutrino ts ye 2iee7) 
- Q 
L - Ee © tein Ka 
EB) EDEN ip ce a8 ow “pSV 


ifitis vo . 
From Figure 21.7, we see that the hadron part H 8 depends 
a 
only on two independent 4-momenta p and q, since p'=pt+q. 
By considering polynomials of p and q, we can construct the fol- 
lowing second-rank tensors: 
§ € = € : 
aB a aie , aByy Pay oBuv Pa ih 
and (21570) 
Ee 4g Ld ae PB a We ip 
In the zero-lepton-mass limit, there is the conservation of lepton cur- 


rent @j /@x = 0, and therefore 
Jy a 


Consequently, of the six tensors in (21.90) only the first three are rel- 


evant; we write 


ef (er 
oB af aB af 
where 


H. = Cg Oh eG, a) 

A TG No hae Spee 
(2171) 
in which Wy ’ W, and W. are Se ae scalar functions of q? 


-] 
and M. The factors (EB E,) and (mE) in (21.89) and (21.91) 


are due to our normalization convention (3.30). By using (5.107) we 


find, for a given hadron channel h ofa fixed M , 


632. 
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] G? 
= 2 eee, 2 d d oes 
do (20)? f ee EY ED cos 8 ( 7 ) bas 7 
(5 a EO aN E) Zia 
where (2n)2 is due to the 2m factor in (5.107) and another such 
factor in 


R dk, = Qn f E dE, dcos 6 


The factor (G2/4) is the product of (G//2 )? , times 


1 


x due to 
the average of the initial nucleon spin. From (21.84), it follows that 
y a 


(E, - E,) 
E 


v 
This, together with 


le 
2 QD Bw @ 
Ee, (E, + EY 2E, E cosQ9 + M7)* , 


gives 


E 
ee =f 
dE, Sf dcos 9 6(E, + ED ma E) - dy (GALS) 
Thus, by using (21.89)-(21.93) we derive, at a fixed final hadron mass 
M, 


do = (2nq0) G? mye dy (my, xy? Wy 


ego xy? 


xy le 2y) 4qW3 ) (21.94) 


is for v 


Q° 


where the + sign is for vo and - 


Next, we consider the reaction in which we sum over the final 


hadron states (of any given non-coherent mixture of hadron channels 
h); M is now a continuous variable. From (21.81), it follows that at 
fixed E and y 


-dM? = 


Paes 2 s 
dq= = (q7/x)idn 2m) Ig ox 


In channel h, let J be its total angular momentum and p(M*) dM? 
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be the total number of states* with their (invariant mass)? between 
i rercm ema iaeeuliiahima @lLo4y by (204 1). p(M2) dM2, 


we find that the cross section can be written as 


Oe Hs e a m™N 2 
d?g = —~~ G? dxdy [ xy aS a xy) 
T 
t xy(1-dy) ee (21.93) 


where, as in (21.94), + is for v, and - for v. , the structure func- 


Q Q 
tions F. are defined in terms of W, by 


(a2, x) = L (20+ 1)! m2 p(M2)W, , 
h 
z “i 
eae ss) = d (2141) Mn) Io P(M?) Woy (21.9%) 
and -] 
F,(a7, x) = 2 (21+ 1) my aq p(M?) Wz 


h 


in which the sum extends over any non-coherent mixture of different 
final hadron channels h of the same M. For inclusive reactions, we 
sum over all possible channels h. [ See Problems 21.2 and 21.3 for 


some alternative forms of (21.94)-(21.95). ] 


These structure functions have been extensively measured ex- 
perimentally. The fact that they depend only on two variables q? 
and x gives strong support for the local character of the lepton cur- 


rent; i.e., the two lepton fields 


De t) and % fr t) 


are always at the same: space-time point in the lepton current opera- 


tor i, t), as shown in (21.3)-(21.4) for i =j de 


. or j ° | Further 


r 


discussions will be given in Chapter 23. 


* If h refers to a single hadron of mass m and spin J, then 


OU yet 21 iG (Noein): 
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21.7 Semileptonic Neutral-current Interaction 
1, AS = 0 Rule 
In the semileptonic Lagrangian (21.13), the neutral-current part 


is given by 


G ore 
a a 


As we shall see, there exists good evidence that the neutral hadron 


CAR) 


fo) ‘ : 
current Jy conserves the strangeness S ; i.e., unlike the charged 
current Ne , it satisfies the selection rule 


AS = 0 


We note from the Table of Particle Properties that for the vector part 


of ie there is the upper limit of the branching ratio 


oe 
rate es Tvv) nena 10°” ; (21.98) 
rate (K > all) 
For the axtal-vector part, we have 
Oo +- 
rate (Kp > pp ) =6 
ee ee eae) (21.99) 
rate (K > all) 
and . ae 
rate (K) > ee ) _9 
=e : (21.100) 


rate (Ky = dill) 


All the decays in the numerators are suppressed because of the AS 
=0 rule. The significance of these experimental values becomes 
more apparent if we compare these neutral-current rates with the 


ones for the corresponding charged currents: 


5 


+ + = 
CIE oe 2 ie, (21.101) 


+ O° 
rate (K > we v) 
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ro) +- 
rate (K, te) -9 
——___—__-_———— = 3.4 x 10 (21.102) 
i i 
Fore (ee ys) 
and oe 
rate KG > ee ) 5 
ee ee 3 x 10 ; (21.103) 
rate(K - ev) 


From the discussions given on pages 234-35, we see that K 


IL 


cannot decay intoa yp pair via a single-photon exchange; i.e., 


Ke a virtual yoo pw 


However, as shown in Figure 21.8, 


Kr Seevirtucl | yay Hin (21.104) 


is allowed; therefore in terms of the fine structure constant a , we 


KB 


F Y 
K 
lL UM, ae forbidden 


K 


ei allowed « Ge* 
nf 
A p 
KP allowed o Ge 


y ie 


at 


Fig. 21.8. Selection rules for some of the rare decay amplitudes of Ke 
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may estimate 


o + - 
rate (K, => ) 
oie vag os ea Pe 10° . 
rate UR = alll) 
L 
consistent with (21.99) and (21.102). The observed 2y decay rate of 
Oo. 
KP is 
rate (Kia ay) ul 
4.9 x 10 (21.105) 


rate (s = alll) 


which, as expected from examining Figure 21.8, is of the order a2. 
Through (21.104) the on-mass-shell 2y intermediate state gives an 
imaginary (i.e., absorptive) part to the amplitude S — ae 


Hence, there is an inequality * 


rate (K . ‘ -) m 1+ 
7 PR 2 vy x 
ee See ee eee OR ag 
re) 2v m Pay 
rate (K, Bey.) UU K 
(21.106) 
where v_ is the muon velocity in the rest system of x . This limit 


is consistent with the ratios given by (21.99) and (21.105). Replacing 
the muon mass m_ by the electron mass m in (21.106), we see that 


the branching ratio of 


+ 
K = virtual yy = 6 € 


is expected to be down from that of KT ad wae by a factor 


this is still well below the present experimental upper limit (21.100). 


* M.A. B. Bég, Phys.Rev. 132, 426 (1963); A. Pais and S. B. Treiman, 
Phys.Rev. 176, 1974 (1968). 
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2. High-energy neutrino reaction 
Although the experimental evidence for the weak neutral cur- 


rent interaction came in 1973 through the observation * of 


OD Seo WS) ye 
H H 


the theoretical suggestion was made much earlier. ** The delay in the 
experimental discovery was due in part to the difficulty of separating 
out the neutron background from the genuine neutrino events. 

The strength of the neutral-current coupling can be represented 


by the following ratios of total cross sections 


Gi ee = are) 


ea = = 307 + .008 
ale se Sl + s+) 
u H 
and _ : (21.107) 
Oey aN <5 eye =-0) 
Re = = ell ae Cue 


a= ii uot} 


Further discussions of these reactions will be given in Chapter 23. 
3. Polarized electron scattering 
More recently, it was found through the scattering of polarized 


electrons on the deuteron, 


e (polarized) + d(unpolarized) > e + , 


that parity is not conserved, Consequently, there must be interactions 
other than the familiar parity-conserving QED, which of course domi- 


nates this reaction. 


* F, J. Hasert et al., Phys.Lett. 46B, 121 (1973). 


** See references cited on page 212. 
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Let dop and do, be the differential cross sections of the right- 
handed and lefthanded incident e under an otherwise identical kine- 
matic condition. If in the semileptonic Lagrangian (21.13) the neutral- 


5 : O.©8 6 2 ° on 9 
current interaction Jj violates parity conservation, then its in- 


terference should produce an asymmetry 


do. -do 
— wot (21.108) 
Rome 


As shown in Figure 21.9, since the weak interaction amplitude is ~G 
and the electromagnetic amplitude is ~e7/q? where q* = (4-mo- 


mentum transfer)? , we expect 


e N 
Y 
que vane amplitude ~e?/q? 
e- N 
(a) 


qa 


e N 
a 


amplitude ~G 


(b) 


Fig. 21.9. Diagrams for eN scattering via (a) the electromag- 
netic and (b) the weak neutral-current interactions. 
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Gq? Gq? 


e2 Ara 


A ~ 


2 ite: q2/(GeV)? . (21.109) 
Experimentally, * it is found that if we write 


a EE 0, ee - g2/(GeV)?2 , (21.110) 


Rls) = 
then zy 
a, = (-.97 + .2%6) x 10 : 
cA (21.111) 
a, do ee goleex IC 
and ° 
seaele 
eS E 
in 


with E and Ee the initial and final laboratory e energies. The 
agreement between the order-of-magnitude estimate (21.109) and the 
experimental results indicates the existence of a weak neutral-current 
interaction between e and hadrons, Furthermore, the kinematic de- 
pendence exhibited in (21.110) is in accordance with the general 
theoretical expectation, which together with other properties of Je 
and i will be discussed in the next chapter. [ See Section 22.3 
and especially Problem 22.3. ] 
4, Atomic parity violation 

Additional support for the existence of parity-violating neutral 
currents has come from atomic measurements by the Novosibirsk group 
and the Berkeley group.*** However, in view of some early contro- 


versies*™** in the experimental situation, further clarification is still 


*  (.Y. Prescott et al., Phys.Lett. 778, 347 (1978), 84B, 524 (1979). 
** —L,M, Barkov and M, S. Zolotoryov, JETP Lett. 27, 357 (1978). 
eR, Conti et al., Phys.Rev.Lett. 42, 343 (1979). 


weet PE. G. Baird et al., Phys.Rev.Lett. 3% 798 (1977). 
L. L. Lewis ef al., ibid., 795. 
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needed in this important area. 


21.8 Nonleptonic Interaction 
Based on the intermediate boson hypothesis that will be dis- 
cussed in the next section, the phenomenological nonleptonic Lagran- 


gian is usually written as, in the limit when the boson mass > ©, 


= G es als 
elas 7 ae (J, Jy ee 


(a) @) 
oe (21.112) 


where ie and J. are the same hadron currents that appear in 


r r 
ae , (21,13). As discussed before in Section 11.4.2, the non- 
semilep 
leptonic decays of K, A and other strange hadrons satisfy the 
| At | =4 tule. In accordance with (21.51), the AS = 0 part of ie 
contains a | AT | = 1 term, while the AS #0 part has a | AT | =4 
term; their product can violate isospin by | AT | =? aswellas 4. 
It is not clear why the | AT | = 3 amplitude should be suppressed, 


as exemplified by the experimental observation 


SI 


+ 
rate (KT > ae n) 


O 
5 7 27) 


= (1,552 0,07) 100 

rate (K 
This is one of the remaining unsolved problems of the weak interac- 
tion, 


The total effective weak interaction Lagrangian © ore is given 


by the sum of Cop! Ss and £ . From (21.2), (21.13) 
ep’ ~semilep nonlep 
and (21.112) we see that 
as G peers ae = A OO og ee 


(21.113) 
Its lowest-order matrix elements give the observed reaction ampli- 
tudes directly; the higher-order elements are in general divergent 


and should be discarded, in accordance with the general idea of an 


WEAK INTERACTIONS 641, 


effective Lagrangian. 


21.9 Intermediate Boson 


1. Intermediate boson hypothesis 


The parallel between the weak and the electromagnetic inter- 
actions has dominated the thinking of most workers in the field since 
the early days of B decay. To begin with, the original Fermi theory* 
was made in analogy with the second order electromagnetic interac- 
tion, giving rise to the current x current form of the Lagrangian. Be- 
cause of the observed short-range character of the weak interaction, 
the currents in the Lagrangian density of the Fermi theory are all tak- 
en at the same space-time point, in contrast to the electromagnetic 
case. The similarity between these two interactions was further 
strengthened when in the late 1940 's it was discovered ** that the 
nuclear B decay shared with yp capture and yp decay the same Fer- 
mi coupling constant G. This led to the intermediate boson hypoth- 
esis:** All the observed weak reactions are viewed as second order 
processes generated through the emission and absorption of a massive 
charged boson, called W (with the letter W representing "weak" ), 
Similar to the aorer y, there is a universality in the W- matter 
interaction; its coupling is always the same dimensionless constant, 
The additional assumption that this constant is identical to the elec- 


tric charge e yields the estimate that the mass of W should be of 


the order S 
m°o~ /—, X 30 GeV . (21.114) 
W a 


pee. Fermi, Z.Physik 88° 161/(1934): 


** See the references on page 591. 


** TD. Lee, M.Rosenbluth and C.N.Yang, Phys.Rev. 75, 9905 (1949). 
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From the unitarity limit which will be discussed below, we can also 


set an upper bound * 


my < about 300 GeV. (21.115) 


2. Limitation of Fermi theory 
There exists another compelling reason to modify Fermi theory. 
Even as an effective Lagrangian Lore , (21.113) cannot be adequate 
at very high energy. This may be demonstrated by observing that, ac- 


cording to (21.2)-(21.3), the reaction 


=> ee 
um e Ll 
can occur, and it consists only of s-wave scattering. Its cross sec- 
tion can be derived by using Problem 5.4. We find 


o = 2 (Gk)? (21.116) 


where k is the momentum of v_ in the center-of-mass system. Since, 


from unitarity (see Problem 21.9), 
T 
(21.116) can be valid only if 
1 


2 


k y= cod Gevae (21.118) 


T 
SERS 
Thus, independent of the underlying mechanism of the weak interac- 
tion, this particular form of © ee has to be modified at high momen- 
tum transfer, i.e., at small distances, For example, (21.2) may be 


replaced by 


(x) = _G 


+ fee ee 
led FS i, (*) Dy Corie Tee cs. 


(21.119) 


To generate such "effective" nonlocality, some agents are needed to 
SS _ * ee. ee 


* T. D. Lee, CERN Report 61-30 (1961). 
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transmit the action from x to x', The simplest possibility is to assume 
the existence of an intermediate boson. 

At present, the intermediate boson is still in the realm of hy- 
pothesis. For over two decades, how to unite the weak and electro- 
magnetic interactions has been a dominant theme of particle physics, 
culminating in the gauge models that will be discussed in the next 


chapter. 


21.10 Kobayashi-Maskawa Model 
The discovery of b- quark hadrons and their weak decays neces- 
sitates the generalization and modification of the Cabibbo theory. 
Lacking detailed experimental information, we have many theoretical 
inventions; one of the simplest is the Kobayashi - Maskawa model. * 
1. Quark and lepton generations 
As discussed on page 600, we assume a = ve There are six 


lepton species which can be grouped as follows: 


st - 

1” generation vee 

nd : 

2 ~ generation ve (Ale 20) 
Uu 

aie generation ee? 


The Kobayashi - Maskawa model gives a similar three-genera- 


tion structure for the quarks with 


es generation uy ad 
me generation oc, s (21), V211) 
alte generation tS gag boeee, 


in which the t¢ (top) quark is as yet only a conjecture. The present 


* M. Kobayashi and K. Maskawa, Progr.Theor, Phys. 49, 652 (1973). 
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lower bound of the mass of the t quark is* 


m > 17.9 GeV (21-122) 


[ Like all quark masses, m. refers only to the mass inside a hadron. ] 


It is convenient to put different generation members together 


according to their charges. We write 


v 
5 e . € 
v= v F Q = 
‘ lu 
v 
ch 
(AS) 
2 
3 


a 
HK} 


’ Rael 
c and q 2 $ 
t b 


where the superscripts denote the electric charge in units of e. The 


lepton current ie (21.3), becomes 


ieee s -t © 
eS Te ag mee 
and (21.124) 
Be eae = 
= TS Se) 


with yv° and 2 standing for the corresponding lepton-field operators. 
2. Hadron current 
The charged hadron current in the Cabibbo theory does not con- 


tain the b-quark field. The simplest generalization is to write, in- 


stead of (21.51), 


ieeeita! by ae eee 
ee, Wee) ec 
d Palle 25 
"a fe oe (1+ yulg a. 
" q° 4H (14+ ¥5) Ug 
2 As 
where, as in the above lepton case, q and q ° stand for the 


* See "Mark J Collaboration", Phys.Reports 63, 337 (1980) and refer- 


ences mentioned therein. 
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corresponding quark field operators, As we shall show, for reasons of 
lepton-quark symmetry U is unitary. 

It seems reasonable to regard the origin of quark mass differen- 
ces as outside the weak interaction. Thus, so far as the symmetry of 
the weak interaction is concerned, we may examine the limit in which 
all quark masses are equal. In this case, let us consider the following 
transformation of the quark field operators: 


ge Q? = y z 
and 


ae (21.126) 
qe = Oa = ug 


Because of the canonical anticommutation relations (3.21)-(@.22) sat- 
isfied by the quark fields, the matrix u must be unitary. By setting 
go = oun, 


we see that (21.125) can be written as 


+ ei -3 
es Ue ¥4.% (1+ ¥5) 
and a =} B 
De Oo lat 75) Q° 
Under the interchange 
ee: Pe 
eee and es 1e) : (21.127) 
we have 
a 82 os ae 
Jy ae J ’ 


which gives the desired symmetry between leptons and quarks. Con- 
versely, the requirement of such a lepton-quark symmetry (21.127) 
leads to (21.125) under the transformation (21.126), Because the uni- 


tarity of u implies that of U, our supposition is proved, 
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3. U matrix 

The Nx N unitary matrix U determines the weak-interaction 
transition amplitudes between quarks of different flavors, In the orig- 
inal Cabibbo theory, (21.51), N = 2. In the Kobayashi-Maskawa 
model, (21.125), N=3. We shall now consider the question of how 
many independent parameters are needed to characterize U . 

(i) N=2 

Any 2x2 unitary matrix depends on four real parameters, 
since there are 1+ 3=4 generators for the U x SU, = U, group. 
To begin with, each of the quark fields u,d,c¢ and s inthe Ca- 
bibbo theory carries an arbitrary phase factor. Hence, there are alto- 
gether three arbitrary relative phases; that makes U depend only on 
4 -3=1 real parameter, which can be taken to be the Cabibbo an- 


gle on . We may write 


cos 9 sin 9 
Cc Cc 

2 om cos 9 ; : Bleles) 
Cc Cc 


In this case, instead of (21.123), we have 


and therefore (21,125) reduces to the current (21.51) in the Cabibbo 
theory. 

The parametrization (21,128) may also be constructed as follows: 
Choose first the relative phase between u and d_ to make the matrix 
element Ui = cos 0. real and positive, next the relative phase be- 
tween u and s to make Ui» = sin 0. also real and positive; like- 
wise, the arbitrary phase of c enables us to choose Up, real and 


negative, which gives U,, =- sin 0. . The unitarity of U then 
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necessitates po = cos 0. , and therefore det U=1. Note that by 
this procedure, we can always set the Cabibbo angle 0. in the first 
quadrant. 

(ny N= 3 

Any 3x3 unitary matrix depends on nine real parameters, 
since the U, x SU, = U, group has 1+ 8=9 generators. Between 
the six quark fields u, d,s, c¢,b and t, there are five arbitrary 
relative phases. Hence the 3x3 matrix U depends on 9-5=4 
real Btrarictor Without any loss of generality, we can choose these 


parameters to be the four angles 6, , 9,, @, and 6& defined below: 


Lee Ss 
=i ee ales 
Ve : i m i6 
= $1 Cx C1 one S95 € C1 CnSq + S4Cg€ 

: : e i6 rt i6 

159 Cy8_Cq ~ CoSne “CyS0$q + Cocge | 

aeons (21.1129) 
ea cos O. and s, = sin Q, 
I I I I 


with i=1, 2,3. It can be readily verified that U is unitary and 


det U as (21.130) 


To begin with, without any loss of generality we may set @ 


between 0 and a, and both 9 


] 
and @ between O and 2n. It 


2 3 

is straightforward to show that by manipulating the relative phases be- 
iweemncu, d)y (Urs), b), (e,ec) and (tf, d) we can choose 
eS 515 and $185 all to be real and positive. Hence, 


we can set 


8, : 8, and 8, all in the first quadrant. (21.131) 


Note that T invariance implies U real. Hence, the possibility 
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of 
6 #4 0 o 


gives T violation, 


4, Experimental determination 
By using (21.48), (21.129) and Table 21.1, we see that cos 8, 


now replaces cos 0. in relating the py decay constant G_ to the 


Fermi constant Gy in the nuclear 8 decay, We have 


Gy, = i cos 8, 


Thus, from (21.50), we have 


cosQ, = .974 + .002 . (21.132) 


For the strangeness-changing hyperon 8 decay, the product sin 8, 
- COs 8, now replaces the factor sin 0. in the old Cabibbo theory. 


Equation (21.70) gives 


sin 8, cos 8, = Cees Jol. alec) 


Combining this result with (21.132), we obtain 


of ii 13 and Oo Soe (21.134) 


In principle, by using the appropriate weak and electromagnet- 


D from the a - Ke mass dif- 


ference and the top - quark mass m. 7 we may also infer 6& from the 


ic gauge theory we can determine 9 


CP violating parameter ¢€ = 2 x io in K decay. Since m. is 


not known and because of the theoretical uncertainties due to the 


strong interaction, at present only crude estimations are possible, * 
* From the dimuon production cross sections by neutrinos and anti- 
neutrinos, the product sin @; cos @) can be inferred experi- 
mentally. At present the data gives cos 09 = 1.1 + .1 
(J. Steinberger, private communication), 
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Remarks. If we regard vacuum to be a physical medium, then it is 
reasonable to expect that the angle a in the Cabibbo theory, or the 
above angles 8, ; 8, ; 8, and §, may all have a dynamical origin; 
their numerical values represent the expectation values of some long- 
range correlations in the vacuum state (loosely speaking, analogous to 
the various optical angles ina crystal). In this sense, the underlying 
mechanism of the CP violating angle & in the Kobayashi-Maskawa 
model may share a similar origin with the corresponding angle a in 
Section 16.4, where we discussed the spontaneous CP symmetry break- 


ing example. 


Problem 21.1. 

(i) Prove that the phenomenological y decay Lagrangian given 
by (21.2) is invariant under CP and T. 

(ii) Neglect radiative corrections and electron and neutrino 
masses, Show that by using this phenomenological Lagrangian, the 
muon lifetime is 
eee ce cioes) 

pow 
and that the normalized final e distribution in the rest system of a 


completely polarized muon is 
ale N. = x?*[3- 2x + cos O0(1-2x)] dxdcos 9 


ue G EF ar 
where the upper sign is for e and the lower for e , 


x e-momentum:/3m 5 


Q 


angle between the muon polarization and the 
e > momentum. 
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Problem 21.2. Prove that the decay rate of Teo is given by (21.20), 


262 2 
Gtr mM 


Rate (1 (a? = ime) cos? 


22) Q Cc 


8nm 
T 


where G and F_cos@_ are defined by (21.13) and (21.19), and the 
Os Oeics 

masses of t and 2 are m_ and m.. 

T Q 

Problem 21.3, The longitudinal polarization of a spin-% particle is 

defined to be the expectation value of Ge p where p isa unit vec- 

tor along the particle momentum and the components of o are the 

Pauli spin matrices, so that 


“a 


PE p = 2 x helicity, 
where the helicity is defined by (3.29), By using (21.43) show that, 
inanuclear 8 decay, the longitudinal polarization of the B parti- 


cle with velocity v in the rest system of the nucleus is 


—> 
- 


0 pea et ay (21.135) 


3 6 2 = ar 
where the minus sign is for e and the plus for e 


Problem 21.4, In the extreme non-relativistic limit, we can regard 
both the initial and final nucleons as being at rest. 

(i) By using (3.26)-(3.27), show that the Dirac 4 x 1 spinor 
functions Uv and ue in (21.44) can be replaced by their upper two 


components Xo and X 
ON a Xi = (9g) for spin ft 


? ) for spin 4 


HI 
—, 
— 


where N=n or p. 
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(ii) In this limit prove that for 8" decay the matrix elements of 


the Lagrangian density (21.43) at position rt can be written as 


rs ve t 
<a) | MO) es = ov 2 Cee XA<1 >> 


N) 
(21.136) 


#16 et ae Mist 
and a similar equation for <pe v | & | n>, where v = v and 
<>, denotes the matrix element of the lepton operator 

<ety | ole) ii p(r) | vac > with ve satisfying the two compo- 
nent conditions, ¥5 ” = Ne and f= 1 or o. [ Historically, the 
sign convention of G,/Gy was fixed by (21.136), and that ex- 
plains the minus signs in (21.45)-(21.46). ] 


Problem 21.5. Treat the nucleons as nonrelativistic and neglect the 
nuclear size as compared to the 8 particle's de Broglie wavelength. 


(i) Show that the decay rate of a nucleus Z , 


i a =F 
Z-—- Zi+e + va (v.) (21.137) 
is 
In2 _ me 2 B 2 z Em 
t aie (| Gy | Me + |G, | ei aie 
(21.138) 


where E_= /k 2 +m? isthe maximum 8B energy, t+ is the half- 
m m € 


life, 


all. — 
‘a Fe (x2 = 1)? (De = 9x2 = 8) + * In(xt Vx? = 1), 
(21.139) 
z Mies 3 
be <a [It | 2 Clea 
-_ : (21.140) 
Moe = 2 ae || ta ee 
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ce = (6 0? = z(t, +47) r 


is the quantized nucleon field operator, and in (or +_) is for BR 
+ 

(or B ) decay, 
(ii) Prove that in this approximation the selection rule for 


GWASZ is 


Me 7 ao only tf P= PP and J! = ea) 
and 

Mot # 0 only if “PY =P and J" = J Scr iam 
but (21.140b) 

Mot = 0 if leo 


where J and P are the spin and parity of Z, and J' and P! those 
of Z'; (21.140a) is called the Fermi selection rule and (21.140b) 
the Gamow-Teller selection rule. 

(iit) Tabulate the experimental values of ft for various 


allowed and forbidden 8 decays. 


Problem 21.6, Consider the neutrino reaction (21.72) 
Na 


where the final hadron state h is of mass M and helicity so 

(i) Prove that the structure functions W, (Gah, W(4*, M) 
and W3(9%, M), defined by (21.91), are related to the following 
squared matrix elements of the hadron currents Jy in the laboratory 


system 
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Oey ery| ae || ; 
h 


es 2 ope sie i 21-141) 


s 


h 
and = 
q?ay = y | <s, | (Eo -m) Joti | P | Ig Soe 
*h 
Me = Nirah) my g 
2 _th 
Wo = (a, +a_+49) q° = pe (212142) 
N 
and 
Eh 
Wa = Cr taacie) 7 A 
in which P= | P| and the z-axis in the laboratory system is chosen 


= 


to be parallel to P= q ; all other notations are given by (21.73) and 
(21.78), 
(ii) Show that the differential cross section do, (21.94), can 
also be written in an alternative form 
-] 
= 2 p2 oe D 2 aap 
do (160 mi EY Bae Gq E, dq C(E + Ey) Ped 


‘Ta, $ + a2 fae ap) (21.143) 


where the upper sign is for v, and the lower sign for Vo , and 


Q 
Ee, “te EO =| 
é = ee ate (21.144) 
Bae ne, ee 
7) Q. 


Problem 21.7. Next we consider the inclusive neutrino reaction 


v +N — @ + 
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in which the final states h are being summed over, Let x and y 
be the dimensionless variables given by (21.75). In the limit gq? > oo, 


but keeping x and y fixed, we define 


L(x) 


to 


(21.145) 
R(x) 


II 
& 
3) 


q- > oo . (a, + Cigae Go) 


where the sum extends over all final hadron channels h of the same 
mass M, Show that in the same limit, called the scaling limit, * 
x (Fy + lea) lig =? bo). 3 


x(F, = 3F)/ Fp > ROX); 


(21.146) 


therefore, (21.95) becomes 


d*o(v,) = w'G2m. E dx dy F(x) [ (l-y)+ yL(x)- y(l-y) R(x)] 
and (21.147) 
d*o(v,) ad Gm. E dx dy F(x) [ (l-y)+ yR(x)- y(l-y) L(x)] 


where F(x) is the scaling limit of Fi(q*, x), i.e, 


= 1 2 
F(x) ie F,(q x) 
Sle mace 
Problem 21.8. 
(i) Prove that the differential cross section for the inclusive 
reaction 


e + Nesne +... 


* See Section 23.1 for further discussions, 
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can be written as 


MN Nigewe 2c el 
I £S 2 2 
d*a = a We) dx dy [ xy F (q- 7x) 
i | 
era ra aya 
(21.148) 


in which we take into account only the lowest-order diagram due to 
photon-exchange and use the same notation as in the two previous 
problems, except that v is replaced by e, Jy by the hadronic elec- 


: el : 
tromagnetic current operator J. , and the structure functions F 


r 1 
and F by FS and Fe. (Because of parity conservation Ft 0.) 
The mass of the electron is set = 0. 
(ii) Show that in the scaling limit, (21.148) becomes 
2 a 2 2 
ee a 5 q el es el 
Seat az) degree ey Cs) FS kx) 
rahete (21.149) 
Ae 
Se re 
-| 
me oer. ae 
= (ka) (21.150) 
F(x) = Lim Be ae x) 
5 ] 
ee 
ta el el 
= H 2 
Fy (x) = Lim Fy" (a2, x) 


q?+0 
Problem 21.9. The s-wave scattering cross section for 


a+b- cid 


is related to the S-matrix by 


Ge |<ced | S-1 | ab > |? 
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where k is the magnitude of the momentum of a, or b, in the 
center-of-mass system. 
Show that 


(i) for the elastic s-wave scattering a+b—~atb, 


g = a pen | < eal 


S I 2 


where exp (2i8) is the diagonal matrix element of S$, and 


(21.151) 


(ii) for an inelastic scattering 


o < z (21.152) 


(iii) Consider the process 


in the center-of-mass system, In this reaction, only the lefthanded 


electron, on , can interact, Prove that for an initially unpolarized 


a (21.153) 
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Chapter 22 


WEAK AND ELECTROMAGNETIC GAUGE THEORY 


22.1 Nambu-Goldstone and Higgs Mechanisms 

As remarked in Section 21.9, the desire to unify the weak and 
the electromagnetic forces has been shared by many physicists since 
the early days of the weak interaction. The obvious path of assuming 
a non-Abelian gauge theory encountered several serious difficulties: 
All gauge field quanta are, at least to begin with, of zero mass, Yet 
the intermediate boson, if it exists, must be of a very heavy mass, 
perhaps in the range of 30-300 GeV as estimated by (21.114)- 
(21,115). Furthermore, the symmetry properties of the weak and the 
electromagnetic interactions appear to be quite different. Up to the 
1960's, it was not clear how these disparities could be reconciled. 
The resolution came gradually. Of particular importance in this evo- 
lution were the concepts of "spontaneous symmetry breaking" (Section 
16.4) and the Nambu-Goldstone * and Higgs mechanisms ** , which 


we shall discuss in this section. 

eee 

* Y. Nambu, Phys. Rev. Letters 4, 380 (1960); J. Goldstone, Nuovo 
Cimento 19, 154 (1961); Y. Nambu and G, Jona-Lasinio, Phys. 
Rev. 122, 345 (1961), 124, 246 (1961). 


** P. W. Higgs, Phys.Lett. 12, 132 (1964), Phys.Rev. Lett. 13, 508 (1964), 
and Phys.Rev. 145, 1156 (1966); F. Englert and R, Brout, Phys. Rev. 
Lett. 13, 321 (1964); G. S. Guralnik, C. R. Hagen and T. W. B. 
Kibble, Phys. Rev. Lett. 13, 585 (1964); T. W. B. Kibble, Phys.Rev. 
155, 1554 (1967), 
ae 658. 
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1. An example 
Let us consider the example of an SO, gauge theory.* The 
group elements in {u} are 3x3 real orthogonal matrices of unit 
determinant: 


i 


Oe uit "2? u* = vu 
and 

detu = 1 
There are three generators 

T kk ond) 1 eo 
which satisfy the commutation relations 


inlet eae oT (22.2) 


with each of the superscripts = x, y or z, and pe given by 


(12.10), The SO 


3 transformations will be referred to as “isospin® 

rotations. To construct the gauge theory, we follow the procedures 
and notations of Section 18.1. Corresponding to each Ce , there is 
a gauge field V : ; altogether there are three spin-1 fields V 2 vy 
and V~ P ee an "isospin" vector V . In addition, let us assume 


there is a spin-O matter field  , which is also an isovector, The 


Lagrangian density is 


- 4(D 9)? = Ue) (22.3) 


@ is Hermitian, 


*H. Georgi and S. Glashow, Phys.Rev.Lett. 13, 168 (1964). [ See, e.g., 
pages 264-65 for a discussion of the SO, group. ] 
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(22,4) 


and, as in (16.8), in order to have a spontaneous symmetry breaking 


U(o) = ae (92- p2)° . O25) 


The constants u?, p? and g areall real so that £ is a Hermitian. 
Furthermore, we choose both p and p> 0. It is straightforward to 
show that, similarly to (18.12), £ is invariant under the infinitesimal 


local gauge transformation 


Vo+= V + 8V 


iS H Hu 
and = n 
Ce Os Od a, 
where = 
Bina Ouedny, eee oo em 
¥ es Oxy 
ot 7 (22.6) 
So = 8 X o 


and @ = 9(x) is an arbitrary infinitesimal isovector function of space 
and time. The quantization procedure can be carried out in the stand- 
ard way by following the steps outlined in Chapter 18. 

As in (16.12), the vacuum expectation value of > is determined 
by the minimum of U(o). From (22.5), or Fig. 22.1, we see that the 
magnitude of the vacuum expectation value of @ is 

I<o> = Sas (22.7) 
which is independent of the direction of < > eee Here, because 
SO, is a continuous group, the vacuum degeneracy is a continuous 
one. [ In contrast, the vacuum discussed in Section 16.4 has only a 


discrete two-fold degeneracy.] 
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U (¢) 


Pp 


. 2 
Fig. 22.1. A schematic drawing of U(o) = Be (>? - ae 
where =|]. p 


2. Limit g =0 
In this limit, the vector field is decoupled from the scalar field, 


and the Lagrangian density (22.3) becomes 


L-~ f= 4,4 £, (22.8) 
where te a 2 
&,= -4 ze - | ; 22,9) 
a 
2 = <8 (42) = Ue). (22.10) 


By comparing (22.9) with 6.3), we see that each isospin component of 
V__ can be quantized in the same way as the free electromagnetic 
field. For example, in the Coulomb gauge, we have the transversality 


condition 


V.V. = 0. . (22.11) 


As in 6.32)-(6.39), for a given momentum and isospin direction, there 
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are only two independent transverse modes of V quanta. 
To discuss the spin-O field » let us, as before, introduce a 


finite cubic volume 


oe ie 


for the system, assume the usual periodic boundary condition, and 
take the limit QQ-— @ only at the end. The Fourier expansion of (x) 


at any given time t can be written as 
= a q, (f) 
56) = 6G) = BS ee) (22.12) 
kf V2 iJ 


where x is the four-dimensional spatial coordinate 


ate = (x), Xo Xgr hn) 


but k stands for the 3-vector iS which satisfies, as in (2.13), 


me 
Tee eee 
j L 
with 
ee eel ae 2 


J 
In (22,12) the repeated index j is summed over from 1 to 3, as 
usual, On ieceuin of (22.7), we anticipate < S Benen tC be O(a’) 2 
not O(Q 7). Hence, in the above Fourier expansion it is more con- 
venient to separate out the k= 0 component and write it as Q, in- 
stead of Ip /VQ Gs tm 2 li 
From (22.10), it follows that the conjugate momentum of (x) 
Tt = ae 2 (22.13) 

a9 


which leads to the Hamiltonian density 


Hy = 317+ 4(V, 9)2+ Ue) . (22.14) 
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The Fourier expansion of TT(x) is 
P(t P_(t) 
Q k~o VQ 


in which the k = 0 component is written as P/Q, instead of Pp/VQ 


exp (i X ) (22.15) 


as in (2.12). This difference in notation can be appreciated by substi- 
tuting (22.12) into the Lagrangian. We find 


3 = 
ri ee OO 


where, on account of (22,10), the --- terms are all independent of 


Q . The conjugate momentum of Q is therefore 


= aL an 
p= ee = ee), 
aQ 
and the Hamiltonian is 
a 3. _ Pp? 
a = ip Hon rf = 56 + eee (22.163) 


where ... represents the P- independent terms. The same expression 
must also result if we directly substitute the Fourier expansion of TI) 
into the Hamiltonian density; this then explains the first term on the 
righthand side of (22,15). 

To carry out the quantization, we apply the standard canonical 
commutation relations. As in (2.23)-(2.24), we have 


gm 


PPG eule: -i6 ; 


im), ao = <1576,,, 


and all other equal-time commutators between these coordinates and 
momenta are zero, 
From (22.15) we see that the "inertia" associated with the k = 0 


mode tends to infinity as Q—> a. Hence, although P and Q do not 
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ee 
commute, we can regard Q asa classical variable in the infinite- 


volume limit. Equation (22.7) can then be written as 
Sen =~ Spee 4c (22.17) 


where é€ is an arbitrary time-independent unit vector in the isospin 
ee: ae : =I ly 
space, since its time derivative is proportional to Q  , which is 


zero as $2 0, Without any loss of generality, we may call 
ee (22.18) 


which is a unit vector along the z-axis in the isospin space. 
Next, as on page 386 we expand (x) around its vacuum ex- 


pectation value, and write 


o(x) = p2+ &o(x) . (22.19) 


U(o) = dy?(6o) + 


and = . 55 220) 
FH US ae ETRE se NVC ae oe 


where the +++ terms are all cubic or quartic in So. Ignoring these 
higher-order terms, by examining the Hamiltonian in its quadratic 
form we see that the mass of the quantum due fo oscillations in bo 
is very different from those due to So. and 6 o” . We have 

mass (69) =p # 0 


and (22.23) 
mass (69°) mass (6 9”) = 0 


This is, of course, a direct consequence of U(o) being invariant un- 
der an isospin rotation, As shown in Fig. 22.2, with the spontaneous 
symmetry breaking (22.17), a variation So | é@ isa rotation in > ’ 
whereas a 6o f é is not, 
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Fig. 22.2. Inthe o space, the vacuum expectation value 


<@ > acm pe selects a direction é. Since U(¢) 


is unchanged under oscillations perpendicular to é, 
this gives rise to the zero-mass Goldstone bosons (if 
the vector coupling g = 0). 


If the parameter » were zero, U() would be proportional to 
ie and there would be three spin-O zero-mass bosons (at least in the 
approximation of neglecting radiative corrections), In that case, the 
vacuum would be invariant under any SO, rotation, However, be- 
cause of the spontaneous symmetry breaking, p #0 and a direction 
é is selected in the isospin space. The vacuum remains invariant un- 
der a two-dimensional rotation around €. Consequently, there are 


still two spin-O zero-mass fields; their quanta are called Goldstone 


bosons, * 


In the limit g=0, the theory consists of one massive spin-O 
field So, two zero-mass Goldstone boson fields 6o° and 64”, and 


three zero-mass spin-1 fields V™, VY and V7. 
H H p 


* See Section 24.3 for further discussion. 
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3. Higgs mechanism (g # 0) 
As we shall see, the situation is changed drastically once the 
coupling g is not zero, To see the mass-shift of these particles, we 
need only examine, as before, the part of the Hamiltonian that is quad- 


ratic in the field variables, By substituting (22.19) into (22.4), we ob- 


tain ax F) eS =< re} — 
sai Qo = lla ee 2 s eee 
zi Dig Bare So) dr g(pz a a ox So 
H H 
Baa = (22.22) 


which leads to the following form of the Lagrangian density (22.3) 


B= 4 


Tgp a Ox om ax 
EF EF (22. 23) 
where the --- terms are all cubic or quartic in Vand 6o. By 
yu 
defining 
Oe ee a 
H Peco, 
and (22,24) 
= er 
H H gp ax 
yu 
we can rewrite (22.23) as 
a ; 2 
B= Yo ped(gew! - 52 wt) - 4m? wy 9 
e ax Vv ax iv) H 
mony i M 
Q z Q race Q ae 
ol = eel 
4 aa ve ax, te ites So ) 


WEAK AND ELECTROMAGNETIC GAUGE THEORY 667 


where 

m= igo. (22. 26) 
By comparing the terms inside the sum with those in (4,1), we see that 
the theory now consists of only one zero-mass field, V *. The rest are 
all massive; the spin-1 fields W * and W” are of mass m and the 
spin-0 field 6 is of mass pb. 

When g=0, as noted before, for a given momentum each of the 
three zero-mass spin-1 fields V~, V™ and V7 has only two trans- 
verse modes in addition there are three spin-O fields, two massless 


and one massive, Altogether, there are 
22x 3 43) = 9 

different quantum modes for a given momentum, among which 
GS) Se 1s) 


are of zero mass. For g #0, there are two massive spin-O fields 
W* and W”; each has three quantum modes for a given momentum. 
These together with the zero-mass spin-1 field V 7 and the massive 


spin-O field 6o- give, again, a total of 
Oe? ee ele 


different quantum modes for a given momentum. The longitudinal 
modes of W™~ and W” are generated by a 6q"/ ax and asp / ax : 
as shown in (22.24). The conversion of "massless" enee fields and 
Goldstone bosons into massive spin-1 mesons is the "Higgs mechanism." 
In the above example, the massive vector fields are prototypes of the 


intermediate boson, the zero-mass gauge field V “simulates the pho- 


ton, and the remaining massive spin-O field is called the Higgs boson. 
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4, Unitary gauge 
An alternative derivation of the above result is to take advan- 
tage of the gauge invariance of the Lagrangian density (22.3). Through 
the continuous application of the gauge transformation (22.6), we can, 
at any space-time point, rotate o (x) so that it is parallel to the z- 


axis in the isospin space. * The result is 
o(x) = 2 9° (x) (22.27) 


everywhere. The gauge thus chosen is called the unitary gauge. Be- 


cause of (22.7) we can write 
o (x) = p+ 6o . (22.28) 


Substituting (22.27)-(22.28) into (22.3)-(22.4), we obtain 


=s By re) Vv as 
De = 2 = 5 + sa 2) (p+ 69°) 
) 
and, therefore, 

bP —> 2 
av aVv 

R= (3 : = | - dm7(VoV" + v7 yt) 
x, oF H OH ale 

2 
-3 (a2 897) - by2(697)° + C2 
u 


where m is given by (22.26), and the --- terms are all cubic or 

quartic in Vand 89. It is straightforward to carry out the canon- 

ical quantization in the unitary gauge. rom (22.29), we see that we 
u 


and V” are massive, but V~ is massless, In the unitary gauge, 


Zz. 
and & is massive. 


* This is possible only for states without topological solitons. [ See 
page 127,] 
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Remarks. In a gauge theory, the gauge fields V : transform accord- 
ing to (18.9); thus, they must belong to the same representation as 
that of the generators te of the group. On the other hand, the spin- 
0 field in the Higgs mechanism does not have to. Such an example 


will be discussed in the next section. 


Exercise 1. In the unitary gauge (22,27)-(22.28), define 


Va 5+ ee Ae SV 
y H 


) 
9 (22.30) 
F = 5 A - 5 A 3 
LV Sy x, oH 
We 02 He > (Cr ee 
LV ) 7 v ax v 
and = 3 - 
a Serge agra a +igA) Me 
Hence, wi! if pA 4 
W = : (22.31) 
r a) a mn =e 


Show that the Lagrangian density (22.3) can be written as 


£=-}F7-43 W - m2W W 


HV Hy HoH 
ox e = 

au = 2p 22 a § 

| 2 pox Cae 


-2 WW)? - (WOW)? 
ee ee ae 


— 73 xX 
= 2 2\e b . a 
oan gX + 97X77) 2p x (14+ Zp) (22:32) 


670. PARTICLE PHYSICS: INTERACTIONS 
where m_ is given by (22.26). 


Exercise 2, If we regard A_ in the above problem as the electro- 
magnetic field and the coupling g as the electric charge e , show 
that the electromagnetic current is 


j =-ie(WW -W ee 
H vow . ee 


which satisfies the current conservation law 


Therefore, the quanta associated with W and Ware charged and 


yu 
will be called WwW, with the superscript denoting the charge. 


Exercise 3, (i) Carry out the quantization process for the Lagran- 
gian density (22.32) by following the method given in Chapters 2, 4 
and 6, Show that the operator W_ annihilates W' and creates Ww. 


2° ie + 
(ii) Prove that the magnetic moment vector fora W _ at rest 


M==S (22.34) 
m 


> 


where S is its spin-vector, Since it is customary to write 
ete e =p 
M = (1+ = $ 
(1+) = 
with « as the anomalous moment, the W-boson has an "anomalous 


moment" 


= i) (22,35) 


(iii) The quadrupole moment 3% of the W-boson is defined 
to be the integral 


i oe ea) ach 3 


+ 
fora Wat rest with ae , Where ip is the expectation value 
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of the fourth component of the current operator, i,- Show that 


i oaealcliga (22.36) 


22.2 Standard Model * 

We shall now discuss the simplest realistic gauge model ** that 
attempts to unify the weak and electromagnetic interactions. At pres- 
ent, because the intermediate boson is only a theoretical invention, 
the high-energy behavior of the standard model that we shall discuss 
in this section is still far from being proved experimentally. Never- 
theless, the remarkable agreement of the model with all available 
data already establishes it as a good low-energy phenomenological 
theory. 

1. Gauge group 
To arrive at the appropriate gauge group for the unification, we 


first start from the known lepton currents for the (e, v,) system: 


oD 
Ieee my lee) aoe 
and ,+ t (22.37) 
ie my ee 
for the weak interaction, and 
=| |e es 
1 ae! Tey Yy, uA (22,38 } 


* S. Weinberg, Phys.Rev.Lett. 19, 1264 (1967), 


** See also S. L. Glashow, Nucl.Phys. 22, 579 (1961); A. Salam and 
J. C. Ward, Nuovo Cimento 11, 568 (1959), Phys.Lett 13, 168 
(1964), Cf. in addition the articles by A. Salam, Proceedings 
of the Eighth Nobel Symposium, ed, N. Svartholm (New York, 
Wiley-Interscience, 1968), and M, Veltman, Proceedings of the 
Sixth International Symposium on Electron and Photon Interac- 
tions at High Energies, eds, H. Rollnik and W. Pfeil (Amsterdam, 
North-Holland Publishing Co., 1974). 
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for the electromagnetic interaction, where the subscript v stands for 
ve and the minus sign in (22.38) is on account of the negative charge 
of e . The structures of these currents have been well determined 
experimentally; their support ranges from the extensive B decay meas- 
urements to the numerous QED tests. Let us consider the "charges" of 


these currents: 


@) = -if ide = polsys) y dr ; 

Q’ = -isf ig oper oT + y) ¥ a (22.39) 
and 

Q = -is jie =-s vl ar 


in which the Q_ without superscript denotes the electric charge. 
Clearly, these charges are all physical observables; the same must 
therefore also be true for their commutators. The algebra satisfied by 
these observables can be determined by repeatedly commuting these 
charges and their commutators, as we shall see. 

It is convenient to define 

- + 

Pe ire Ga), 
: (22.40) 
pee + 
Y= 5(Q@- @), 


and to combine & and he into a single column matrix 
e 


r 
p= (* , (22.41) 


Thus, ae T” and Q can also be written as 
x 


Mersey rode , 


a sty) ode (22.42) 


AIH 
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and 


Qo = eG (=) ee: 


where ae +” and + are the Pauli matrices Tis To and T 
given by (3.1). Because of (3.2) and ¥5° = 1, we have 
i j : ijk k 
fey cay) et (1 ye) car 


where i, j, k canbe x, or y, or z. By using (3.24a) we see that 
the commutator of T* and T” leads to 


ae 


T= iT, 1) = 45 814) o7 Fer. (22.43) 
Likewise, we can verify 


pe = oT 


(22.44) 
Just as with an isospin vector, we can regard T' as the component of 
p ’ p 


Tt = if wha + ie) 2 te: , (22.45) 


From (22.42) - (22.43) we see that T* commutes with Q , but 
T* and T” donot, Let T' be the difference between Q and T°: 

fs Gar 

= fet th( y,) ei) er (22.46) 

Since 

OF 5) ie yee ge, 
it follows that T' commutes with all the I. Woot eL, 

elie Olu (22.47) 


Thus, from the three observed charges Q , er , Q and their commu- 
tators we obtain these four Hermitian operators T' and T' . Because 
of (22.45) and (22.47), they generate a group that is the direct pro- 
duct 


674, PARTICLE PHYSICS: INTERACTIONS 
U, X SU, (22,48) 


with T' as the generator of U, and T that of SU, . 


As in (3.101), we decompose Me into a lefthanded component 
- J 
eae oer. ne (22.49) 
and a righthanded component 
=iiecil = 


The former willbe combined with the two-component neutrino field 


ae , which satisfies 


Vey = My 
to form 
p 
L = i = 3(1+ Y,) # (22.5%) 
al 


where is given by (22.41), 

Let v, ep and ep be the one-particle states generated by 
applying yo 7th and vp! to the vacuum. These states are all 
eigenstates of T, Tie , the electric charge Q_ and, therefore, also 


T= © Jaen We heave 


(22252) 
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Hence, on account of (22.50)-(22.51), we see that 
nis Of eeell Ser 


and (2253) 
Reis eot el Cp 


Nl— 


H 
J 
el 


2. Lagrangian density 
Once the gauge group is selected, the gauge fields are deter- 
mined, Corresponding to each generator there must be a gauge field. 
For the group SU, X U; , there should be four: 
generator ir a 
gauge field B , C 
y 


rt 
The pure gauge-field part of the Lagrangian is 


a B 2 ae) Cc 2 
(in ai 
where, as in (18.4), 
ho = Bee) oe ae 
Vv Ox, v ox at yu v 
and (22.54) 
cage q- ic 
UV aa Vv a p 


By themselves, the quanta of these four fields would all be of zero 
mass; at a given momentum each quantum would have only two trans- 
verse polarization degrees of freedom. 

As in Section 22.1.3, we introduce the Higgs mechanism to give 
masses to three of the gauge fields, leaving only one massless, which 
will then be the photon. This means that there must be three would- 
be Goldstone bosons, so that they can be incorporated into the three 
massive vector particles as their appropriate longitudinal modes. In 
addition, there should also be at least one physical spin-O Higgs 


particle. Thus, our system must contain a minimum of four spin-0 
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Hermitian fields, which is equivalent to two spin-O complex fields. 
The simplest way is to put these two complex fields, > and bos in- 
to a single two-dimensional representation under the SU, X Ur trans- 


formations. We write 


p 
oe ‘ (22.55) 
1) 


and assume it to be of the representation 

T = 3 and jo = = (22. 5en 
so that, because of (22.53), 

Re Ce eee «ee (22.57) 


The Lagrangian density of this system of leptons, gauge fields and 9» 


is 


eee ac Rl D feet! DY IL 
ow uy "4 oy 4 
ae of - bee i f 
(De De = Ut | eli AOE ker: Ryne 
where lo|2= fo, (22.58) 
= r oo _: Ue cay wee cl i 
DL Lox, ug ey B iel\G CJ iL 
_ CR aye ae 
pk = (ee HEWce |r, 
(22.59) 
re} —> 
DO ee idee tae | ¢ 
rv) 
and 
— iP 6] ee i m/l 1 tT 
De! = Cae tight B +i(d)ac | ¢ 


in which the numerical value inside the parenthesis denotes the T' of 


the field. 
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Exercise. Prove that the above Lagrangian density is invariant un- 


der the local SU, xX U 


transformation: 


1 


i 
B = wB oe oa 
H g U 
ur <8 
4 yg U 
lL —- exp Gia T') ul ; (22.60) 
a exp (ia T,) R 


and 


o => op te 1. Ue 


where a(x) is an arbitrary real function, u(x) is any 2 x 2 unitary 


matrix function with detu=1, 


Be = de-B 

r H 

ee | (22.61) 
and 

Tye 8 


3. Spontaneous symmetry breaking 


Similarly to (22.5), we assume 
F 2 
UD = oe (g'e- 2): (22.62) 


its shape is again of the form given by Figure 22.1. The minimum of 


U is at | > | =. Just asin (22.7), this means 
| < vac | p | vac > | =p. (22.63) 


To see the physical content of the theory, it is simplest to adopt 
the unitary gauge. Let us consider first the classical theory in that 
gauge. As in (22.27), at any space-time point we may choose the 


gauge transformation u(x) so that in the last equation of (22.60) the 
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final (x) is of the form 


ae a 


then by using the appropriate a(x) we can always set 5 real, Sim- 


ilarly to (22.28) and the first equation in (22.30), we may write 


$%) = p + Xi) 


where X(x) isa real field; hence, in the unitary gauge 


0 
> = (, " ) (22.64) 


By substituting it into the third equation of (22,59), we obtain 


0 gB*-igB” 
aa =i) wae |) clos) HP * | O2Gs) 
—= Z 
ax -gB + g'C 
Ul Pe g r 


It is convenient to define 


“p= SU eas P 
H V2 H 
— _ oo y 
WwW = —— (B +i8B , 
at ome 
Z = eee) oe cine € F 22.66 
Aaa] cig 8 cos OG 
and 
ton@ = as P 
Ne g 


so that (22.65) becomes 
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0 ue 
D 9 = = SS este _ (22.67) 
ax Ve ~ Ze 
TS ye cos Q., 


The Lagrangian density (22.58) is a fourth-order polynomial of 
ee ee 2 eee eand Wee To find the masses of the 
u ) e Vv 


u 
physical particles we need only examine its quadratic part 


& 
quad 
which is given by 
auad 7 0 ‘ a f (22.68) 
with 
] qo qa os C) ) 
ty = F(ab *)? - (ge Wy - (2 w,- 2 w,) 
0 ax, Ox, r Ox, U at 2a r 
] ) ) ] 
- 1 - 2.7)? -4(ao- A- gA)? 
ae r ax, U De r ax, yu 
t i a 
:) YA ur aX, sc - Y4 Ys ax e 
and, as we shall see, (22.69) 
ee 8 Sle - B le 
a M4) eo zM5 ae gS ee zy X 
where 
ye oe 
Ww V2 
m 
no (22.70) 
Z cos ay 
es Fo 


and y is defined in (22,62). since an does not contain A and 
rv 


a , we have 
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m0 0 

and (22.71) 
m = 0 ; 

i.e., photon and neutrino are of zero mass. 


4. Lepton and gauge field coupling 
From (22.59), we see that 


ert Ly ar mo Saat 
L Uae i = E 4% ax, Loe Pa 4% 
gB7-g'C gB*-igB” 
4M 4M ' 
gB*+igB” =g Bog! ¢ 
4 4M 
and (22.72) 
iT t ) : i 
=R y¥,y D R= -R y,y¥ .— Roig CR y youre 
4°'u u) aH Ox, ' 4°u 


By using (22.66), we can express Band oF in terms of the normal 


modes W , W , Z and A : 
4H ls H 4 


oe ee 
r 2 HOW 
Da 
r 2 et 
2 (22572) 
B- = sin® A + cos9 Z 
H r H 
and 
C = cos®@ A -sin9 Z 
r r 
The Lagrangian density (22.58) can be written as 
& vance + Low + Loz + TN + see (22.74) 
where tied is the quadratic part given by (22,68), Low «Loz 
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and Lon denote the interactions between the lepton fields Me i ue 

and the vector-meson fields W , Z and A . All other interaction 
ie H 

terms are relegated to --- . By substituting (22.49)-(22.51) and (22.73) 


into (22.72), we can verify that 


ay ae i 
mow i Do NS i“ 14 a) i 5) a ELE 7 
. t 
SS er ae 12 
Loz a Oe Z) (9, 14 7,01 + ¥5) es 
i) : 
= ue 4% [(1 - 4 sin? cae ¥5] Ye (Q2 75) 
and 
1 = -igsin®? A yt p 
2A win e 4 ce 


Since A is the photon field, the electric charge e is related to g, 
g' and 0. by 
e = gsin ah, = Gl eer Bie 0) A (22.76) 


as shown in Figure 22.3. 


Fig. 22.3. Relations between the Weinberg angle 8 
and the coupling constants e, g and g'. 


[ See (22.66) and (22.76). ] 
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So far, we have considered only the (e , v,) system, To in- 
clude other leptons (2, Vode we replace - by ee i by ¥ : 


and for any 4x4 Dirac matrix [ 


oT a by 
2 onl oy = yalre Z 
Q 2 “2 Q 

wry by 
Dev ee =} y | oe (22.77) 
Q gq “2 

and 
viry  »5 
e e v 


Sei re = Yotry 
Q Qe 


where the sums extend over 2 =e, poand +. Thus, (22.74) and 
(22.75) become 


= ated + Low a Loz a Lon eer 
where i 

Beye LOM Sha 

IN gg IN ee 

§ ve (22.78) 

ae 7. = ———— Z J 

g aN Eos Oy, A“A 
and , 

=A) = ae 2 i 
with 


aaa if 
Jy = FL vy 14 %,(1 + 5) 2 , 
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meee o) 0 geal (22.79) 
» q 4°" Die ae ; 


ae. 
oes Ue L tv, i i) Q 


Bey Lies 
Q 4% 4 sin Oty) 21. 


[ See (22.114) for the complete form of £, including quarks, J 
5. Second order processes 


The phenomenological Lagrangian densities 


G .t+.- G ,O8,€ 


an 


pe d oe 
a Deer ea 
n (21.2) can be derived by using the second order diagrams, such as 
those in Figure 22.4. From Problem 4.2 and by following the arguments 
given in Sections 5.3 and 19.1, we can show that the propagator of a 


massive spin-1] boson is 


a 
can) 


mS 
ca) 
iS 
cay) 


(a) . Gb) 


Fig. 22.4. ev. -scattering diagrams: (a) due to the exchange of 
we and (b) due to the exchange of Tae 
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q) 4 
Se ee) eee ie! (22.80) 
Ay 2 


where €=0+. [ See Exercise 1 on page 687.] For the low-energy 


phenomena discussed in Chapter 21, we have 


GR) << = M4) er li 


Thus, the boson propagators in Figure 22.4 become simply 


-i ad Nip for (a) 
and 

=i Bg Bie for (b) 

The second order amplitude of a Ww exchange diagram can be 
obtained by contracting W, &) and vee in the product iL ow) 
I fowl) . Such a second order process can lead to, e.g., the scat- 
tering 


r (22,81) 


é e 
as shown by diagram (a) in Figure 22.4, In the approximation 
| gy / My) | = 0, we see that its amplitude is given by the matrix 


element of 


; g = >| .t.t 
i ( )—> 
2/2 my aS In 


By equating this expression with i times the corresponding phenome- 


(22732) 


nological density in (21.2), we find 


So = (—t—) (22.83) 
y 2 2/2 my : 
Because of (22.76), this leads to 
Fo 2 2 
ee oe 2 2 ee ee 


Ww 8Gsin?@, ~ 8G 
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From (22.70), we also have 
m p 


2 = e 
m — ae 
Z cos? QO. /2 Gsin? 20 
Ww 


(22.85) 


2 
e 
74 ee Gey) = 
ay 2c 
Similarly, the amplitude of the corresponding ii exchange diagram 
(b) in Figure 22.4 is given by the matrix element of 
2 1 


1+ ¢_9 eons! 


mz cos ey 


which reduces to i times Si. ie 2/2 in (21.2) provided that 
the constants G7 9, and g,, in (21.4) are given by 


= in2 
(1-4 sin 0.) ? 
and 9g = = : (22.87) 


For ve scattering, on account of (22.79), (22.83) and 22.85) 
e 
the relevant parts of (22.82) and (22.86) are 


ees Pea 
Sores De A) ee a I rae, 
and 
ge t 
. - Da “ V4 % (1 + Y5) 


if eee 
. oe Y4 xf (1-4 sin ce ¥51 _ 
By using the Fierz identity (Exercise 2 on page 687) 
il mil 
Ve IVS ey te I TI 


Rai yl 
ees me) ene calat (1G) Vea 
(22.88) 
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we find that the total on e scattering amplitude is 
M + = = [| 2S ae y. (1 Pay, ) wv 
ee Ue. b 


t : 
Wo rg H(t 2sin? @ +a 6) ¥, . (22.89) 


Next, we consider 


VY ae = WV oa 2 


and 


These reactions are determined only by the ze exchange diagram; 
their cross sections can be readily derived by substituting (22.87) in- 
to (21.10). From the experimental values (21.11), we find 

+ 06 


Ly = PE ae (22.90) 


Remarks, 
1. The experimental value of oe is quite near 30°. If we 


assume 


sin2 @ 4 (22.91) 


then g. =O, and 


ik = = ib 214 MUI Ys) vg - B14 HY 2] 
C22) 
The neutral current of the charged lepton a* is then purely axial. 
2. The sign of the Fermi constant G is positive according to 
(22.83). Experimentally, by accurately measuring the scattering am- 
plitude of, say, 
ete- e+e, 


we can deduce the interference between the photon-exchange and 
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the Z~ exchange diagrams, and from that the sign of G. [See (22.126).] 


Exercise 1, Use the path-integration contraction (19.70) for the defi- 
nition of the vector-meson propagator of mass m 


aes = = 
4 


Show that it is given by (22.80). [ See also (24.142)-(24.144).] 


Exercise 2. Show that forany 4x1 c. number column matrices vy 


and i , the Fierz identity (22.88) holds. 


22.3 Extension to Hadrons 

Because hadrons are composites, their current operators are ex- 
pressed in terms of the quark field  . The connection between ue 
and the observed hadron is not as direct as that between the lepton 
field Yo and the physical lepton. This complicates the extension of 
the above results from leptons to hadrons, In order to gain a proper 
perspective, we shall retrace the steps that led to the present formu- 
lation. 

Before 1950, one might have linked leptons with hadrons through 
the naive parallel relation between the lepton doublet (Vv. , e) and 
the nucleon doublet (p,n). After the discoveries of the strange par- 
ticles and the approximate validity of SU, symmetry, there was the 
Cabibbo theory which suggested that we should replace (p,n) by 
(Co d_) , where u_ stands for the up~quark field ve and de for the 
Cabibbo-rotated field 

%y = cos 8. oy sin o. He i (22.93) 


Cc 


as in (21.51), with 
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@ = Cabibbo angle. 
c 


If we employ only the (u, qd.) system for the hadrons, by applying 
the same arguments given in Section 22.2.1 we would find, in place 
of the leptonic weak charges (22.39), the hadronic weak charges * 
= + 3 
Q fd (1+ yg) ud'r 


and (22.94) 
a Jt nae Ys) ddr 


Their commutator is 
= ae 3 
oO 218, eI ~ as tdl(ity.)d -ul(l+y,) ul dr 


(22.95) 
where, as well as in the following, the quark field ve is represented 


simply by q. Because 
alee) dices? Geel (ieee dl aetna ice. eae 
c Care C 5 c 5 
+ cos ele sin atd'(14 Y5) s + "(1+ y,) diy 
the neutral "charge" Q° can change the strangeness quantum number 
S by 0 or +1. Since Ge plays the same role as the generator ie 


of (22.43), this would lead to a neutral hadron current i satisfying 


the same selection rule: 


oO eeeancd me | 
0,0 
2 


component, in violation of experimental fact. [ See page 352.] Fur- 


The second order amplitude GJ would then containa AS=+2 


thermore, there would be a hadron-lepton neutral current interaction 


GS eye which could give an unsuppressed amplitude for 
o ap = + = 
KT So eee or e +e 


* Throughout this chapter we do not explicitly exhibit the color super- 
scripts. [ See (21.52). ] 
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This would contradict the very small branching ratios < 10 for 
these decays. [ See page 634. ] 
1. GIM mechanism 
In order to overcome this difficulty, Glashow, Iliopoulos and 
Maiani* proposed the existence of the charm quark, The charged had- 


ronic weak currents are given by (21.51); i.e., 


= eee | Peal . 
Jy = id. te (le ig Oa le, TN) 
and t } (27,96) 
Jy = Ty UN piel wee ¥4 ¥(1+ ¥5) Sos 


where c_ stands for the charm-quark field 2 , and a for 


ies = - sin 0. py + cos cL Dy ‘ (22597) 


The hadronic electromagnetic current operator is 
ee ii el t 
J = ae ate 4%?) ig (d Wyo 1478) 
(22573 ) 
as in (21.53), Instead of (22.94), the hadronic weak charges are given 
by 


=e - 3 i 3 
Qi =-if J, dr = Pid lie ysut si(1+ 5) 6] nee 
(22.99) 
+o a + 3 T ij 
Ci ye = oe (iy) idewe (1+ 7.) 5.1 dor. 
The hadronic electric charge is 
(One eae ae ae = rire (ieee (dc ee Ae 
(22.100) 
From (22.93) and (22.97), it follows that for any 4x4 Dirac matrix [F 
Bape oe ere eee racine epee (22.101) 
@ c € c 


- + e 
Thus, the commutator between Q and Q_ is now 
es 4 ee 


* Loc, cif., page O17. 
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Q =a or aan 
i! T 
2 JET el (1+ y5)d +s (1+ y5)s 
Ea + ¥5)u - Ae s ¥5) 4] a, 


which conserves the strangeness. 


As in (22.40), (22.43) and (22.46), we introduce 


7 ea) GC \y, 
y 2 7(Q-aQ), 
. (22.102) 
f= str rh 
and S 
i = eres 
Hence, 
r= 278 
= Maro ee Vine clare Me 
4 5 5 
3 
Ae y)d -sh(1+ ys dr, 
(22.103) 
Let us define 
U 
lace ee 
c 
and ; (22.104) 
eel. | 
c 
Then, as in (22.45), we have 
Tes. of Sener penis: (22.105) 
h h 5 h 


i : , 
where the + are the Pauli matrices and the sum extends over h= 1 


and 2. By using 22.100) and (22.102)-(22.103), we see that 


T= 2 Ha a5) 77 21 ’ (22.106) 
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These generators T' and T! satisfy the commutation relations 
(222.44) and (22.47). Thus, we have the same SU, Xx U, gauge group 


as before, In analogy to (22.51), we introduce 
= J 
L = srl Ys) ue (22.107) 
so that for h= 1 


ou 
=P Hi: 
Ly stag) Cg | 
Cc 
and for ne 2 


2 


As in (22.50), we define 


| 
N= 
-_— 
+ 
~< 
(on 
~—, 
ME 
ao | 
ne 


= iyi) — 
Ree (he) 4 (22.108) 


where g=ui,d,s and ¢ 
Let qy and dp denote the one-particle states generated by 
1 1 


applying the creation operators atl te ¥5) al and s(1- Y5) al to 


. Zz 
the vacuum. These states are all eigenstates of T, T , Q and there- 


fore also T'. We have 
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Since the quarks have strong interactions, these states are also 

. z 
eigenstates of the isospin I, its z- component I, the baryon num- 
ber N, the strangeness S, the charm number C and a new hyper- 


charge Y, defined by * 
VO Nae Se RG 


It is also of interest to list the strong interaction quantum numbers of 


these states: 


Because the strong interaction is parity conserving, these quantum 


numbers depend only on the quark states q , not on their helicity 
subscript L or R. From (21.121) we see that quarks of the same 
generation have the same Y . 

The generalization to b and t+ quarks in the context of the 
Kobayashi and Maskawa model (Section 21.10) is straightforward and 


will be omitted here. 


* Chee? ), 
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2. Lagrangian density 
In addition to the quark fields Ly and m given by (22.107)- 
(22.108), there are also the lepton fields Loe 
B , C , and the Higgs field ». In accordance with the notations 
ne in (22.77), we generalize (22.50) and (22.51) by defining 


a ia 
L, = Lary ( 
Q 5 ; 


and (22.110) 


Ro = Fle ¥5) Q 


where 2 =e, p and + . As before, to each generator T or T, 


Ro , the gauge fields 


there is a gauge field B i or C . The Higgs field » remains given 
Hu H x 
by (22.55), It is useful to introduce its conjugate field 9» : 


> = exp (i = a6) - transpose of 9! : 22) 
Thus, for 
4 
= | ; ae epee 
>= (3) 7 > = (4) % ) 
2 
and © is 


el 
$ -( 2 (22.112) 
~?) 


From (11.38)-(11.39), we see that >, like », belongs tothe T= 4 


representation; however, 
EC) eee) 


Under the global SU, Xx U, transformation, each of these 
fields B oe Lo , «+ belongs to an irreducible (T, T') repre- 
sentation. From (22.53), (22.56) and (22.109), we find 
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For this system, the complete Lagrangian density is (excluding 


QcD) 


ee Pea) Joe 2 = D 
My Zi os ze ae Ro V4 cf a Ro Lo 1 Ma : Ly 

ER yy DOR Ly ee oes 

qo ge et r 
~U 2 ok 22.114 
Cole ee, (22.114) 


af 


where Band ne are given by (22.54), and D, ~ and the covar- 


LV 
iant derivative D_ by (22,59); i.e., 
u 


ere sre (22.115) 
pH Ox, H r 


with T and T' listed in (22.113). In (22,114) the repeated indices 
are summed over; as before, 2 = e, y and +, h=1 and 2, and 


q=u,d,s and c. The potential U( | o | ) is given by (22.62), so 


WEAK AND ELECTROMAGNETIC GAUGE THEORY 695. 


that in the unitary gauge, (22.64) remains valid; i.e., 


» | lal (22.116) 
salty) 


where X isa Hermitian field and p isa real and positive constant. 


Thus, from (22.112) it follows that 


= | Mee (22.117) 
0 


By using (22.58) and the last equation in (22. 70), we see that the lep- 


ton-Higgs interaction £, is 


&p 


ah a. ha 74%) @ + bec.) (22.118) 


: Be : 
where mo is the mass of the charged lepton 2”. [ The neutrinos are 
all assumed to be of zero mass.] Since none of the quarks is truly 
massless, the quark-Higgs interaction £ | is somewhat more compli- 


cated, Let iy be the mass * of quark q. We write 


a @ =e 
QO6 = Sees 4 he + h.c.] 

= el eee L, ein mls Rye + hed 
0 cal cud 7A 

es Gino oe ese Loe, BR oe feel 
0 Can Coaz 45 

- Bees UO othe]. (22.119) 
fe) Ly 4 Cc 


From (22.113) we see that neg is invariant under the T' rotation. 


Under the T rotation, oy OF Ly and Lo transform in the same way 


a 


* Here, as in Chapter 20, m_ refers to the quark mass inside the 
hadron. 4 
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and therefore Lo6 is also invariant. It is straightforward to verify 


that because of (22.107)-(22.108), (22.110) and (22.116)-(22.117) 


ae i = 
“06 . ee thls 
and (22.120) 
z if 
ee = BG yess 5 


where --- are cubic in the Higgs field X and the fermion fields 2 
ding) sq.s 
As in (22.60), the Lagrangian density (22.114) is invariant under 


the local gauge transformation 


— => 1 i 
Bee) eS lee ee 
yl y H sy 

u 
om Ces 
' @ Z 

In im ee oy 

aT! “aT! 
L = la 1a 
Q e u Ly ; Ro é Ro ; (22,121) 
RE aCe ) R P . = eat RF 

and aes 

nee eal ie 


where the T' of the various fields are listed in (22.113). The normal 
modes W , Z and A_ remain given by (22.66), with their masses 
by 22.70)- (22.71 Nh 

3. Quark and gauge field coupling 
and £ between the 


aw’ “gz QA 
leptons and the gauge fields are given by (22.78)-(22.79). Likewise, 


The interaction terms £ 


we can derive the corresponding interaction terms £& Ww? Lap and 
oan between the quarks and the gauge fields. We observe that if we 


uniformly shift the electric charge of each quark by an amount - 4, 
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the Q of u and d. (or c and d) would be identical to those of 
os and e (or v_ and w). Such a shift does not alter T ; it chan- 
ges only the T' of each quark by the same amount -%. Correspond- 


ingly, there is a change in the Lagrangian density 


Oo (| T T 
i3g Cth Ly arty? 2 R a ae 


Te Bes i 
= 13 g'(cos@ A, -sin® Z) i q 74% 4 (22.122) 
due to this shift. Hence by changing, in (22.78)-(22.79), 


ce (leap 


and 
(Wire > (608) 


and by including (22.122), we find 


Cow oa (W) Jy +W, Jy) - 
g re) 
& = Tike (227123) 
qZ y Oe cos 9 AX 
and 7 el 
a = e A, Jy 


where g=e/sin ot , and as in (21.51) and (21.53) 


See] ai 
Jy = iu 14. Yl eal ets St 
ey y. (1+ Noecae | (lee yajerc 
N AES ss 2 AIRE 1G 
d 2224 
4 se ieily nutel yn oe) | 
N A 4" 


ibid yy ts! yy ys) ; 


in addition, 
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i) 8 


je = as 14 Wy(1- F sin? @ + y6) u 
+ ol Y4 (1 - a sci o) 2 ¥5) c 
-dhy, y(1- = sin? @ + y,) d 
ar 14% (1- = sin? @ + ya) 5] 
In deriving if and Ne we have used the identities g' cos @ = ¢ 


i= a) i 

and g' =g tan ie 
4. Second order processes 
+ 

At small 4-momentum transfer, the second order W~ -exchange 

and Z -exchange diagrams lead to the following effective Lagrang- 
ian , - G 
eff No 


similarly to (21.113). 


te a att ee aoe Al aoemee ce 6 © 
C(I. + 5, 0) + 4,04 20Q + i + Ih ile 
(22-1125) 
A sensitive test of the specific forms of ik and i is the 
parity violation in the electron-deuteron scattering experiment dis- 
cussed in Section 21.7.3. It can be shown * that the asymmetry param- 


eter A of (21.110) is given by (see Problem 22.3) 


ee ee ween) 5 Lele 
eS Sos | (= F sin? 8) (1-4 sin neal 
(22.126) 


where k* = (4-momentum transfer)?. From the experimental values 


given by (21.111), we determine that 
sin? O. See UE, (22.127) 


in agreement with (22.90), 


* R. N. Cahn and F. J, Gilman, Phys.Rev. DIA, Waist 7a 
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Problem 22.1. Let 


- fe) 
Loz eS Vga =e Z 4, 
be the sum of lepton - Z and quark - Z interactions given by (22, 73)= 


(22.79) and (22.123)-(22.124). 
(i) Show that the weak neutral charge coupled to Z, 


Ce = a1 ae 


+s related to T’ and the electric charge Q by 


iain? OJ (22.128) 


sinQ@ cos 9 
Ww Ww 


(ii) Establish the following table for the various left and right- 


handed leptons and quarks: 


er fat cosQ /e 
Ww Ww 


700, PARTICLE PHYSICS: INTERACTIONS 


Fig. 22.5. Feynman diagrams for e + q + e + q via y and Z. 


Problem 22.2. Consider the elastic scattering between an electron 
and a quark: 

Sa e@ = Gar 
The Feynman diagrams are given in Figure 22.5, At high energy and 
in the center-of-mass system, we can neglect all masses. Hence, the 
helicities of these particles, left (L) or right (R), are unchanged dur- 
ing the collision. 

(i) Prove that the differential cross section do(e, q,) of a left- 


handed electron and a lefthanded quark is proportional to 


Zz Zz = 
Sera, “a Ne 
k 2 ey 


where k is the 4-momentum transfer, ee refers to the weak neu- 
tral charge and Q to the electric charge. 
(ii) By using Problem 5,4, show that for different helicities the 


differential cross sections satisfy 


Ls i. 
Qle) Qa) Q e,)Q (Gp) 


da(e, dp) oc La + a 
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a EL 2 
le) Qiq) , F &R SM) | 


= 


dolep dp) ae k2 + m_? 
zz. 
and 
Q~(e \Q? (q,) 
Qe) Q@) R 


with the same proportionality. As in (21.110)-(21.111), the parameter 
y is related to the initial and final laboratory energies of the elec- 


fron; Ewemond b=, by: 
in 


f f 
by ih , EF 
y — 
in 
Problem 22.3. In the scattering of a polarized electron on an unpo- 


larized deuteron, the asymmetry parameter A is defined by (21.108): 


do(e,) - do(e, ) 
do(ep) + do(e 


\ Ss 
L 

k? 
Neglecting the strong interaction, show that to the first order in a 


™~ 


the asymmetry parameter A is given by (22.126); i.e., 


9 k? 20. 
a 10 m2 sin2 20 [ ic eael oa 
Zz w 
1-(1-y)? 2 
———___— - ie) . 
cen: (1 - 4 sin Ma 


Reference. 


Proceedings of the IX International Symposium on Lepton and Photon 
Interactions at High Energies, Fermilab, 1979, ed. T.B.W. Kir 
and H.D.I. Abarbanel. 


Chapter 23 


QUARK-PARTON MODEL AND HIGH-ENERGY PROCESSES 


23.1 Scaling Approximation 


Let us first consider the inclusive lepton reactions 


(N= ee 2321) 
and . x 

Vo (or Vy) +N > Q2 + ¢ (Zan2) 
where N denotes the nucleon n or p, 2 canbe e, wp or + 
and «+. indicates that all possible final hadron channels are being 


summed over. The Feynman diagrams of these reactions are given in 


Figure 23.1. Asin (21.73), we set 


k, k' = 4-momenta of the initial and final leptons, 
p = 4-momentum of the initial nucleon, 
(22:37) 
p' = 4-momentum of the final hadron complex, 
and 
== ke ip oP 


is the 4-momentum transfer. Throughout this chapter, we adopt the 
notations used in Section 21.6. 
For the 2 -reaction (23.1), the ratio of the amplitude of the 


Z-exchange diagram (a') to that of the y- exchange diagram (a) is 

ey q? 

ap ren 
q ve 


702. 
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0) h(p') 2 (k') h(p') 
(<a —_—_—o 
ee eee —“ PG 
Y Zo 
Q (k) N(p)  @ (k) N(p) 
(a) (a') 
Q (k') ee 
»s WwW (q) a 
V9 (k) N(p) 
(b) 


Fig. 23.1. Diagrams for lepton reactions (23.1 )-(23.2). 


where m5 is the Z° mass. Hence, for q? << ms , the Z-ex- 
change diagram can be neglected, According to (21.148), in the zero- 


lepton-mass limit the inclusive cross section is given by 


(ieee 2 
N 2 = el 
do, ee oS (a) dx dy lay? FL (47, x) 


uy 


ey a xy?) Ee (q2, “| (23.4) 
0 


where my is the nucleon mass, E, the initial 2 energy in the 


Q 


laboratory frame, 
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eS ge and y = ree : (23.9) 


as defined by (21.75). Both x and y are dimensionless and can vary 
between 0 and 1. 

Likewise, in the zero-lepton-mass limit and neglecting 
q?/(W-mass)* , the differential cross section for the inclusive neu- 


trino (or antineutrino) reaction (23.2) is, in accordance with (21.95), 


d*a ., = BN ‘y G? dx dy [xy? FE (q°7 x) 
vN T ] u 
MN 2 2 il 2 7 
+ (In-y - so xy*) Fo(q*, x) & xy(1-2y) Fa(q7, x) | 
qo 2 


(2350) 

where EY is the initial neutrino energy in the laboratory frame, G 
is the Fermi constant, the upper sign is for Vo and the lower for Vo 
In the above expressions Pe (q7, x) and F.(q?, ae er = |. 

and i = 1,2,3 are called the structure functions of the nucleon. 
[ See (21.96) and Problems 21.6-21.8.] The scaling approximation * 


assumes that at any given x when q? is >> m, 2, we can regard 


N 


these structure functions as approximately q? -independent; i.e., 


el 


pe sic, <n) 


a a 
and (2257) 
F.(q*,x) = F.&) 
Since a and F. can be measured directly, the validity of this ap- 
proximation may be readily checked. On pages 847-8 the experi- 
mental values of some of these structure functions are plotted against 
q* for different x values. As we can see, the scaling approxima- 


tion holds remarkably well for q? in the range froma few (GeV)? 


* J. D. Bjorken, Phys. Rev. 179, 1547 (1969). 
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to about 20 (GeV)? ; beyond that there is a systematic departure. 
Such a departure is expected from QCD, on account of the ra- 

diative correction due to gluons. By following arguments similar to 

those given in Section 8.7, we can show that the correction term is 


of the order 
2 
g ® 
ee In q (23.8) 


where g_ is the quark-gluon coupling inside the hadron. According 
to (20:72) and (20.79), ee g?/4n is not a large number. Because 
Inq? isa slowly varying function of q?, (23.8) is almost a con- 
stant, at least for a limited range of q? ; this then explains the ap- 
proximate validity * of the scaling assumption. 


For q? >> m,,2, we have from (21.81) m/%A << 1 ; hence, 


N 
in the scaling approximation (23.4) and (23.6) become 


i MN Fa (5) dx dy [ xy? lg) + (I-y) Fe x)] 
QN 2n 
and aa 
my Fy 
May = ae CRG, [ xy? F, (x) + (1-y) F,&) 
£ xy(1-2y) Fy) 1 (23.10) 
where + is for Vo and - for Vo , as before. 


Recall that in order to characterize the kinematics of the in- 
clusive neutrino reaction (23.2), we need three independent variables, 


which can be 
E 7 ee andy 


Since the ranges of x and y are both from 0 to 1, independent 


* Further mention of this is made on pages 722-3. 
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of E_, the scaling approximation (23.10) implies that the total in- 
v 

clusive neutrino (or antineutrino) cross section must be proportional 

to E . This agrees quite well with the experimental results given on 
v 


page 846 of the Appendix, with the proportionality constants equal to 


(Ges 00) 10 ome Gey (23.11) 


for v , and 
(30 GeO anlOL> ome cev (23.12) 


for vy ; both values are for a single target nucleon, averaged over 
its isospin, [ See also the discussions given in Section 8.5. ] 


As in (21.146), we may define 


Ul 


L(x) x(F,+ SF ie F 
ate 3 2 (23.13) 
ea = (Fy - 4 F) / F, 


Equation (23.10) becomes then 


mn &, 
d?o eine G? dx dy EUS yy ey 
(23.14) 
for the neutrino reaction, and 
m 
d?o—.) = ay G? dx dy Sy Re ley, aan 
(2355) 


for the antineutrino reaction. 


Exercise. Consider the region q?= O(m,,7) and O(m>’). Assuming 

that the scaling approximation is valid for the nucleon, derive the ex- 
pressions of deoon and d7oiy by using Figure 23.1 and including 

the full Z and W propagators. 


x 


t 


’ 
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23.2 Quark-parton Model 
We shall now examine the physical interpretation of the struc- 
ture function Fle) and F(x), within the context of the scaling 
approximation. 
1. Parton picture 


Let us represent (23.1) or (23.2) as 
Oi eeeeIN( p) =e (ki )ieane: (23.16) 


where 2(k) and Q(k!) stand for the initial and final leptons; each 
can be either neutral or charged. The labels k, p and k' still de- 
note the appropriate 4-momenta given by (23.3). In the quark mod-= 
el, the nucleon is a composite of three u or d quarks, plus quark 


pairs and gluons (j.e., quanta of the color gauge fields) : 


proton = uud + quark pairs + gluons, 


(23.17) 


neutron = ddu + quark pairs + gluons 


in which the first three, uud in p or ddu in n, are called va- 
lence quarks, the rest are referred to as the sea. Unlike the quarks, 
the gluons do not directly interact with the electromagnetic and the 
weak intermediate boson fields. Because the gluons are flavorless, in 
the sea for every quark of flavor f there must also be an antiquark of 
flavor f . 

It is sometimes convenient to stay in the center-of-mass system. 
In this system when the total energy is very high so is the 3-momen- 


tum p of the initial nucleon. When 


=> 


Ocoee (23.18) 
we may neglect the quark-gluon interaction during the collision, and 


therefore the quarks and gluons can be viewed simply as " free " 
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particles, called partons by Feynman. * [ This is similar in spirit to 
the impulse approximation used in, say, high-energy atomic colli- 
sions.] Reaction (23.16) becomes then a superposition of "elastic" 


processes, each of the form 
Q(k) + quark (P) > (k') + quark (P*) 2312) 


where "quark" stands for either a quark or an antiquark, with P and 
P' as its initial and final 4~momenta. Since different final quark 
channels do not interfere, the inclusive cross section of the inelastic 
2 -nucleon reaction (23.16) can be written as a sum of the "elastic" 
2 -quark cross sections. In this approximation, and neglecting the 
mass difference between the initial and final quarks (in case they are 


of different flavors), we have 


p2 = pr2 
Since 

Pe = P= ee ace 
it follows that 


a oq « Pee 
which, together with the first equation in (23.5), leads to 


x = at (23. 20) 


Let us choose the z~axis parallel to p . The 4~momenta p 


and P can be written as 


2 es eo u Po) 
ene. ee ee 
* R. P. Feynman, Phys.Rev. Left. 23, 1415 (1969); Proceedings of the 

Third International Conference on High-energy Collisions at 

Stony Brook (New York Gordon and Breach, 1969); J. D. Bjor- 

ken and E. A, Paschos, Phys.Rev. 185, 1975 (1969). 
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and 
P = (lg le Pri Po) 
where 
Se NT 
and (23221) 
with 


Pee a 
fe 


and ae the quark mass inside the nucleon, The limit (23.18) becomes 


p o> © ; (23.22) 


z 

in this coordinate system, called the infinite momentum frame, ES 
must also - 00, since the quark is a constituent of the nucleon. 
However, the quark momentum in the x or y direction remains 


finite: 


i = O(R ) 


where R is the radius of the nucleon bag. Thus, we have from (23.21)- 


(23.22) 


Pp = P, + Olm?/P_) 
and 
E 


WW 


2 2 
oe CMU el 


which means that the 4-momenta P and p become parallel when 
D +, Combining this conclusion with (23.20), we see that in the 


infinite momentum frame 


P =xp.. (23.23) 


The parameter x now acquires a different physical meaning. 
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To begin with, in the inclusive 2-nucleon process (23.16) 


is a parameter that is determined by the specific kinematic configura- 
tion of the reaction. On the other hand, according to (23.23), inthe 
frame where the nucleon has an infinite momentum, x is also the 
fraction of the nuclear momentum carried by the quark, The interplay 
between these two definitions of x leads to a new interpretation of 
the structure functions, as we shall see. 
2. Quark - distribution functions 

In the infinite momentum frame of the nucleon, let u(x) dx be 
the probability of finding a u-quark carrying the fraction between 
x and x+ dx of the total nuclear momentum. Likewise, u(x), d(x), 
d(x) , 8(x), **+ are the corresponding probabilities of the vu - quark, 
d= quark, d- quark , s- quark, ---. These functions are called 
quark-distribution functions. 

In the proton, there are two valence u- quarks and one valence 


d - quark; hence, 


H 
Ro 


S Cut) - u(x)] dx 
and ; (23.24) 
Ui d(x jes d(x) eax 


tl 
—i 


For the neutron the roles of u and d are switched. 


Since there is no valence s-quark in the nucleon, we have 

S (sx) - s(&k)] dx = 0, (23925) 
Likewise, we find 

JS Le(x) - c&x)] dx = 0 


and a similar relation for the b- and b - quarks, All x - integrations 
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are from 0 to 1. In the next section, we shall discuss how these 


quark-distribution functions can be related to the structure functions 


Ee b&) and F, («). 


23.3 Deep Inelastic e-nucleon Scattering 

In the literature, the high-energy inclusive inelastic scattering 
between e and N is often referred to as deep inelastic scattering. 
In accordance with the quark -parton picture, we shall now resolve 
this process in terms of the elastic scattering between an electron and 


a quark of flavor f: 
e(k) + quark (P) + e(k') + quark (P') (23°26) 
in which k, P, k! and P!' denote the appropriate 4-momenta, as 


in (23.19), The (center-of-mass energy) * of (23726) 015 


Sea 2) eke im mi 
q é 


where, as before, su is the quark mass inside the nucleon and m 
e 


the electron mass. At very high energy, s > ©, we can set 


m e m 2 
el — ae = 
Sinap 0 and Ok : ) 0 6 327) 


By using Problem 6.2 and considering only the y- exchange diagram 
(i.e., neglecting the Z-exchange diagram for simplicity), we find 
that the differential cross section of (23.26) is 

2 


~ eb Se qe eed: ae 
ye em aren ae reer! ~ a ey 


(23.28) 
where f denotes the flavor of the quark and e, its electric charge. 
From (23.5) and P=xp, we see that 

2 2 


Y ak. p ak. P 
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where, as in (23.16), p refers to the 4-momentum of the initial nu- 


cleon. Therefore, 


2 
= ae 

(a Dee 
aie (23.29) 

dg = Se ok pee - 2xk + p 

dy 
The differential cross section (23.28) can then be written as 

2 
d ef e ; . 
i ores (rm aS aaa). (23.30) 


Let f(x) be the distribution function of the quark (or antiquark) 


of flavor f in the nucleon, with 
fee, cites ct.) ieee (23.31) 


Multiplying (23.30) by f(x) dx and summing over the different flavors, 


we obtain the deep inelastic eN cross section: 


BnOan - 2 fo) dx dow 
] ae? : 7 
=> (a) CT (e,/e)? x Fc) EI -y + by7J. 


(23.32) 
A comparison between (23.9) and (23.32) relates the nuclear structure 


functions and the quark-distribution functions. We find 


el 
2x F, &«) = FS (x) 


ane (23.33) 
Fox) aS (e,/e)? x Fo) 
f 


Thus, for the ep collision the corresponding Fb) is 


=x € [ u(x) + ut&) + c(x) + e&)] 


+t [ d(x) + d(&) + s(&) + =<) ) (23.34) 
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where, for simplicity, we neglect the b and b distributions, Like- 


wise, for the en collision the corresponding FG) is 
= ($646) + d(x) + cx) + ¢{x)J 
Lule) + Gb) + sh) + FOI) (28.385) 


in which, as well as in the following, u(x), u(x), d(x), d(x), see 
always refer to the distribution functions in the proton state. { Hence, 
e.g., d(x) in (23.35) equals the distribution function of the u-quark 
in the neutron. ] The experimental values of the sum and difference 
of (FS) and (Fy), are given on page 847 (but referred to there 
as ee and Fo") P 

We emphasize that x, in accordance with its definition (23.5), 
is a scalar; so are the structure functions and the quark distribution 
functions. They do not change under any Lorentz transformation. 
However, only in the infinite momentum frame do these distribution 
functions u(x), d(x), °** acquire the additional probabilistic inter- 


pretation given on page 710. 


23.4 High-energy Neutrino Reaction 
In the same way, we can resolve the high-energy inelastic neu- 
trino reactions 
Uk amp) ee 20k auace 
and _ (23750) 
UWA INI (e)) = SRN) aire 
into incoherent mixtures of elastic scatterings between v (or v) and 
free quarks. In (23.36), the final 2 can be any lepton, neutral or 
charged, and v_ stands for any neutrino NED Oe As in (23.32) 


the differential cross section of (23.36) can be written as 


2 = 
ean) = 2» Fb) dx do, 
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and (23.37) 


2 = 
d CoN a d Fb) dx do-. 


where do £ and doe refer to the elastic cross sections of Vo and 
Vv 

Vo on a quark of flavor f, and the sum extends over all f given 

by (2-35 


1. Neutrino-quark cross sections 


Toderive do . and do— let us consider, e.g., 


vf iho. 


vy (k) + d(P) ~ 2 (k') + u(P') 
(23.38) 


and 
Fy(k) + v(P) > at (kt) + d(P*) 


From Problem 5,4 and (22.124), we see that these differential cross 
sections can be obtained by setting in (5.128) 


Cy = on = G cos @. . 


where G is the Fermi constant and 2. the Cabibbo angle. On 


account of (23.27), at high energy the results are 


: 2 
do = mgs P) dy (G cos @ )? 
and i (23239) 
Ss fjfc 0 2 _ 2 
do- = (-k-+ P) dy (G cos 0.) (l-y) 


where the superscript + indicates the final lepton charge. 


Because P= xp, we have 


where EY is the incident neutrino energy in the rest frame of the nu- 
cleon. By applying CP, or CPT, to (23.38)-(23.39), we find that 


the differential cross sections for 


(Kk) + uP) = eo ku eae) 


vy (k) + d(P) - 9° (k*) + u(P*) 


and 
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are 


JN 


(OL, 
Q 
1 

it 


a 2 = D 
af 7 MN E x dy(G cos a) (l-y) 
and (23.40) 


+ 
is x 2 
da-s my EY dy(G cos 0.) 


als 


- + 
In a similar way we can derive dois and do=. for quarks of other 


flavors, The results are given in the following two tables: 


Reaction 5 in units of —G* mE 
ee ae ee 
ne + QQ +u x cos? @ 
Gad SU are x sin? @ 
a aa x sin? @ 
hoa tos Q +c x cos* @ 
Vatu eon d x cos? En ake 
vary > Q+s x sin? e.( -y)? 
ye ed x sin? @ (1 -y)? 
ee Q +s Ricos: 0 lla) 


Table 23.1 
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+ 
dol 2 
Ti. : 

Reaction a in units of mac a, EY 
Vp tu =~ id XGOs- iam A) 
vee as x sin eeGles 
vate 0 ed x sin OM) 
Vete so [he eG x cos? U7) 
v. td > 2 +0 x cos? Q 
Q Cc 
G28 = 9 26 x sin? Q 
Q c 
vi. +s ~ 2 +u x sin? Q 
Q c 
vets = Ne x cos? 2). 


Table 23.2 


The differential cross sections of these two tables are related to each 
other through CP, or CPT. We have 


+ 


Che, = Ghee 23.41 
uF vf ( ) 
where, as before, the flavor f canbe u, u, d, d, 
; : fe) 
Next, we consider the neutral current cross sections do and 


1°) Src, On Don lle ¢ “ 
do-. ; the neutrality is indicated by the superscript o. The reactions 


ey kK) eC = ete) 


a! Q 


QUARK-PARTON MODEL AND HIGH-ENERGY PROCESSES 717. 


and 


Vy (k) + FP) + (ki) + #(P*) 2) 


From page 698 we see that the neutral current Je conserves flavor; 
hence, the initial and final quarks in (22.42) are of the same f. 
Table 23.3 lists do, . The corresponding do-F can be obtained by 
using 


Oo 
oor 
vf se 


re) 
do = @ 


which follows from CP or CPT Te anances 


do 
Reaction 7 in units of . G? ma E 
_2 = eS aaa 
Ur et ape ee On ee in 8) (1 yea 
g 0 4 9 ee 
is S D2 2 Go are eee 
v,td vee rel z sin Oia sin oul yoo 
vis ee TU(1-% sin? @ )? + = sin bane 
x ke 
ee YG < el Sl )? + => sin oa a 
- - 4 
Vatu aon * 1 sin Ce 20 ar sin? @ )2(1-y)?] 


v.td-v,4+d ALE sin @ 4 (1-5 sin? @ )2(1-y)?] 


Table 23.3 
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2. Neutrino-nucleon cross sections 
By first substituting these neutrino-quark cross sections into 


(23.37) and then comparing the result with (23.10) and (23.14)-(23.15), 


we see that * 


Oe 0) ec) 
: (23.43) 


and 


Wea) Se INS) = || 
These, and a similar relation 
| el 
2x Fy &k) = Fy &) 


given by (23,38), are the consequences of the spin-3 nature of quarks 
in the parton model. From Tables 23.1-3, it is strightforward to de- 
rive the nucleon structure functions in terms of the quark distribution 
functions. 

(i) Charged current reactions 


For the reaction 


Vp ep) oP ee ae 
the products Fo L and Fo R are 
(Fy L), = 2x[ d(x) + s(x) J 
and r 7 _ (23.44) 
(F, ae = 2x 1 U(x) te) 
and for 
e + = Q* qP dad 
Vo p 
they are 
(Fy LU)” = 2x Luk) + cb) J 
and - (23.45) 


(FoR) = xl d(x) + s(x) ] 


* C. G. Callan and D. J. Gross, Phys.Rev. Lett. 22, 136 (1952) 
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where, as before, the superscript + indicates the final lepton charge, 
which of course equals the change in the hadron charge. Likewise, for 


the v.n_ collision 


Q 


ae é (23.46) 


(F, R) = 2x [ d(x) ar c(x)] r 


GE on = 2x [ u(x) + s(x)] 


and for the v.n_ collision 


Q 


i 2x { d(x) = ek)] 7, 
i S = (23.47) 
te 2x [ u(x) + s(x)] 
Throughout, the quark distributions u(x), u(x), d(x), + refer to 
those in the proton state, as in (23.34)-(23.35). 

In terms of these structure functions, because L+ R=1, the 


differential cross sections (23.14)-(23.15) can be written as 


a iN 


B = 2 Swe . 
d ON = G dx dy £ (F, Ly t 0 y) (F, Ryd 
and mae Je (23.48) 
a ee Nov o a Des a 
d ooK si G* dxdy[ (F. RK) + (l-y) (F, Ly J 
where 
N =p or n and Gi ee eer 0) 


The case a = 0 is for the neutral current reactions which will be dis- 
cussed below, 
(ii) Neutral current reactions 


For the reactions 


and 


the structure functions are 
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I 


(F., 2 5 (o - ‘ sin? ae [u(x)+ c(x)] 
ie - sin? ©)? [d&x) + s&) ] 


+ Ee ad oe [ u(x) + e(x)] 


+ yin @,C4G)+ 561) (23.49) 


and 


(F, R) = . (2 és ely [ u(x)+ c(x)] 
4 4 
+ 5 sin <r [ d(x) + s&)] 
+(1- : Sie on [ u(x) + c(x)] 
a7 ee f sin? ©)? [d(x) + §(x)I) ; (23.50) 


for v,n and Vi neutral current reactions, we have 


Q 
( on = = « é : sin? @ )? [ d(x) + cx)] 
+(1- sin? oF [ u(x) + s()] 
+ = at @ Ld&) + ek)] 
4 .4 é Es 
+ 5 sin ay [ u(x) + =()1) (23,51) 
and 


fo) 
(F,, R) = 


ho] Xx 


= sin? @ Ed(c)-+ clx)] 

+ Hee 0, [ u(x) + s(x)] 

1- - sin? @ )? [d&) + ex)] 

a (le = sin2 @ )? Lux) + = 6)1) . (23.52) 


The corresponding differential cross sections can be obtained by sub- 


stituting (23.49)-(23.52) into (23.48), 
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Exercise 1. Prove the following sum rules: 


Ni— 


(i) = Fy Sith) - tr) 1 


dx - ~ + 
S oom [(Fo) = NE ] ' 
= f dx { (u-u)-(d-d)] = 1 , (Adler) 


Gi) 4S dx £(F3) “+ (Fy) “+ a (Fs) 1 


= f dx [(u-u)+(d-d)] = 3 (Gross- 
Llewellyn Smith) 
and 
ae n el el - = 
(iii) f x dx [6(F, aes ) + x(F) - x(Fa) j 


n E n 
n el el + + 
= diigo) ole 8) = ls) Sete as ene 
J x dx as ee are AEE 
(Llewellyn Smith) 


where n_ is arbitrary. 


As before, the integrations are all from x =O to x=1, and 


u,u,d,d,-++ are the quark - distribution functions in the proton, 
Exercise 2. Consider lepton collisions with isoscalar nuclei. The 


structure functions are: 


el ; el el 
iy = Alle) eal 


where a=1 or 2, and 


ae Lie) 
| p J n 


where i= 1, 2 or 3 and a=+,- or 0, asbefore. Show that 


in the quark-parton model 


= = [aq+q- 2 (sts-c-c)] , 


= xLqtqt(s-s-ctoc)] 
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and = = 7 = 
Fe See = Gea l(s) sec —c) 
with 
Gime Ul ae) a eb S 
and 


he el ees &, 


oO! 
Ul 


ne = oF 
(it) eye dx FS (0c) ae ey cl 3c F, Oc) 


(237538) 


(23.54) 


and therefore at y =0, if we integrate (23.48) over x, 


do ees 
Vv = Vv 
dy dy 


(Eq. (23.55) is also valid if we replace the superscript 


replace the charged by the neutral current), and 
(iii) in the approximation of zero sea quark, 
poe, 


the ratio of the total inclusive cross section of 


¥) + N => Q + eee 


Q 
to that of 
. inves ieee ee 
is 

See | 


3. Experimental results 


(23725) 


+ by OF ives 


(23.56) 


High-energy e, ii, Vigand v experiments have been exten- 


sively performed. As noted before, in the range of q? = (4-momen- 


tum transfer)? froma few (GeV)? to ~ 20 (GeV)2, 


the scaling ap- 


proximation and the quark-parton mode! hold remarkably well. Even 


at larger q7, between 20° to 200 (GeV)2eahe deviation remaine 
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relatively small. A good measure is to study the percentage variation 
of the q* - dependence of the structure functions at a fixed x. As we 
can see from the figures on pages 847-8, these variations are on- 
ly * 15% or less, depending on x ; they can be accounted for by 
including the QCD radiative corrections.* A detailed discussion lies 
outside the scope of this book, 

Within the context of the quark-parton model, it is possible to 
determine the quark-distribution functions from experiment. We list 
poreneq ihe results, * 

(i) The importance of the sea quarks can best be represented 


by the experimental value 


f aes cas = 15+ .03 , (23.57) 
ST 4x) + 4&)] dx 
that of the strange quarks by 
sfesvelices = 025 + .01 (23, 58) 


S LC a(x) + q&)1 dx 


where q(x) and q(x) are defined by (23.54), At present there is no 
accurate determination of ¢ and c, except that they are extremely 


small; this is reasonable considering their large masses. 


* See the review article by A. H. Mueller, "Perturbative QCD at 
High Energies," to be published as a Physics Report. 


™ J. G. H. de Groot et al., Zeits. fur Physik (Particles and Fields), 


1, 143 (1979). Proceedings of the IX International Symposium 
on Lepton and Photon Interactions at High Energies, Fermilab, 
1979, ed. T. B. W. Kirk and H. D. I. Abarbanel, CDHS Col- 
laboration 2, 92 (1979), Neutrino'79, University of Bergen and 
NORDITA, - 
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(ii) Phenomenologically, the experimental results of q(x) and 
q(x) have been fitted to simple expressions: 

a) - 4%) a vx (T-x)" , 

i ; i" (23.59) 

G(x) 4 s(x) ec (1 = x) 
with n = 3.5 4 .5 and m = 6.5 + .5. The former is due to the 
valence quarks and the latter to the sea quarks. 

(iii) The Weinberg angle hy can be determined by the neutral 


current cross sections, From inclusive v and v_ reactions, one finds 
Ul 


sin? @ = .228 + .018 (23.60) 


Ww 
in good agreement with other measurements. [ See (22.90) and 
(22527) 5) 

(iv) In the infinite-momentum frame of the nucleon, the frac- 
tional momentum carried by the quarks and antiquarks can be meas- 


ured by the integral of x[ q(x) + q(x)]. From (23.53) we see that 
Zs - + - 
F(x) = F, (x) + Fy x)] = xLEq(x)+ q(x)] 
The value from the neutrino and antineutrino experiments is 
JS dx F(x) = AS, (23.61) 


This means that approximately 4 of the nucleon momentum is carried 
by the gluons. The identical conclusion can be reached by using the 


electron and muon results. 


QUARK-PARTON MODEL AND HIGH-ENERGY PROCESSES 725, 


23.5 KLN Theorem * 

At high energy, perturbative QCD should be applicable, since 
it is an “asymptotically free" theory. On the other hand, in the per- 
turbation series gluons are all massless and so, approximately, are the 
quarks. As we know, none of these zero-mass particles can be actual- 
ly observed due, presumably, to the nonperturbative color confinement 
mechanism. Hence, there are inherent difficulties in comparing the 
perturbative QCD predictions with experimental results. This is why 
so far. we have restricted our discussions to inclusive reactions in 
which all final channels are summed over. 

There is still another problem. As discussed in Section 8.7, the 
presence of zero-mass particles can lead to "mass singularities." This 
is connected with the fact that the system has a high degree of degen- 
eracy. For states that consist only of parallel moving massless parti- 
cles, the same total momentum implies the same total energy. In such 
a theory, the perturbation expansion of the on-mass-shell transition 
amplitude in general carries infinities. As we shall see, such divergen- 
ces can be removed provided we average the relevant transition prob- 
ability over an appropriate ensemble of degenerate states. Actually, 
the occurrence of such singularities and their cancellations are con- 
sequences of an elementary theorem in quantum mechanics which can 
be established without any explicit use of Feynman graphs or the de- 
tailed form of the Hamiltonian. The well-known problem of the elim- 
ination of infrared divergence in QED is one other example of such a 


case. [ See Section 23.6.1. ] 


* T. Kinoshita, J.Math. Phys. 3, 650 (1962). T. D. Lee and M, Navu- 
enberg, Phys.Rev. 133, B1549 (1964). 
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Consider a field theory whose total Hamiltonian is 


H = H+ gH, (23.62) 


where H_. is the free-particle Hamiltonian, H 


0 1 


and g is an expansion parameter. Since we are interested only in 


is the perturbation, 


the singularities that appear in the power series in g due to degen- 
erate states, nonperturbative effects such as bound states (even if 
they exist) will be ignored, Hence, as noted on page 70, in the case 
of relativistic field theories we may set the spectra of H and Hy to 


be the same. The eigenstates of H, will be denoted by | a >, with 


0 
E | os (23.63) 


a 


Hy | o> 


<ala> ] 


The S matrix can be expressed in terms of the U(t, to) matrix 


given by (5,20)-(5.21): 
S = U(m,-o) . (23.64) 
It is convenient to define 


U = U(0,-o) 


and (23.65) 


UL = U(0,+o) 


it 


From 6.58)-6.61), we see that either U_ or U. can diagonalize 


HU = E (23.66) 
+ 


where E is a diagonal matrix whose diagonal matrix elements are 
the same E given by (23.63). 


Two complete sets of eigenstates of H can be constructed: 
| a"> = oe | a 
and (23.67) 


la i — U | a> 
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The S matrix is the unitary transformation connecting these two sets. 
We have 
§ = U i U (23.68) 


and its matrix elements 
Se 2 26S bs = ce 


Hence, the superscripts in and f denote the initial and final states 
of a reaction in the representation that the total Hamiltonian is di- 


agonal, The corresponding transition probability is given by 


J Sy.1° = 2 ECU), (UIT (W)y, (UIeT (28.69) 


where i and j go over the complete set of vectors that satisfy 
(Z2o3)r 
1. First order perturbation 
For clarity, we assume that the problem contains a parameter u ; 
the degeneracy in the total Hamiltonian appears when yp > 0. For 
u #0, the (j, ae matrix element of U, can be expanded into 


the familiar power series: 


1 - 6, 

ja 
U = Oe 5 H + O(g? 23.70 
hg Ss Miieeremic Mh cla) Tare 


where ¢€= 0+ and S54 is the matrix element of the unit matrix. The 
tie in the denominator gives rise to the outgoing and incoming waves 
in the eigenstates | an > and | a > , as noted on pages 114 - 115. 
When yp > 0, the state a may become degenerate with other states 
which lie within a certain subset D(E.) . From (23.70) we see that 
for a state j belonging to this subset, the O(g) term in the expan- 
sion of (U, le can become singular. It is simple to see that in the 


same limit > 0, similar divergences also appear in the higher- 
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order terms in the series, Since according to (23.68) 
ee * 
cys 2 a 
the power series expansion of S is also afflicted with infinities of 
the same origin. We may call these divergences "degeneracy singu- 
larities." In the case that the degeneracy is due to zero-mass parti- 
cles, they will be referred to as "mass singularities." 


We now introduce the sums 


= 7h) (Ul 
Se aCe) 2 a 

and (2357) 
a = * 
Gee ae (U1, (UL)! 


where the summations extend over all states a in the same degener- 
ate subset D(E,). It is important that the domain of DiC EG) inetive 
Hilbert space be held fixed when the parameter p> 0. For exam- 
ple, we can think of D(E.) as consisting of all states within the en- 
ergy interval EY - SE and cS + 6E; inthe limit p> 0, the width 
& should be held fixed, but otherwise can be arbitrarily small. As an 
illustration, we may consider the case of infrared divergence in QED: 
the parameter y can be the photon mass and D(E.) can consist of 


any photon whose frequency is < w , where 
w = resolution of the detection equipment, (23572) 


which is clearly independent of the fictitious photon mass ieee 
Furthermore, as will be discussed in Section 23.6.1, in the power-ser- 
ies expansion to every finite order in the coupling constant each of 
the relevant states in D(E.) contains only a finite number of infra- 
red photons. 

A substitution of (23.70) into (23.71) gives 
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ar 7 te Se! 
T(E = 66.4 = se 
( as, D(E i ia ja g a i 1€ ( Vis 
Ba oe 


+g Eager cH) | alg OG (23.73) 


If both states i and j are outside the degenerate set D(E), the 
three terms in the above square bracket are all O ; if one of the 
states, say i, is within D(E.) but the other, j , is not, then Te = 0) 


and the sum of these three terms becomes 


g es (H,) * = finite 
E -E, ie 
qj J 
In either case, there is no singularity. [ It is, of course, understood 
that the matrix elements of Hy are free of degeneracy singularities. ] 
The interesting situation is when both i and j lie within the 
degenerate set; in this case, after the summation over D(E) , the 


terms inside the square bracket can be written as 


f ! * | eS 
ee i acai (ie, ene (Hy). | ae 
J J ij ieee! ' J 


which is also not singular. Thus, although the O(g) element of the 


S matrix has mass singularities, to the same order, 


T (E) = matrix T Fy, 
and 


Pe ) = matrix TCE ) 
a a ij 
do not. From (23.69), we see that the same conclusion also applies to 


the transition probability * for a > b 


> Aljihoughiee= En D(E) and D(E, ) can be different because of 
a 
the generalization (23.93). 
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BG 0, Se = Sea ea 
D(E,) ake oe ee ay 
= jae [T (E,) mee dee (23.74) 


In the next section we shall show that our analysis can be read- 
ily extended to higher order terms in g. The cancellation of degen- 
eracy singularities remains true to every order, provided we deal with 


= + a 
i (ED), t (E) and P(a,b), instead of U_ , U. and S, 


2. General case 


From (23.62), (23.66) and the unitarity of U. , it follows that 


(Hy + 9H UR UnE (23.79) 


I 


where, as well as in the following, 


U = U or U, (23.76) 


and E js the diagonal matrix whose diagonal elements are the eigen- 


values of H= Ho +g Hy . Let us define 


A = Ho = (6 2 (23.77) 


Equation (23.75) can be written as 
CU,E] = (gH) +A) U ; (23.78) 


In the representation where Ho is diagonal, A is also; its diagonal 


elements denote the shift of energy levels from H, to H. As men- 


0 


tioned before, we are particularly interested in theories in which H 


0 


and H have the same spectra, i.e., 
A= 0) 2 (23777) 


For example, in perturbative QCD with zero-mass quarks, both H 


0 
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and H have identical spectra made of the same variety of massless 
particles. [ Actually, the theorem that we shall prove is also appli- 
cable to theories in which A #0. See the exercise at the end of this 
section, ] 


On account of (23.79), we can write (23.78) as 
Pie Ie gH, U : (23.80) 
By substituting the power-series expansion 
- 2 
» 9 U, (23.81) 


into (23.80) and equating the coefficients of a on both sides, we 
find 


[ Uy rE] = Uy 4 (23.82) 
In addition, the unitarity 
WU = 
gives for 0 =0 
Uy = es (23.83) 
and for 2 > 1 
Q ; Q ; 
LO Ue eee Oar (23.84) 
= m 2-m m &-m 
m=0 m=0 
Equation (23.82) enables us to express the matrix elements of 
U, in terms of those of Uo 4 . For the off-diagonal (i, a ele- 
ment, we have 
Wp = goer = tr d(H Hy (Up), (23.85) 


where, as in (23.70), ¢€=0+, the upper sign is for U= U_ and the 
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lower for U = UL . By taking the diagonal element of (23.82), we 


obtain for any given a 
7 ae coe ee Oe (23.86) 


which is the consequence of A=0, The corresponding element (U, be 
can be obtained from the unitarity condition (23.84). Alternatively, 
we may also use (23.85); when i =a, both the numerator and the de- 
nominator are zero, but by taking the so-called adiabatic limit * we 

can arrange their ratio to give the correct (U, ae 


Whenever there are degenerate states, say 
E. = E but fo 4 


the denominator in (23.85) becomes zero; that gives rise to degeneracy 

singularities in (U, be . Likewise, the power-series expansion of the 

S matrix also has degeneracy singularities, as noted before. Our pur= 

pose is to show that, in contrast, the power-series expansions of T HED) ; 

and T (ES ) are free of such singularities. We can combine the a 
ij 


equations in (23.71): 


We) = 2 th the (23.87) 


so that when U= Upton U. 
— + 
INCE = (E) or T (E) 


where, as before, 


T(E) = matrix T( Ee , (23.88 ) 


* See the footnote on page 114, 
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Let us examine the power-series expansion of T(E) P 
iia Bot (Ee) (23.89) 
i 2 gE) - : 


The matrix elements of T 


Q 
Ce. = ee Ue (23.90) 
Ra ij 5 D(E,) Q-m’- m 


g (E) are related to those of Us by 


Theorem. [ qT) ( Ed _, is free of degeneracy singularities. 
'J 


Proof, For 2 =0 the theorem is obviously true because of (23.83). 
In the preceding section, we have also established the validity of the 
theorem for 2=1. Assume that when 2=n-1 > 0 the theorem 
holds. To analyze the matrix element [ TA (E)] F for 2 =n, we 
shall consider separately the following three situations: 

(i) The state i lies outside the subset of states D( E.) that are 
degenerate with a , but the state j is arbitrary. In this case, from 


(23.83) it follows that 


(U = 0 


Oi 
By substituting (23.85) into (23.90) and setting 2 = n, we find 


= 
PT,(E)1,, = (6, ~ &) 2 (Hy, E Tia Ea), 


b I 
where eS - E. #0 and, as before, b runs over all states. Hence, if 


CT, 4(E)], 


is free of degeneracy singularities, so is [ ae Ed ce 


J 
(ii) The state j lies outside D(E), but i is arbitrary. Be- 


cause of the hermiticity relation 
TCI ee» 
') J! 
this case becomes the same as the preceding. 
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(iii) Both i and j are inside D(E). From the unitarity con- 
dition (23.84) and by aoe 2 =n, we can write (23.90) as 


[ T(E.) oan: Eee) 6s 
ij m=0 b ib jb 


i 
where the summation 2. now extends only over those b not in 
D( a) . Therefore, the righthand side can be written as a sum of 
fal: (By. where i and j are nondegenerate with b. Case (iii) 


then also réduces to (i), The theorem is proved by induction on n, 


Remarks, 


(i) Since U,. is unitary, its matrix elements cannot have a 
magnitude bigger than 1. However, the coefficients of its power- 
series expansion may carry divergences due to degeneracy singulari- 


ties, e.g., as shown by (23.70). From the unitarity condition 


ye 
or 

t 2 

Ui Ue 


the expansion of ut U_ or a) U in powers of g gives 1 in the 
zeroth order and 0 in all! others, each of which is of course nonsingu- 
lar; therefore, both expansions are free of degeneracy singularities. 
The ce) and ie , defined by (23.71), refer only to what ap- 
pear to be the dangerous parts in these expansions; naturally, all the 
apparent singular terms must cance! each other, and that is the origin 
of the KLN theorem. It states that there is no degeneracy singularity 
in the power-series expansion of ne E . The same conclusion also 


applies to the power-series expansion of P(a,b), defined by (23,74): 


Pla, bir = » » Sale = » ae P, (a,b) .(23.91) 
D(E,) D(&) 2=0 
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(ii) So far we have restricted our discussions to theories in 


which the unperturbed Hamiltonian H, and the total Hamiltonian H 


0 
have the same spectra, Because the KLN theorem is the consequence 
of unitarity, we expect it to remain valid when this restriction is re- 
moved, The exercise given below extends the theorem to the general 
case, 

(iii) Up to now, the set D(E.) refers to all states that are de- 
generate with Ea hence, the theorem can be readily applied to to- 
tal transition probabilities when states of equal energy are by defini- 
tion summed over, As we shall see, the set D(E) in most applica~ 
tions can be substantially reduced. A simple technique is to consider 
a different problem in which H, is changed into a truncated Hamil- 
tonian Hy , where 

(H;). if iand j arein S , 


(Hi!) = : (23.92) 


ij ' 0 otherwise 
and the set S can be arbitrarily chosen, The only requirement is that 
Hy remain Hermitian. Applying the theorem to this new problem, we 


find that the relevant degenerate set becomes the intersection 
GE) = D(E ) So (23573) 


which can be much smaller than the original D(E). In this way, the 


theorem can also be extended to partial transition rates, [ See Sec- 


tion 23.6.2. 1 


Exercise. Let H= Hy + g Hy and 


u! HU = E = diagonal. 


Hence, as in (23.78), we have 
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eS a esl = (gH, + A) nee 


but now assuming 


A= H -E # 0 


Consider the power-series expansions 


[o@) 
De Yo A ’ 
Q 
(oe) 
U = La 
0 
and foe) 


Wey J UME) 


where Wee) is given by (23.87)-(23.88). Show that if all Ay are 


free of degeneracy singularities, then so are T(E) ; 


23.6 Applications to QED 
1. Infrared divergence 
Electrodynamics contains degeneracies because photons have 
zero mass. This is the well-known infrared divergence problem al- 
ready mentioned. Consider the collision between an electron and an 


external potential V : 


S(ee Seman (23.94) 


where p and p! are the initial and final electron momenta, For a 


static V, 
Fe] = |e] 
In Figure 23.2, diagram (i) is for (23.94), and (ii) gives the lowest- 


order radiative correction. As we shall see, diagram (ii) is infrared 
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p p 
V Vv 
p p 
(ii (ii) 
k<w E 
V 
S k<w 
V 
p p 


(iit) Gis) 


Fig. 23.2. Diagram (i) is the scattering of e by an external 
potential V; (ii) gives the radiative correction, 
(iii) and (iv) are the diagrams for the emission of 


a soft photon. [ Self-energy graphs are omitted.] 


divergent. The initial state e(p) is degenerate with the state 


e(p) + y(k) (23.95) 


when the photon momentum k - 0; likewise, the final state e(p') 


is also degenerate with the state 
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e(p') + y(k) (23.96) 


when ee 0. 


Because the emission and absorption of an infrared photon does 
not alter the electron momentum, the relative probability of finding 
such a photon of energy k is independent of the kinematics of the 
electron, Froma simple dimensional consideration, one sees that it 
is proportional to 


: Ss (23.97) 


where a =e7/4q is the fine structure constant and 

k < @ (23.98) 
with w as the infrared cutoff parameter, which may be given by 
(23.72). The distribution (23.97) cannot be normalized, and that leads 
to infrared divergence. 

In reaction (23,94), the initial physical electron state, includ- 
ing its soft photons, is 


| in 


oi ee U jas (23.99) 


and the final state is 


f z 
| One | e> (23.100) 


where |e > refers to the state without any soft photon. Our theorem 


states that the power series of the sum 


> UUs (23.101) 
D(E ) 1a ja 


is free of infrared divergence, where 
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and the sum extends over states (23.95), or (23.96) with k satisfying 
(23.98). On the other hand, in Figure 23.2 let i and ii be the 
Feynman amplitudes of the top two diagrams. The square 

ie i | 
is the probability of observing the reaction (23.94) without any soft 
photon, This probability is of course zero. However, if we force a 
power-series expansion, then on account of (23.97) the same proba- 
bility becomes proportional to 

eee = + O(a?) 

0 
where c is a positive numerical constant, and that explains why 
| i+ ii | 2 is infrared divergent. 

In the case of soft photons, U_ and ON of (23.99) - (23.100) 
can be obtained explicitly by using the Bloch-Nordsieck approxima- 
tion,* in which the electron currents ej can be regarded as a 
static classical distribution. Let A represent the electromagnetic 
field which consists only of soft photons (k < w). The interaction 


Hamiltonian is given by 

e fj A ae 

HoH 

For each given static classical distribution j , the entire Hamilton- 
ian for the soft photons can be diagonalized by a unitary matrix U(j). 
Its explicit form can be readily derived by using the unitary matrix 
in Problem 5,1 (i). 

Consider a problem in which the electron has an initia! current 


distribution j which becomes j' after the collision with an external 


* F. Bloch and H. Nordsieck, Phys.Rev. 52, 54 (1937). 
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potential. Let q be the momentum transfer given to the external po- 
tential and V(q) the corresponding matrix element. The S matrix 


(to first order in V) is then given by 
S = ul(jt) Viq) UG) (23,102) 
In (23.99)-(23.100), 
U_ = U(j) and b= U(j') 
In this approximation, the Hilbert space consists only of soft photons; 
hence, (23.101) becomes simply the unitarity of U(j) : 
ug) UNG) = 1 


for arbitrary j . Because the initial and final soft photon amplitudes 
are represented by independent factors, U(j) and U(j'), in (23.102), 


it is not difficult to show that the power series expansions of 


i ) | "ab |? 
and y | S4, |2 (2371.03) 
D(E) 


are separately free of infrared divergence. 
Thus, in Figure 23.2, if we also include diagrams iii and iv, 


then the sum 
Ji+ i [2 + | iii + iv |? 


is free from infrared divergence. The calculation is straightforward 


and the result is * 


e a qe wo 3 qe | 
do, = doy {1+ 5 [ 2(In mz!) In ETS In ag O(1) |, 


(23.104) 


SSS 


* J. Schwinger, Phys.Rev. 76, 790 (1949). 
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where q* is the square of the momentum transfer, w is the infrared 


cutoff given by (23.72), m is the electron mass, 


NJ— 


E = (p2+ m-) = (p!2 + m2)? (232105) 
and doy is the differential cross section for the collision (23.94) 
without the radiative correction. The O(1) term is finite when 
w +0 and es 0. 

2. Mass singularities and jets 

Another application is to examine QED in the limit when m 
+0. In this case, the state of an electron with a three - momentum 
p is degenerate with the state consisting of an electron with momen- 
tum p -k anda photon with momentum k, provided k//p . Here, 
the magnitude of k can be comparable to D; these photons will be 
referred to as "hard," in contrast to the soft ones in the infrared re- 
gion. It has been shown in Section 8.7 that this leads to mass singu- 
larities. 

Consider again the scattering (23.94) of an electron by a fixed 
external potential V. In Figure 23.3, diagram (i) denotes such a 
collision without the presence of any hard photon (i.e., (i) here rep- 
resents the totality of diagrams given previously in Figure 23.2). The 
corresponding differential cross section is given by (23.104), which 
diverges as m7 0, in accordance with the expected behavior of 
the mass singularity. 

In order to remove the mass singularity in the differential cross 
section, we must include the states that are degenerate with either 
the initial or the final electron. For clarity, let us first assume that 
the external potential V is not there. In that case, we would have 


a closed system of photons, electrons and positrons, The states that 
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Fig. 23.3. Diagrams for the scattering of jet (p) to jet (p') by an 
external potential: (i) gives the elastic scattering of a 
single electron with the radiative correction and soft pho- 
ton effects included, (ii) corresponds to an inelastic scat- 
tering with the absorption of a hard photon by the initial 
electron and (iii) illustrates the emission of a single hard 
photon in the final state. 


are degenerate with, and have the same total momentum as, a single 
electron of momentum p must contain, besides infrared particles, 
only hard particles (e’ and y) all moving parallel to p. We call 
such an ensemble of parallel moving particles a jet. Each jet is char- 
acterized by a total momentum and a narrow cone of a fixed half-an- 
gle &, which can be arbitrarily small. All particles in the jet have 
momenta lying within this cone. For 6 sufficiently small and for 
zero-mass particles, the total energy of the jet is simply the magni- 


tude of its total momentum. 
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The existence of V_ gives rise to the scattering of particles. 
The total momentum of the e*, y system is no longer conserved. 
Consider again, e.g., the state of a single electron of momentum p; 
it is also degenerate with a state consisting of an electron of momen- 


tum q and a photon of momentum i at a wide angle to q , pro- 


vided _ - 
lp| = [kl] + ]q} 


The presence of V now allows 

po Ik ae 
By following the argument given in Section 8.7, we know that these 
states are irrelevant to the mass singularity in (23.104). In order to 
eliminate these extraneous degenerate states, we may adopt the strate- 


gy outlined in (23.92)-(23.93). Let us modify the QED amplitude for 


the emission and absorption 


7 > =p 


e(p) = e(p-k) + y(k) (23.106) 
of a hard photon (i.e., a photon whose energy satisfies 
oe RB ses (23.107) 


where w is given by (23.72) ). We replace the usual QED Hamiltonian 
Hy by a truncated Hamiltonian Hy , so that for the hard-photon tran- 
sition (23.106), 


a 


H if the angle between k and P< 6, 


AP : O otherwise, eDaUNGS) 


where, as before, & can be an arbitrarily small, but fixed, angle. For 


soft photons, H 1 


ly does not alter the mass singularity term in (23.104). By applying 


remains the same as Hy . Such a replacement clear- 


the KLN theorem to the truncated Hamiltonian, we see that if 
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reaction (23.94) is replaced by 
=> V — 
jet (Pp let) (23.109) 


the differential cross section should be free from mass singularities. 
To first order in a, we must consider the other two diagrams in 

Figure 23.3. In diagram (ti), the final state remains the single particle 

state e(p'), but the initial state e(p) is replaced by that of an elec- 


tron of momentum p-k plus a hard photon of momentum k, with the 


jet condition satisfied; i.e., 
all momenta lie within a cone of half-angle 6 , (23.110) 


where the cone axis is along the original direction of the electron mo- 
mentum. Likewise, in diagram (iii), the initial state remains e(p) 2 
but the final state now consists of a jet in which there are an electron 
of momentum p! ~k' and a hard photon of momentum kt, 

It can be readily verified that, after summing over the final and 
initial sets of degenerate states in these jets and neglecting terms 


which remain finite as m_ > 0, the differential cross sections do 


2 
and do., for diagrams (ii) and (iii) are given by 
y z a | E6 E23 
do, = do, = doy = E In = | L a z | (23.111) 
where E= | p | = | p! | . From (23.104) and (23.111) we see that 


the sum do, + do, E do, contains no mass singularity, in agreement 


with our general theorem, 


Remarks, If m_, were zero, then it would be physically impossible 

to have a single electron in motion without its jet of hard photons and 
+ = _ © e,ge 

ee pairs. Thus, we must replace both the initial and the final elec- 


tron states by their appropriate jets. 
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3. Radiative correction to wy decay 


We shall now examine the zero electron mass limit in the radia- 
tive correction to yp decay. The muon mass m_ will be kept fixed 
in our discussion. The zeroth-order electron ee in a decay 
has been analyzed in Problem 21.1. If one takes into account the first 
order radiative correction, with the inclusion of infrared photons, then 
the final e distribution in the rest system of a completely polarized 


muon is* (for m, > 0) 


a 
dN oc x2(3 as oe F(x) 


+ cos Of 1 - 2x + F glx] ) dx d cos 9 


where (23.112) 
An tin gee § 221054 17x - 94x2)] In 2 O11) 
x 3x 2 Me , 


= = m 
g(x) = [(3+4 In — ) (1- 2x) + aoe (txt 34x?) J In aoe OH) 
e 
and, as before, ENING) 
8 = angle between the electron momentum Pp 


and the muon spin , 


_ 2p 
m 


UW 


and a= Pee | 


The O(1) term is finite, but In (m iil co ~when is 0. 


Hence, d? N. exhibits the typical mass-singularity behavior. 


* T. Kinoshita and A. Sirlin, Phys.Rev. 113, 1652 (1959); S, Berman, 
Phys.Rev. 112, 267 (1958). Historically, the investigation of 
mass singularities was stimulated by the Kinoshita-Sirlin paper 
on pw decay. 
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Let us consider, say, the 7 decay 
-_ = -_ —_ —: ; 4 
u ae Me (23.114) 


By following the same argument given in the preceding section, we 
see that in order to remove the mass singularity we need only replace 


(23.114) by 


he => Fei iii) =e ve ae @XE 2) 
To O(a), it means that we must also consider 
ee re (pea Vee ee (2oalilicy 


where the final momenta k and p- k satisfy the jet condition 
(23.110). According to the KLN theorem, the sum of the partial de- 
cay rates of (23.114) and (23.116) should be free of any mass singu- 
larity in ms: The result, for a sufficiently small opening angle 6& 


of the jet, is simply to replace in (23.113) 


i aa 
In z= by In Moe (23.117) 


e 
which is finite when Be OF 

For the same reason, the radiative correction to the total decay 
rate of the muon must also be free of mass singularity. This is of 


course the case, as can be seen from (21.7). 


23.7 Jets in QCD 

By applying the KLN theorem to quantum chromodynamics, we 
can likewise eliminate the mass singularities in its perturbation series. 
The procedure is identical to that used in QED. As in the preceding 
section, we replace any fast-moving quark or gluon in a reaction by 


a jet of particles. Each jet is again characterized by a small cone in 
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the momentum space; inside the cone there is an ensemble of parallel 
moving massless particles. Through the use of hadron jets instead of 
specific hadrons, we can test the predictions of perturbative QCD 
against experiment, Since the differential cross sections of the jets 
are free from mass singularities, we can extend the quark-parton mod- 
el to processes beyond the inclusive reactions discussed in Sections 
2323 and. 23.4: 
1, 2 = jet cross section 

As a concrete example, let us consider the ee annihilation 
of hadrons at high energy. To first order in the fine structure constant 
a =e7/4n but arbitrary order in QCD coupling, this reaction must 
be via the exchange of y and Z° ; the final states will be decom- 
posed into different numbers of jets, as shown in Figure 23.4. The 
simplest is the 2 - jet event: 


ae y (or 7) - 2 hadron - jets. (23.118) 


2-jet 3-jet 


Fig. 23.4, ar +e-2 jets and 3 jets. 
[ Short wavy lines denote soft particles. ] 
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Let us choose the c.m. (center-of-mass) system, and consider the par- 


tial cross section 
dQ —~ (E, 9, w, §) (23.119) 


in which the total energy of the reaction is 2E, and the total energy 


in the 2 jets is more than 
ZEe= on, (23.120) 


where w serves as an infrared cutoff parameter with 


=o 
ef «K 1. (23.121) 


In the momentum space, each jet consists of particles whose momenta 


lie within a narrow cone of half-angle 
Sr: tillieer: (23522) 


the directions of the two cones are opposite each other with their 
axis at an angle 9 to the e'e beam direction and within a small 
solid angle dQ. 

Let cr be the quark-gluon coupling defined * at a renormal- 


ization point with 4-momenta of order E. In the following, we shall 


*To be precise, we may set in (18.141) L=1/E and 9, =9p- From 
(18.140), we see that when E—oo, (18.155) becomes 


2 
g 
ES 6a 

Te ~ (83 =2n,) In (AE) BONE 
where n, is the number of quark flavors and 2 is a length 
parameter in the theory which defines the coupling Gp at a 
given high energy E. 

From high-energy neutrino experiments, it is found that 
(J. Steinberger, private communication) 

a7! = (.20% .05) Gev . (23.124) 


(continued on next page) 
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neglect the Z-- exchange amplitude, and consider only the lowest- 
order diagrams a =e*/4nr. 
To the zeroth order in Pa reaction (23.118) reduces to 


= ai = 
obo = bee (23.125) 


given by diagram a in Figure 23.5; its corresponding differential 


cross section is, after neglecting the mass of the electron, 


2 


(35), = hee (1+ cos? 8) Y 3(e¢/e) (23.126) 


where er is the electric charge of the f - flavored quark and @ is 
now simply the angle between the e -momentum @ and the quark 
momentum pin the c.m. system. [ See Problem 6.1 and (17.1) for 
the derivation. ] 

To O(g,*), there is the QCD radiative correction diagram b 
in Figure 23.5. Its amplitude is divergent on account of the mass sin- 
gularity. If we keep the quark mass zero, but give the gluon a fic- 
titious mass yp, then the square of the sum of the amplitudes of dia- 
grams a and b gives* 

2 2 

Gen (5a), A z ae | 2h =) ie 22 oa |) 


4 


(23.127) 
where the O(1) term remains finite when +0. As expected, in 


this limit (23.127) diverges. 


We may compare (23.123) with our previous value a = .39 
given by (20.79). By setting np =5 because of u,d,s,c 
and b quarks, and (4n)7! OF* = .39, we find the relevant E 
is = 1.6 GeV, which is quite reasonable since the average 
mass of these five quarks is, according to (20.74) and (20.79), 


about 1.45 GeV. 
* G, Sterman and S, Weinberg, Phys.Rev. Lett. 39, 1436 (1977). 
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q(p) q(p') q(p) q(p') 
g 
¥(Q) y(Q) 
e (2) e'(2") e (2) e (2') 
a b 


a(p) g(k) q(p')  a(p)  g(k) 4(p') 


Sig ee 
p+k i 
¥(Q) ¥(Q) 

e (2) e'(2') e (2) e( 2") 


Fig. 23.5. Diagrams for ee eae y7q+q and 
+ - - 
et+te-+ y-~-qt+qt+g. Here, the 
arrow denotes the direction of the 4~-mo- 


mentum flow. [ Self-energy graphs are omitted. ] 


On the other hand, to the same order in op , the 2- jet pro- 


cess also includes 


e(2)+ e(2') + q(p) + G(p') + glk) , (23.128) 
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provided that conditions (23,.120)-(23.122) are satisfied. In (23.128), 
g isthe gluon, and 2, 2', p, p' and k denote the 4-momenta of 


the particles. In the c.m. system, the components of these momenta are 
(a=) cite ive 


= a (oy iE p 


a - Galnlie Pada (23.129) 
P= (Pint Po) = Pi 1) Pg 
k = (kK, ik) = Ci) ke 
and 
QP = a phe k= (0, 126) 


Because of (23.120)- (23.122), in order that the three-particle final 
state in this reaction can qualify asa 2-jet event, we must have 
either one of the following two conditions satisfied: 


(i) Two of the final momenta are within 
anangle < 26 << 1 , (23.130) 


irrespective of whether they are soft or hard. 
(ii) One of the final particles is soft, i.e., whose energy is less 


CU tense ea aa (23.131) 


in addition, the angle between the momenta of the other two particles 
is 
between 1-6 and ow. (23 132) 
Let (do/dQ). and (do/d).. denote the respective differen- 
tial cross sections of (23.128) in these two regions, (i) and (ii). The 


2-jet differential cross section, to O(g,*), is given by the sum 


(By se) + ($5) + (5). 3.133) 
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which, according to the KLN theorem, should remain finite when the 
fictitious mass = 0. As we shall show in the next section (derived 


on page 764), the result is* 


2 7 
eS 4 raat " a ee Min aa lace toy). 
(23.134) 
and is indeed free from mass singularity. In the above expression, the 
O(1) term remains finite, — (217? - 15) /6, when the physical pa- 
rameters 6 and « > 0, 
Because in (23.134) the factor inside the curly bracket is inde- 
pendent of 0, the angular distribution of the 2-jet is given simply 
by the lowest-order perturbation formula (23.126). Experimentally, 


there is a good verification ** of this 
1 cos> 6 


distribution, giving support to the general notion of the quark-parton 
model and QCD. 
2. 3 - jet events 

In a similar way, we see that to derive the distribution of 3 = 
jet events we need examine only its lowest-order perturbation formu- 
la, In (23.128) any final configuration of qqg that lies outside 
the regions (i) and (ii) stated on the preceding page is considered a 
3-jet event, Let us now calculate its differential cross section. In 


the amplitude sum of diagrams ¢c and d in Figure 23.5, the matrix 


* 


G, Sterman and S. Weinberg, loc. cit. Cf. also P. M. Stevenson, 
Phys.Lett. 78B, 451 (1978). 


** See page 38 of the Proceedings of the IX International Symposium 
on Lepton and Photon Interactions at High Energies, Fermilab, 


1979, ed. T.B. W. Kirk and H. D. I. Abarbanel. 
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element of the lepton current operator is 


<0 | th | ao >=- eet (23.135) 


= U=> 
ee s' V4 Yu Q, S a 
and that of the hadron current is, on account of the rules given on 


pages 530-31, 


<qqgi( a) |e 2 = 2 ee Op 


soe Gia rath ramaya toe al 

; (235120) 

where, as before, e >0 is the electric charge, ee is the charge of 
the f-flavored quark, Ge is the QCD coupling at energy E, V ! 
is the amplitude of the gluon, x and Yy are given by (12.22) and 

(3.12), and Ur. and Vici gt with k = p or 2) are the spinor so- 

lutions of (3.26)- (3.27) hen mass =0. Inthe c.m. system, the ae 


momentum Q' is related to that of e by 


As in (5,124), we introduce i , obtained by squaring the lepton 
matrix element and averaging over the initial spins: 
+= + - 
= eeb <0) |ieuleerete 0 Sie eo > *) (03,137) 
w 8 ESOT Li] 
where * denotes the complex conjugation, + is for v#4 and - 
for v=4. From (5.125) we see that 
L Leigh SD) (23.138) 
= pact 1 aL i] = é i] : 
WY BE? pe Yo Op vow 
where, as before, 2E is the total c.m. energy. Likewise, we define 
H by similarly squaring the hadron matrix element (with the same 


sign convention) and summing over all final polarizations, colors and 
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flavors: 


ea ) <aqg} J |O><qqg} J. |O>* (23.139) 
s. 5', f 


Gi 


at 
Ht 


where ¢ and f are the color and flavor indices, and t the polari- 


zation vector of the gluon. For a gluon of momentum k, 


t = unit vectors e] and G5 (23.140) 


given by Figure 6.1. 
To sum over c, we note that, * on account of 6.32) - 6.34) 


and (12.23), 


WA ei tity al Qm am 
trace we d ve A )= Ten Hany 6 trace (Xd ) 
8 Q 
=7—tt ., (23.141) 
kg a) Vv 


Thus, by substituting (23.136) into (23.139) and using (23.141) 
% f eee: 
(p+ K)? -(p+k)? = - 2p-k i 


i. see 


and the exercise on page 36, we find 


Sane aes a 2 
"ew ” BeoPG Ky 7 ie 
I l 
trace (¥ LY woe es Unt p'-k (p +kK)¥] 


PE OY or noe 
(23.142) 


* In (23.141), the trace refers only to the color-degrees of freedom. 
Also, as in (5.125), we set the volume of the system = 1 for 
convenience. 
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TOE 
Because of (5.111), the differential cross section of (23.128) is 
2 
do = gio) 7 iG Es ees 
843 pee Pal Sioa alas 
(23.143) 
where, on account of 
ls, 21 eae 
Qe ai 
in the photon propagator, 
D 
] 
4 ' 2 
| RP = ae (23.144) 


The evaluation of the trace in (23.142) is straightforward, and 
it is worked out in Problems 23.1 and 23.2. By using (23.177), derived 
in these problems, we obtain 

1 
| TL (p, pp k) |? = - —~—— } (eeg,)? 
ie 6 fae 
16E kg Po Po f 
Pp: p' ' t 1 ' 
*( ——~-—~ | 2(p-2 «21 )-+ 2(p- 9 210 
\ phe 7k) [ (p-2) (p ) (p ) (p ) 
- 2(k- 2) (k-2")+ (Q+2) (Q-k) | 


+ Se [(Q-2) (Q-pt) - 2(p- 2)(p- 24) = 2p") (p= 0)J 


+ sg [(Q-2)(Q-p) = 2¢p- 0) (p- 2) = 2(pt- 2) (pi 2) 


(23.145) 
where 2, 2', p,p',k and Q are given by (23.129), 


In order to convert the above dg into that of the 3-jet events, 
we must exclude the regions (i) and (ii), the details of which we shall 
now examine. 

oe Dalitz plot 


In the c.m, system, let us denote angles 


9 = £(p, 2), @ = /(p,2) 
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and 


C= Lee lo (23.146) 


and introduce the dimensionless parameters 


= 2 Po 
a: ce oc 
d 23.147 
a z= Sa ( 
E 
The conservation of energy gives 
dy ee ae (23.148) 


By following the discussions given in Section 15.1, we see that each 
final configuration of qqg defines a point in the Dalitz plot, 

which we may take to be the shaded triangle in graph (b) of Figure 
15.3 with the height of the larger triangle = 2. [ See also Figure 


23.7. ] Because 
k + p + p! = 4) 


tf 


the angle a is related to x, y and z by 
z= x2 + y? + By cosa. (23.149) 


It is convenient to consider a unit sphere; from its center o, 
we draw the unit vectors 2, p and p', which defines the spherical 
triangle 2pp', illustrated in Figure 23.6. If we regard the great 
circle that passes through p and p! as the equator, then the north 


pole n defines a unit vector 
hn = onfpxop , (23,150) 
Let P be an arbitrarily chosen point on the equator with 


oN 
¢ = Pp 
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Fig. 23.6. The radial vectors of, op and op' equal 
to 2) p and p': 


We shall now consider the coordinate transformation 
from p, p' to n, a and © 


As we shall show, 
elas Geel = Gige cheek sl in (CRY AES) 


This can be derived by considering in Figure 23.6 four infinitesimal 
rotations: we rotate along on first an angle da (keeping P and p 
fixed), then an angle do (keeping P and p! fixed). Next, we keep 
the arc lengths of the sides of the spherical triangle npp' fixed, 
and rotate an angle dé, along op, then an angle dn along op' ‘ 
The points n, p and p! each move two displacements, which form 


the sides of a parallelogram; their areas are 


d?n = sina dédn 


f 
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d?5 = sina dn do 
and 
62 pe sina desdc 


and that leads to (23.151). 
As in (15.5)-(15.6), by using (23.147)-(23.151) we see that 


2 
day ie dp dp 8(Pyt Pg t kg ~ 2E) 
oPaPo 


= f do d?h dpp dpg | 771? 


Dy 8 eelin ee ely Ge (3.1152) 
To carry out the d?n integration, we can consider the spheri- 

cal triangle npp' fixed, but average | me | over all possible di- 

rections of 2. By using the averages 

= (p02 = G2 = 5, 


a © 2 
pee) 


Az a at = ] ~ ete es a) 
Pie eh )(pr at) Vee) ge AG te coocae. 


we find * that after the angular integration the differential cross sec- 


tion for 


2 
2 GE x? + ye 
do = sey a? dx dy — ~ » (e. / e)7 
ale an (Tax) (Ty) gf EY og. 153) 
where x and y are defined by (23.147). 
4, 3-jet cross section 


To the lowest order in Ges reaction 


4e - : wee 
e +e - jet (p,) + jet (Po) + jet (P,) (23.154) 


* J, Ellis, M. K. Gaillard and G, Ross, Nucl.Phys. BI11, 253 (1976); 
T. A. De Grand, Y, J. Ng ond’ S.=Hhin five. Phys ReveaD Ice 


SO UZ. 
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is related to 


e +e + q(p) + 4(p') + g(k) 


by identifying each of the particles q, q and g asa jet. Thus the 
4-momentum P, of the fe jet can be either p, or p', or k, and 
the 3-jet differential cross section can be derived from (23.143) by 
symmetrization: 
lige 
doy sop = TCG) SAL TUlPy Pye Pa) I? 
+ | TA(py, Pg Py) |? + [TH (Pg + Py + Po) I>) 


3 3 


3 4 
-dp,d pod ps § (p)+Py+Pg~Q) (23.155) 


where Q is defined in (23.129), | 711 (p, r Por P) |? is given by 


(23.144) and is already symmetric in the first two of its variables; i.e. 


Pi (Paeipae Pail ones mTL(Ph Pye Pat 
Let us define 
La Bi, 
ge be 
ood | 
oe (23.156) 


then, asin (23.148), we have 


x, + Xp + Xq = 2 (237157) 


Since the 3-jet distribution is, by definition, symmetric with respect 
tO Py + Po and Pa 1 we need only consider in the Dalitz plot the do- 


main, say, 


ea << e (23.158) 
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Nm 


Fig. 23.7, Dalitz plot. The shaded region is for 3 -jet 
events; i and ij are for 2-jet events. [ See 


(23.167) and (23.172) for their boundaries. ] 


In addition, they must be outside the regions (i) and (ii) discussed on 


page 751. This allowed region, called R , is illustrated by the 


3-jet 
shaded domain in Figure 23.7. Experimentally, every 3-jet event 


gives a pointin R The distribution in the Dalitz plot can be 


3-jet ° 
obtained by carrying out the angular integrations, as in the previous 
section. By symmetrizing (23.153) with respect to the three jets, and 
multiplying by 6 to account for the restriction (23.158), we find the 


differential and total cross sections for (23.154) to be 


2 
ee eee 2 
Major — GEP So” Tq, POGiE% p25) Oak, 2 (e/a) 
and (232139) 
One =e hehe... ; 
3-jet Roerer 3-jet 
where 
2 2 2 2 2 2 
— ap 6) * ate Xa 3 ap a 


Bae) =e x=x) T= xp =x,) =x) =) 
(23.160) 
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Along the line AB in Figure 23.7, we have Xq = 1 and, there- 
fore, the second and third terms on the righthand side in (23.160) are 
singular. Because of the excluded regions (i) and (ii), the 3-jet cross 


section is, of course, finite in R To examine the boundary of 


3-jet ° 
(i) and (ii), it is only necessary to consider the neighborhood of AB. 

We recall that in the c.m. system, the sum of the three 3 -mo- 
mentum vectors Py , Po and Py is zero, and because of the choice 


(23.158), their relative orientations are of the general form illustrated 


in Figure 23.8 with their angles 


satisfying 
815 + 84. 4p 831 = 2n 
and 1 - x, 4 (23.161) 
sing 6. = : | 
x. X, 
i) 


where (i, j, k) is a permutation of (1, 2, 3). 


ko 
k3 B12 
O. = 
ky 
Fig. 23.8. The angle between k. and k. is 6, 
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In Figure 23.7, near AB we have 


(i = eis x << lea. (23.162) 
therefore, 
Xo = 2- x) Xq = Vox tC = T- x, 
and (23.163) 
. ~ C 2 
sin > 915 = [ a aEeeara 


x1 (1-x)) 


Likewise, by neglecting higher powers in Z , we find 


eee oan 
r= 8, = 2|—y 
i CX 3 
2+ if x, = O(1) 
es ales (23.164) 
Nes a) > th x (a 


Along @ = constant << 1 and within the triangle OAB, x1 ranges 


from 
% to M1+2) = 4 ; 


hence, O15 decreases from 


aed = when q = oe (23.165) 
to 1 


a, = 2[- a Jo when x, =O(1) . 23.166) 


The angle r- 8,3 is, however, always small, < 2/Z . In region 
(ii), because of (23.131), 


eS ae (23.167) 


‘The condition (23.132) becomes 


OR = OF (23.168) 
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which, on account of the last expression in (23.164), is 
62 
aes - jG) < a , 
which is identical to 


(127) > r(x? Seip (23.169) 


If we regard e« and 6 both as infinitesimals and choose 
pe 8, (23.170) 


then in the region x, < 2e, (23.169) is automatically satisfied; there- 


1 
fore, so is (23.168). In region (i), in view of (23.130), we require 


Sneeze (23.171) 


which gives for its curved boundary 
Ca = <)) 62 (23.172) 


By using (23.159) - (23.160) and integrating d 


o, . , over the 
o-jet 
entire region R 


3-jet we find, to O(a"), 


2 
= Lo ee ; 
13 sop = GEO? (Gr) L (344 In 2c) In 6 + O(1)] y (e,/e) 
(231173) 
where the O(1) term is finite when € +0 and 6~+0. [ See Prob- 


lem 23.3. ] To the same order in Op* - 


o = ee aA, 
total °2-jet 3-jet 
is the total cross section of 


Sk oe 2s [heebons. (23.174) 


which is free from mass singularity in accordance with the KLN theo- 


rem; Ol is also independent of & and e since in (23.174) we 


tota 
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have integrated over all angular and energy ranges. Thus, the above 
derivation of (23.173) also provides a verification of (23.134), given 
earlier for Ors: ‘ 
5. Correlations between jets 

In passing from the differential cross section (23.153) for aq g 
tothat for 3-jet, (23.159), information about the difference between 
quarks and gluons is lost. This is because in the actual experimental 
observation, each jet is a cone of multiparticle flux. Due to the soft 
particles which may lie outside the jets, the quantum numbers of each 
jet have large fluctuations, Therefore, by examining a single jet we 
will not be able to tell whether it is a quark-jet or a gluon-jet. As 
we shall see, through correlation measurement, in principle it should 
be possible to retrieve this missing information. 

Consider, for example, the charge Q(i) in units of e of the 
ithe jet. Due to symmetry under particle -antiparticle conjugation, 


the average of Q(i) over a large ensemble of jet - events is clearly 


zero; i.e., 
< Q(i)> = 0 
Next, let us examine the two-body charge correlation 
22) 02) (23.175) 


Its value averaged over an ensemble of 2-jet events 


S88 2 Ss fae 


is given by 


the 


yy 
Q(1) Q(2)> =e (23.176) 
2-jet 7 ye ; 
f 
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which, to the lowest order in Oe , has the value 


ee Oe = = — 


ele ta <  < Wie clare! 
s c 


_ | Jessa ile 
ae ls fee 75 


Wet (i ee ae 
c b 
A more interesting problem is to study the same two-body cor- 


relation function, but averaged over an ensemble of 3-jet events 


eu +e = jer Cpeoe ici (2) es aer (3) 


As in (23,158), we differentiate these three jets by arranging their 


energies in the order 


Consequently, there are three different two-body correlation func- 
inom e)( 1) OC 2) G23) >and = @(3)"Q(1) = that 
can be measured. Let us consider, e.g., < Q(1) Q(2)> ata fixed 


point in the shaded region R, of the Dalitz plot in Figure 23.7. 


=jer 
When one of the jets, 1 or 2, is due to the gluon, then since the 
gluon has zero charge, Q(1) Q(2) is zero. Hence, to the lowest 


order in Sp we have for the ensemble average 
< Q(1) Q(2) Bei 
x," oF Xo 
2-jet (1 -x,)C1 -X,) P(x, rXor x3) 


(CN) 


= Ze es 


where P(x, rXor x3) is given by (23.160). Through permutations 
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of (1, 2,3), the averages of Q(2) Q(3) and Q(3) Q(1) can be 
similarly derived. Together, they satisfy 


<O(1) O22) 7 O(2) OB) OCG) Oo) 73s at 


= < Q(1) Q(2) yoy 


(23.178) 
This in turn insures that, to the next order in Oe , the expression for 
< O( 1) OQ) oer , (23.176), has no mass singularity. 


However, to O(g- ), there is a mass-singular term due to the 


virtual process 


ec) = g(p) > q(p arg ort-shellliban<oth mm ocaiaes 
followed by 
g > a(k) + q(k') (23. 180) 


with k lying inside one of the 2-jet cones (defined by q(p) and 
q(p') in (23.179)) and k* inside the other, The combined process, 
(23.179)-(23.180), is therefore a 2-jet event. The net result is that 
(23.176) should be multiplied by a mass-singular correction factor of 


the form 


Dy 
4 GF EO 
eee Bee | 
lle o( aE) In =| (23.181) 


where p should be 0 in the perturbative QCD series expansion. 
The bie is due purely to the probability of having the two 
momenta k and k! in (23.180) falling within the two opposite 
jet-cones. For practical applications we expect p to be of the 
order of a typical meson mass, ~ a few hundred MeV. Hence, for 
sufficiently small §& , the an term in (23.181) is not expected to 
play any important role, Furthermore, by varying & it should be 
possible to extract a See dependen term directly from the experi- 


mental data, and thereby one may gain some insight into the non- 
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perturbative aspect of QCD. 

Likewise, there is also a similar Op al - correction to the 
correlation formula (23.177) for 3-jet. Similar considerations can, 
of course, be extended to other additive quantum numbers. The de- 
terminations of the coefficients of such mass-singular Me dependent 
terms are quite interesting from the theoretical point of view, be- 
cause it gives us a new class of physical parameters that can be meas- 
ured experimentally, but is divergent in a perturbation series expan- 


sion. - 


Remarks 

At present, neither the spin nor any other quantum number of 
the gluon has been determined experimentally. In order to verify its 
spin-] character, we must establish the distribution (23.160) for the 
3-jet events. In order to determine its other quantum numbers, it is 


necessary to measure correlations between jets, such as that given by 


Z3rl7z). 


Problem 23.1. The ive , defined by (23.142), is a quadratic func- 
tion of the polarization f , given by (23.140). We may write 


H = ie 

Ww Wy, aB a B 
where Tw, aB is symmetric with respect to q and B. Show that, 
because of (6.51), 


k = 0 
5 aB 


and therefore the polarization sum can be converted into 


= ZoleZ 
d He ( ) 


1 
WY, aa 


in which the repeated index o is summed over from 1 to 4. 
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Problem 23.2. In (23.138), we may write 


2 


os gee (he DD 
where 
(2,2')) = 9 2+ 2'R = 6 B-g , (23,183) 
LV hh OY Hoo UV 


Prove that by carrying out the trace and the gluon polarization sum, 


(23.142) becomes 


po ist ' ' 
i (eh (p's k) Pan gOS: Ree 


] ' 4a = Mad 
ees oP hes (p Dey 


1 Ga tke = t ' lige 23.184) 
ae bee ia © P,,3) ( 


Problem 23.3. Integrate eet , (23.159), over the shaded region 
Ree in Figure 23.7 and show that ones is given by (23.173). 
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Chapter 24 


CHIRAL SYMMETRY 


The quark model provides us a simple picture of the internal 
structure of hadrons. It also gives us an effective way to describe 
their dynamics at high energy. Corrections due to QCD are in most 
cases relatively small; these are often computable and can serve as 
tests of the general correctness of our theoretical basis. Much of the 
success of the model lies in the circumstance that to a reasonably 
good approximation we can regard quarks as free or weakly interact- 
ing particles (except for the confining mechanism). However, this 
does not hold for hadron reactions at low energy. In terms of quarks, 
these would involve the dynamics of many bodies, and that presents 
problems which may appear difficult. 

Fortunately, we are helped by the fact that pions have a much 
lighter mass than any other hadrons. Most of the low-energy hadron- 
ic reactions are therefore dominated by pion exchanges. The under- 
lying reason is the small masses of u and d quarks inside hadrons, 
which makes it possible to derive the approximate chiral symmetry 
and PCAC. Although historically these subjects were developed rel- 
atively independently of the quark model, as we shall see they fit 
harmoniously with our overall picture and form one of the corner- 


stones of our understanding of the strong interaction. 
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24.1 Current Algebra * 

In this chapter, we restrict ourselves to the discussion of low- 
energy theorems concerning hadrons made of u, d and s quarks, 
Let vO) Ya) and Yo (x) be their respective field operators 


and the superscript c= 1, 2 and 3 be the color index. We define 


a 
q&) = Py &) 
Ye (x) 


2 (24.1) 
and for any color-independent matrix F 
airqa = Salra (24.2) 
c 


with the color index ¢ summed over. From Chapters 21 and 22, we 
see that the weak and electromagnetic interactions of these hadrons 


are closely connected with the eight vector current operators 
= fy i ] z 
Ye tg (x) 97 ee ~ q(x) (24.3) 


and the eight axial-vector current operators 


Q 


a0) = ial6) yyy 15 EX! ax) (24.4) 


yu 
where, as usual, y are the Dirac matrices and Me the Gell-Mann 
matrices, which satisfy (12.22). 
1. Naive commutators 
Consider two space-time points 


x = (t,it) and x' = (ray , (24.5) 
H r 


eee Se 
* M. Gell-Mann, Phys.Rev. 125, 1067 (1962); Physics 1, 63 (1964). 
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At equal time 


we may apply (3.24a) and obtain 
Q M Ox! = a : x a M(x! 
[vg vi) ] = [aye , W& 


= a yile v9) Se ooh 
and (24,6) 
Q ; = u, mi 
[yy O), oMe)] = [oro , ve] 


Qmn 


i a?) Sera, 


hes fon is given* by (12.24). These expressions will be referred 
to as naive commutators because, as we shal! see in the next section, 
except for p= 4, modifications must be introduced. However, it wil 
turn out that for practically all applications these modifications can 
simply be ignored. Accepting this for the moment, we may integrate 
(24.6) and derive the equal - time commutation relations between 


these local currents and their charges, 


Qt) = -i sve) oe 
and (24.7) 

Qt) = -i Sa) &) dr 
We find 

[Qe , vireo] = (ein) § 6) 

e ee 
Ul 

* The ve and tial 


here are identical to the ro and ean used 
in Chapter 12. 


772, PARTICLE PHYSICS: INTERACTIONS 


and (24.8) 


x 
— 
ph 
tk 
ia 
“© 
ws 
< 
ce 
a 


=e Ox) 
Ll 
By setting p= 4 in (24.8) and repeating the integration, we have, at 


any given time t, 


[arw, ary] = [art , Qt] 


v 
. -2mn n 
= are Q, (t) 
and (24.9) 
Tat, a™] = [a*m, am] 
_ ; pemn Qt) 


The group structure can be most easily exhibited by forming the 


combination 


i ee Q 

Qa” = HQ7%2Q*) (24.10) 
which then satisfies, 

bee), SG) = aH, 

Lee, OG) ae wes (24.11) 
and Q e 

Le, Oo =e 


Thus, Q, : and ee (2 =1, 2, --, 8) separately are the generators 
of an SU, group; since they commute with each other, the group {g} 


generated by these sixteen operators is 


ii = SU st, (24.12) 
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The currents v : and a : form an (8, 8) representation of the 
MT 
group. 
It is useful to define the parity operator P(t) by 


S t 


P(t) q(r, t) Pt) = 7 y, 4(- 1, f) (24,13) 


where q_ is the quark field and, asin (10.9), 7 is a phase factor. 
From (10.60), we see that 


Q ‘ee Q 
Mv, Q. erin = Q) (t) 
and, similarly, (24.14) 
Pr) @*) pay! = -a@) 


Consequently, P(t) connects the generators Qt) and an (t) of 
the SU, X SU, group: 


3 3 
pt) a7) pty’ = Q*@) 
and Q ; 9 
Ptr) Qt) PH)! = @*t) 
The group 
eaneege | (24,15) 


is called the chiral SU, X SU, group. 
So far, we have not studied the time-dependence of these oper- 
ators. Their equal - time commutators are independent of the Hamil- 


tonian of the system. 
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2. Goto-Imamura-Schwinger modification * 

In deriving (24.6), we make use of (3.24a) which relies on for- 
mal manipulations of some rather singular quantities involving the 
product of four field operators at the same space-time point. We shall 
now demonstrate the inadequacy of this formal approach. 

It is convenient to combine v : and a. to form a set of 16 


current operators J : 
a = Q m 
CJ) Sle ole (24.16) 


but (24.17) 
ele Igy = (lp eee ee 8 


The set of 16 charges Q and on can be similarly put together 


p chew) = ia’, Qn} (24,18) 
where 3 

QQ) = =i wu tl dr (24,19) 
their equal-time commutation relations (24.9) can be written as 

ra’), QPayy = cAPY ara) (24,20) 
where 

OR eG accuill (24,21) 


is the antisymmetric structure constant of the chiral SU, X SU 


3 3 
group (24,15), Likewise, (24.8) becomes 


raw), JP ox] 2 i COPY 3 Ye.) ; (24,22) 


* JT. Goto and T, Imamura, Prog. Theor. Phys. 14, 396 (1955), 
J. Schwinger, Phys.Rev. Lett. 3, 296 (1959), Readers who are 
not interested in the subtlety of local field operators are en- 
couraged to skip this section. 
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Since (24.20) expresses the algebra of the group generators and 

(24.22) gives the representation of J “(x) under the group transfor- 
mations, neither validity is under question. What we would like to 
examine is the correctness of the local current - current commutation 
relations (24.6) which, as we shall show, will now be replaced by 


a = 3- => 


Pac Ws a ya = teal JY) OF =F) + st, 
(24.23) 
where s. t. stands for the Schwinger term, If s. t. were zero, then 
the above expression would reduce to the naive commutation relations 
given by (24.6). A relatively simple argument that establishes the 
necessity of the Schwinger term is to take the vacuum expectation of 
(24.23). In particular, we note that when a= 8 and without s.t. we 


would have 
< vac We, t), sn H)] | vac> = 0 (24,24) 
because of the antisymmetric property of COBY | On the other hand, 


the following theorem demonstrates that this vacuum expectation val- 


ue cannot be zero for p=i 744. 
Theorem. 

Sas | A (CBE 3 ES (24,25) 
where i= 1, 2 and 3. [ Thus, the Schwinger term is not zero, ] 


Proof, Let us define 


K 8B 
UV 


MI 


< vac It J (x) P| B ae) 1 | vac > (24.26) 
U v 


and decompose it into a sum over all eigenstates | > of the entire 


physical system in the Hilbert space. By using (11.74), we have 
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KBP (x-x!) = ). [>< vac } 5 (0) | > <| JP (0) | vac > el? ae) 
=< Vae | 1 Po) |s< | J, ©)| vee > AS Sa 2 ] 
where ae 
se = (k, i ko) 


denotes the 4-momentum of the state | >, x and x' are given by 


(24.5) and, as usual, 
ke (x > x) =k (x= x!) 
H Hy 
For clarity, we write 
| 2 | ee k > 


Se sey (bp Weg eee (24,28) 


where n denotes all other quantum numbers besides k that are 
needed to specify the state, e.g. its invariant mass mos spin ip r 


helicity he , electric charge Q. , e+. In our metric, 


In (24.27), the sum extends over all possible eigenstates, includ- 
ing those that are related by Lorentz transformations. More explicitly, 
we may write for the sum in (24,27) 

ef dM SC eee _ ec oe ee Ones 

- ays 
Recall that under a Lorentz transformation parallel to the direction 


of k, we have 


i Sr an +, re 
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(where the + sign depends on the velocity of the state versus that of 


the transformation), and 


1 
Di P i, 
ko | s ie rd Me k > 
1 
= 12 ' ° ' 
kg | . he ele aT, ales: (24,30) 

so that * 

dk | h m KS < h m ie | 

i nn’ de n’ tA n/ lh v n’ 


(24.31) 


* A remark concerning our normalization convention is perhaps neces- 
sary. Let us consider the simple example of a free spin-O field 
discussed in Chapter 2. In a finite volume Q the one-particle 
state is, according to (2.38), 

Peers = ac! | vac > 
which satisfies 
<k,Q\q,Q> = b= 
and therefore 


Leas = | 


We define 
= Al 
Jk > = a? a"|vac> , (24.314) 
so that when Q-— a, the states | k > satisfy the orthonormal 
relations 
<k|q> = 89 &(k -q) (24.3 1b) 
and 
=e IS Sa, (24.31c 
873 : 
Under the Lorentz transformation, we have | ee | kee Ss 
zs So dk 3h 
and td Since R= Tk , in order that 
eee 
pe mee SG 


we must have 2 | LS kg e | k' > which explains (24.30)- 
(22024) 
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is an invariant. The k - integration in (24,29) can be most conven- 
iently performed by transforming all states to their respective rest 

frames. Under a 3-dimensional rotation the space-components of 

J“(0) transform like a 3-vector and its time-component like a sca- 
lar. Consequently in the rest frame, from rotational invariance we 

derive 


< vac | J''(0) | n, k= 0> = 0 


de ae Page|; 
if the spin jo = 1 and p= 4, or (24,32) 
O and yp =i # 4 


sr) 
Il 


For a fixed n, by using (24.30), (24.32) and summing over the differ- 


ent helicities we find, in any frame, 


a < vac | 50) | n, k > <n, k | 5 P (0) | vac > 


hy 
0 if Ie 1 
kek Seen 
= ap ST alist = 
30) DAG aa ) i if i}, ] (24°33) 
n 
aB wk On 
a6 (n) 5 ha if ve = 0 
n 


where, because ee (i =1, 2, 3) is Hermitian but pe is anti-Her- 


mitian (and k. real but ky imaginary), we have for i =0 


of Pin) = BP < vac | 100) | n, kK =0><vac| JP(0)|n, K=0>* 
(24,34) 


and for Ie = | 


3 
07P(n) = Lge < vac | J |n, k=0><vac| JP | n, k=0>*, 
i. (24,35) 


in which, as usual, * denotes the complex conjugation. 
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The simplest way to establish (24.33) is first to verify its validity in 
the frame k= 0, and then transform it to other reference frames. 
Note that in order to simplify the formulas, we assume Q” to be 
good quantum numbers and that accounts for the factor ele in (24,34) 
and (24.35). Substituting (24.33) into (24.27) and using (24.29), we 
obtain 
a Op 7 es = a if ae 7 a8 a! 
ike (x-x') = f dM [a 5 mle (M) D) (x-!) 
ul 
] aa ap 
2 =- ee awl 
+ f dM? [- 455 ox, Ox, J St UR esac 
(24,36) 
Where the spectral functions of (Mm) and 07 ( M) are related to 
those in (24.34)-(24.35) by 
aB = E a 
a9 (M) = 2. 6(M-m_) on" (n) 
and (24.37) 
oP (M) Y §(M-m_) oP (n) 


n 


in which, because of (24.32), these sums extend only over states with 
i, = 0 and 1 respectively, 


Dy ,(x-x') a = Wack BEA ) eel sin w(t-t') 


and 


w = Jk2+M? ; 
as in Problem 2.1. When t>ft', 
Dy (x ~ x") = 10 
but , 
aa Dy,(x > x') = ae = - 


therefore in (24.26), for p=4 and v=if4, K oP (xx! becomes 
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< vac dy tie, P (r', ty | vac > 


ie BOM) + on P(M) cath 5° (Sn). (24,38) 


Regarding “ea and 07° (M) as matrices, we see that, from 
(24.34)-(24,.35) and (24.37), they are both positive definite. In par- 
ticular, if we set a =B , then since 


dM? 


J M2 [09 M) f oy (M)I paso, 


(24.25) follows. Thus, we establish the theorem. By comparing 
(24.24) with (24.38), we see that the Schwinger term is not zero; 
furthermore, it is manifestly noncovariant. 


(i) Equation (24.38) can also be written as 


<voc| CISC, 1), JP (11 |vac> = x 69% v, Br ry 


where es) 
ee 
heah s Ve: Lop'(M) + a9 (M)] > 0 
a=l 


(ii) To be consistent with the Theorem, we replace (24.6) by 


m 


tv, ), aC, t)1 = Co, (r, , v,(r, H 


2mn 


ae el =. 


tv, ), vy) = colt, oP, 11 
Fy EH) OT) , 


(24,40) 


m=. 


yy Gent ah De ee. ay 


pemn 


2 a(t, t) OF ~r') 
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and 
m 


ee a ete, Ga), a. (#1 


Qmn on 


= = f v. (r, t) copes + s.t. 


where the simplest form * of the Schwinger term is 
w= oul V. 6 (r - T+) (24.41) 


with \ = a constant. By integrating these equations with respect to 
< : eee 
dr, we see that the Schwinger term makes no contributions, Conse- 


quently, (24,8)-(24.11) remain valid. 


24.2 CVC and CAC 
From the Cabibbo theory (Section 21.5), we know that because 
of the conservation of the electromagnetic current and the flavor-SU, 


symmetry there is the CVC condition; i.e., the eight vector-current 


operators (24.3) satisfy 


a 0s (24,42) 
Oxy, yl 
Hence, the space integrals of ue are constants of motion; i.e., 
he = (24,43) 


These eight vector charges are the generators of the flavor-SU, group. 
Each physical hadron state belongs to an irreducible representation of 
the SU, group, as discussed in Chapter 12, 

The same conclusion can also be arrived at by using the QCD 
Lagrangian. Setting the gauge group in (18.3) to be the color - SU, 
and ¥ the quark field, we see that if we assume different quarks all 
have the same mass m, flavor - SU, symmetry follows and so does 


3 
GViG: 


*T. D. Lee, S. Weinberg and B. Zumino, Phys.Rev. Lett. 18, 1029 (1967). 
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In our discussions on hadrons in Chapter 20, we mentioned that 
a fairly good approximation for the strong interaction is to regard the 
u, d and s quarks all as of zero mass. By setting 

m = 0 (24,44) 
in (18.3), we see that in addition to CVC, the axial-vector current 
operators are also conserved; i.e., 


oa eee (24,45) 


ax. x, # 
and therefore 


OQ <= (24,46) 


where i : and he are given by (24.4) and (24.7), Aa chiral 
SU, Xx SU, group given by (24.15) is generated by ce and Q? 
together with the parity operator P. Under the same sporouimene 
of the strong interaction, each group element is a constant of motion. 
Consider now any physical hadron state, say the proton | a) 


at rest. It is an eigenstate of the strong interaction Hamiltonian ne 


Ig] a mi |p> . (24.47) 


It is also an eigenstate of the parity P. For convenience, we choose 


the arbitrary phase factor 7 in (24.13) such that 
Piles = las : (24.48) 


By operating the vector charge ay on | p> , we obtain a linear 
superposition of the baryon octet states given by (12.48), Within the 


approximation of flavor-SU, symmetry, these states are all degenerate 
with | p> and have the same parity. 
Q 


Let us extend the same reasoning to the axial charge Q, 


On account of (24.46) we have 
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KOk geal = we (24,49) 
Cues) : ; 
Equations (24.47)-(24.49) give 


Q 7 Q 
HQ |lp> = m, Q, les. (24,50) 


Furthermore, because of (24,14), the parity of a! | p > must differ 
from that of | p > by aminus sign. In contrast to (24.48), we have 
fl 


7 Q 
Pe [pe = =r je> - (24,51) 


What are these an | p > states that are approximately degenerate 
with | p >, but of opposite parity? Clearly, they cannot be any of 
the known single hadron states, since none exist in nature. Thus, we 
have to identify on | p> as one of the continuum states such as 
| pa>, | n>, «+. The degeneracy implies that in the approxi- 
mation that the axial current is conserved, the low-lying pseudoscalar 
mesons should be viewed as zero-mass particles, which as we shall 
see fits neatly into the Nambu ~- Goldstone mechanism described in 
Section 22.1.2. The assumption of axial-current conservation must be 
used in conjunction with the approximation of zero-mass pseudoscalar 
mesons. * Together they will be referred to as the two conditions of 
CAC, It is important that we should distinguish these unusual features 
of CAC from those (more conventional ones) of CVC. 

The kaon is much heavier than the pion (j.e., s is much heav- 
ier than u and d), A better approximation is to set only the u and 


d quark masses to be zero. In this case, the superscript 2 in (24.45) 


a eee ee 

* In the literature, sometimes one refers to the assumption of axial- 
current conservation and the approximation of zero-mass pions 
and/or kaons as PCAC (partially conserved axial current). In 
order to avoid unnecessary confusion we shall restrict the term 
PCAC only to cases when violations to the axial-current con- 
servation law (24.45) become important. See Section 24.6. 
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goes only from 1 to 3; the symmetry group is 


chiral SU, X SU 


De (24, 52) 


and only the pions are Goldstone bosons, as will be discussed in Sec= 


tions 24.4 and 24,5, 


24.3 Goldstone Theorem * 
To appreciate the generality of the Nambu-Goldstone mech- 
anism, let us consider a relativistic quantum system of, among others, 


L spin-O Hermitian fields 9%), with 
= al 2 cell 


The theory is assumed to be invariant under the continuous transfor= 


mations 


9%) = o9() + 56) x) 


with ae (24,53) 
5, (x) = i@ Togs Pgs) 
where, similarly to (18.12), @° are real x - independent infinitesi- 
mals, and 
ee ol 
T° = matrix Grn = T 


is the L X L representation of the eo generator Q® of the sym= 
metry group {g} of the theory, 


(o,  = lL, 2, oo N 


Furthermore, we assume, as in (24,19), the operator Q® is related 


to the conserved current Mi by 


Oat eI ale 


* See the references cited on page 658, and also J. Goldstone, 


A. Salam and S, Weinberg, Phys.Rev. N27, Fo (962). 
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Because 


aso 
) 


(24,54) 
} 


therefore 


O =a 


a 


In accordance with (24.53), there are the commutation relations 
a — #@@ 
CQ’, o)&)1 = iTog ih) - (24,55) 


To take into account the necessary ingredient of the spontaneous sym- 
metry-breaking mechanism we assume, as in (22.7) and (22.63), that 


the vacuum expectation value 


< vac | 7) | yae >= Po (24,56 ) 
satisfies 
a 

Too: Po ue) (24,57) 


at least forsome a and Q. 


Theorem. * If (24.57) holds, then there must exist a massless particle 


which has the same quantum numbers as those of ae 
Proof, Let us decompose 
< vac | J (x) $,(0) | vac > (24.58) 


into a sum over the complete set of eigenstates | n,k > given by 
(24.28), with k as the momentum of the state and n all its other 


quantum numbers. By Using (11.74) and (24.29), we obtain 


a 


* See, however, remarks (i) and (ii) at the end of this section. 
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e 7 I 3 
(24.58) = ) f dM 6(M-m_) sf 53 ¢ 


n 


k < vac | 4 (0) | n, k> 


k-x 


7 ik | (0) | vac > e (24,59) 


For states of zero 3-momentum, because of angular-momentum con- 


servation we have 
<n, k=0 | %, (0) | vac > = 0 only if 
the spin i= 0 
Using (24.30) we can transform these zero~spin states to any Lorentz 


frame. In addition, from the arguments given on page 235, it follows 


that a 
<vee || 10) | ia, Ie eek 
y y 


Combining these results with (24.32), we may write 


—_ —_ k 
<vae|J%(0)|n, k><n, k | o,(0)|vae> = —H ¢ %(n) 


(24.60) 
Sus -i < vac | J,7(0)|n, k= 0> <n, K= 0] 9, (0)| vac > 
a 7 ae 
[7 le if, ae (24.61) 
0 if j #0 
and 
= -| = Eb 2 2 
ks ik, = Vk? 4 m 


with ie the rest mass of the state | n, Es. Substituting (24.60) 
into (24,59) and changing the variable from M to 


W = Jk 2 + M? 
we obtain 


= 1 3, ikexo k 
(24,58 \5—= f du ed keer 5) erence ne 
0 873 = M n 0, 
(24.62) 
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(@) 
ro] 

= 

MI 


Yr 8(M-m) con). (24.63) 


Equation (24.62) may be written as 
a4 


< vac | 3° (<) @,(0)| vac > = fo (kp) € home C2 (M) 
(24.64) 
where ef ko > 0 
oy) aro (foe 0 | 
0 
M isa function of k given by 
H 
M2 = -k2 = k.2-k? (24.65) 


u 0 
: : 4 3 : 
and the integration of d k= dky d k ranges over the entire k - 
space.* By differentiating (24.64) with respect to x and applying 


the current conservation law (24.54), we derive, on account of (24.65), 


M2 Cy (M) = 0. (24.66) 


Setting p=4, x, = it = 0 in (24.64) and integrating both 


4 


sides over the 3- space, we find 
ee) 
a _ a : 
< vac | Q , (0) | vac —— fe kp (kg) Cp (M) dky 
its complex conjugate is 


foe) 
a 
< vac | (0) Q | Vac >= J ky Q(ky) Co (M)* dk 
Because of (24.55) and (24.56), their difference leads to 


lee) 
a _ a 
ee 2 Lo ky O(ky) Im Co (M) dk, 


cD cD 
* Hence, f dk 8(ko) «++ jn (24.64) is the same as f{ dw --- in 
68 0 


(24.62). 
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where Im denotes the imaginary part, The lefthand side of the above 


equation is, by assumption, not zero for some a and 2. Since ac- 


cording to (24.66) 
Cy (M) = 0 when vo 

we conclude that for these a and Q , 
Co (M) = ro 6(M2) # 0 . (24.67) 


Recalling the definition (24,63) for Co (M) , we establish that there 
must exist states | ene k > with their rest mass m= O ; furthermore, 
for these states the corresponding cp (n) # 0. Consequently, in view 


of (24.61), we must have 


ee OG 


<n,k | o | vac > 7 10 
2 

and mM 

<voe|Q’ |lapks 4 © (24.68) 

The last equation enables us to determine the symmetry properties of 

these states, and that completes the proof of the theorem, These zero- 


mass particles are called Goldstone bosons. 


Remarks, 
(i) Substituting (24.67) into (24.64) we have 
a Se Cee) 
< vac | se (x) >, (0) | Voce — i do Ix, Fa) 


where, in the four-dimensional space (D=4), Fy (x) is 
ll 4, ik-x 5 
F, (x) = ae SEak e (=) 8(ko) 


In the two-dimensional space (D = 2), the corresponding function is 


ik-x 


— al 
Fo &) ees J d-kge 6(k?) 8(ko) 7 (24.69) 
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in- 


0 


which is however singular, as can be seen by performing the k 


tegration: Since 


oes ae | ee 


171 0°0 
oe mane 
Ck — 8(kp k, ) 
and 
es 2 
dk Se dk . 
0 
we have 
ue epee rage Q(k,) 
ee 1 ; : 
= f dk, Te i exp Lik, x,-i|k, | x9] 


which diverges over the integration region that contains the origin 
k = 0. In order to have a well-defined theory, we may require the 


assumption (24,57) of the Goldstone theorem to be invalid. Thus, 
< vac | 6, &) | vac> = 0 


forall 2 where bo) is defined by (24.53). This implies that there 
is no Goldstone boson * in two dimensions. 

(ii) In Section 22.1.3, we have shown that in a gauge theory, 
by introducing a suitable set of Higgs fields it is possible to have the 
Goldstone bosons appear only in the unphysical sector which can be 
gauged away. As a result, the physical spectrum does not contain any 
zero-mass spin-O particles. Through the Higgs mechanism we can 
convert the "massless" gauge fields and Goldstone bosons into phys- 


ical massive vector particles. [ Details have been given on pages 


666-68. J 


* S$. Coleman, Commun. Math, Phys. 31, 259 (1973). 
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24.4 Goldberger-Treiman Relation 
In this and the following sections, we shall examine some of 


the applications of chiral SU, X SU, symmetry, As in Section 24.1, 


2 


both the vector and the axial currents, v, and a yr are assumed to 


r 


be conserved, where 


— _ . i eae 
vy = 14 &) yg x 27 4) 
and (24.70) 
3. = 14'&) yy, % Ys $7 ah) 
d VA 25 
in which 
the components of 7 = Pauli matrices, 


and the quark field q(x) is given by the 2 X 1 column matrix 


c 
Fe) 
q(x) = s (24.71) 
vA (x) 
instead of (24,1). In accordance with the discussions of the previous 
sections, the pion is regarded as a zero-mass Goldstone boson, Thus, 


while both the vector and the axial charges 


— & * i 3 
Q = if V4 elie 
and ae es 
eae d 
Q, tof oi te 
commute with the Hamiltonian, the vacuum state | vac > is only 


an eigenstate of Q, Pot Q, . We have 


= 


Q. IS = 0) 

but _ (24.72) 
Gh | vac> # 0 

The former is the result of CVC, and the latter that of the axial- 


current conservation, 
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(24.73) 


plus the approximation of massless pions. [ (24.72) follows from the 
arguments given on page 783, provided | p> is replaced by 
[yao >e] 
1. a decay amplitude 
The pion decay has been studied in Section 21.3. Its amplitude 
is given by (21.19): 


2 Hoge wand I iq-x 
< vac | Ay (x) | i i cos 0. Fy, ae e (24,74) 


where q is the 4 -momentum of the pion with 
G4 = 
Q is the volume of the system, 0. is the Cabibbo angle given by 
(21.50), and from (21.21) 
F = 130 MeV 
TT 


In terms of the components a (2 =1, 2 and 3) of the current 
operator (24.70), we write 


+ 


- 1 ee 
A, = (a) + j ay ) cos o 
and 1 (24,75) 
PR = Wa = Te 4 cos 0 
r r r e 


Hence, the above matrix element (24.74) can be rewritten as 
< vac | ay" (x) | PL Gen" G q a ila ae SCt*é«(2'4«C76 


where Saag is the Kronecker symbol, 


F 
f = —L = 93 MeV (24.77) 
T ee 
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: : m 
is called the pion-decay constant, and | 7 > are related to the 


charged and neutral pion states by 


ee (i ee 

aS |«>-|7>) 
and 3 Ve 

ly = = las 


To represent the matrix element (24.74) or (24.76) graphically, 
a convenient method is first to think of the intermediate boson theory 


and write down all the Feynman diagrams for 1,, decay. Such dia- 


Q2 


grams have to go through the sequence 


Their sum is given by the upper graph in Figure 24.1, in which the ex- 
ternal pion line carries the usual factor 


] 


20 
Q 
: Ue A 
Tyo decay = ——o 
v, ( om 
< vac | a \(q) i a ete a\(q) 


Fig. 24.1. Diagrams for 7 , decay (via W) and for the 


Q 
corresponding matrix element (24,79) of a,” ; 
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and the m- W. vertex a factor * 


r 
i cos o. ed qy (24.78) 


We then remove the W-propagator and the W-lepton vertex from 
the diagram. The remainder is the matrix element (24.74). In a sim- 
ilar way, we can also express graphically the alternate form (24,76), 


Its Fourier transform 


< vac |a," (q) | "> = et * < vac | o" &)| w"> ae 


is represented by the lower graph in Figure 24.1 where the vertex car- 
ries the factor 


? Qm 
i ie qd ) (24.80) 


in accordance with (24.76). 


Note that *y differentiating (24.76) we have 


OS 
< vac | =A Ba > a 4" 


The lefthand side is zero because of the axial - current conservation 
assumption and the righthand side also vanishes due to the zero-pion- 
mass approximation. Consequently, (24.74) and (24.76) are consistent 
with the two conditions of CAC, 

B decay of the nucleon 

From general symmetry considerations, we know that the axial- 
current matrix element of A, = A between the nucleon states can 


d 
be written in the form (21.44): 


<n|A,()| p> = el * (24,81) 


newest : 
ba ¥4(% 94 - | 4, Ip) 155 e 


: aoa Ne to (22.123), the hadron - W vertex is (Te yr] 
g(W) Ay + h.c.)+ «+: . Here, because we are only interested 


in AS , the ae factor (2 A aaa g is dropped. 
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where u_ and u_ are the initial and final c. number spinors for the 
n 


nucleons, Py and n, are the corresponding initial and final 4-mo- 


r 


menta, 
aN = (p sj n)y 
is the 4-momentum transfer, 
= 2 
Gp = gp(a*) 
is called the (induced) pseudoscalar form factor and 
= 2 
cn 9, (4°) 
the axial form factor. To give a graphic representation of this matrix 
element we can follow steps similar to those taken in the previous 


section, We first think of the sum of all Feynman diagrams for the 


proton B decay via the sequence 


“ : ev, (24.82) 


By removing the W- propagator and the W- lepton vertex from each 


np = W 


of these diagrams, we are left with the graphs representing the matrix 


element <n | A, (x) | ee 


The diagrams for (24,82) can be grouped into two classes: 


(i) those where we can completely detach the W, lepton part 


r 

from the diagram by cutting open a single pion line, and 
(ii) all others. 

The former must go through the sequence 


- ., +234 t+ = + 
Nips se. OV A eee 


which is a subclass of (24,82); each of these diagrams carries a pion 


propagator factor 


aa (24,83) 
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e* e 
if W) W 
Ss — 
Ve Ve 
p p 
(i) (il) 
Fig. 24.2. Two classes of diagrams for the B decay of the 
proton: (i) those that carry the pion pole factor 
- i/qg? and (ii) those that do not. 
and therefore dominates the decay amplitude when q?—> 0 (but q, 
can be nonzero), The sum of all diagrams in this class is represented 
by (i) in Figure 24.2, in which because of Lorentz invariance the 
pion-nucleon vertex can always be written as * 
t 2 
72) UL 4 ¥5 ue 9 ON (4 a (24.84) 


The factor “2 _ is due to the usual normalization convention * of 
the nuclear isospin matrix element for the emission and absorption of 


a charged pion. When q?—> 0, 


SmSIG er SCI) 


* The pion-nucleon vertex must be a pseudoscalar. Because the ex- 
ternal nucleon lines are on the mass shell, scalar products like 
p-q, n-q, etc. are all linear functions of q*. Furthermore, 
invariants such as p and # can all be converted into con- 


stants. [ See (24.90), ] This explains the general form (24.84). 


** The same 2 factor also appears when we compare f_ with F_. 
[ See (24.77). ] My sy 


726, 
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which is the low-energy pion-nucleon coupling constant. From the 


strong m - nucleon scattering experiments the magnitude of 9,0) 


is determined to be * 


| 9 ny) |? 


= 140s (24.85) 
At 


ae we can separate the diagrams for <n | A *) | Sy 


of <n | ay oe | p > , into two corresponding classes: 


(i) those that contain the pion pole (24.83), and 
(ii) those that do not, 


This is illustrated in Figure 24.3. By multiplying together the three 
factors (24,78), (24.83) and (24.84), we see that the amplitude of (i) 


* 


<n | A,(x)|p > 


| 

| 
> 

+ 
> 


= mo (ii) 


Fig. 24.3. Decomposition of diagrams for <n | A(x) | p> 


into (i) those that carry the pion pole factor and 
(ii) those that do not; the latter is defined to be 
n | A y({x) | p >. [(i) and (ii) here are obtained 
by removing the W propagator and the W lepton 
vertex from the corresponding diagrams in Figure 


24.2, 


See, e.g., A. J. Bearden, Phys.Rev.Lett. 4, 240 (1960). 
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q ia- 
5 = 2 i 1g x 
(i) = V2. cos i a FO ny (4 ) UL 4 ¥5 e 
By defining 
Oi) = <in | A.) | p> (24.86) 


and using (24.77), we have 


2 4 oe iq x 
<n] Ay) | p > = 2 cos 0. ee FES IN (4 yu, 14 ¥5 ee 


+ <n| A.) | p> : (24.87) 
When gq? > 0, it becomes 


Lim 
2 


<n|A,@)|p> 
Gey) 


T 
0) ae v4 UG 


+ 2 cos 9 


q 
as de 
e q? FO aN' Yb O(1). (24.88) 


Comparing this expression with (24.81), we find that when q? > 0, 
gp(q?) - = cos@ fF g (0) + O(1) 

and (24.89) 
g,(q*) > g,(0) = O(1) 

where the O(1) terms are all finite. 
So far we have only used the zero-pion-mass aspect of CAC. 

Next, we apply the condition of axial-current conservation. By dif- 


ferentiating (24.81) with respect to x, and because of 


r 
Bu, ~ TN "p 
and fu = m wo (24.90) 
we derive 
2m 94(4*) + 4? gp(q*) = 0 (24.91) 


where ma is the nucleon mass, Taking the limit q? + 0 and using 
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(24.89), we obtain 


f g_,,(0) 
inerNY | (24,92) 


|9,(0) | = cos 8 | m 


From CVC and the Cabibbo theory, the corresponding vector 
form factor at q? = 0 is given by (21.47): 


gy, (0) = cos 0. 


The ratio 
g (0) f 9g =e 
<A a | fen | ~ 1,31 (24.93) 
Sy N 


is the Goldberger-Treiman relation, which agrees quite well with the 


experimental value 
1,253 2. 007 
given by (21.46). 


Remarks. While the underlying theory of strong interaction is QCD, 
for the low-energy meson-baryon scattering processes it is not easy to 
extract useful Feynman diagrams directly from QCD because of the 
quark-confinement mechanism, In this chapter we are only interested 
in results that follow from the assumption of chiral symmetry. Hence, 
the details of the Hamiltonian are irrelevant; the only requirement is 
the validity of the symmetry conditions, In our discussions of the a- 
nucleon Feynman diagrams, it is more convenient to think of a phenom- 


enological strong-interaction Hamiltonian 


H = Ho + H. : (24,94) 


As usual, the free Hamiltonian H, is assumed to have the physical 


0 


masses of the hadrons, and both H, and Ht are supposed to be 


0 
chiral symmetric. The scattering matrix .S is given by (5.23): 
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Se Lim U(t, t') 
ie cD 
if =o) 


where U(t, t'!) is the Green's function of the Schrédinger equation 
(O.li7 ee Let la > denote the free-particle eigenstate of Ho P 


Hjia> = E los y. (24.95) 


According to (6.58)-(6.59) the corresponding eigenstate of H can be 


either the in (initial) state 
eM sy = UNG, eae & (24.9%) 


or the f (final) state 


inis” Ue Oeics & (24.97) 
so that 
H | ee S = E | aed . 
and : a : (24.98) 
Hapa een ES Pans 


We may choose | a > to consist only of plane waves of mesons and 
baryons. Then asymptotically | an > consists of plane waves plus 
outgoing waves and | a > plane waves plus incoming waves. [ See 
pages 114-115, ] 


These three sets of states 
ice sn | clea | and (ee 


are all complete and can be set to be orthonormal. The S- matrix is 
the unitary transformation matrix connecting the in and f states: 
i 


en iSles oe! falls y (24.99) 


as given by 6.62). The states | vac>, | eS p> and | ho 
used in (24,74)=(24.88) all refer to the physical states; i.e., eigenstates 


800. PARTICLE PHYSICS: INTERACTIONS 


of the total Hamiltonian H. Consequently, in the notations of 


(24,96 )- (24.97), they should be written as 


| yo > or | Welle Sa 
| a > or | rt oe 
| al > or | Py eeic. 


Because the vacuum and these single particle states are all stable, 
the in-states | aie > differ from the corresponding f-states | ff > 
only by a phase factor, It is immaterial which set we use. However, 
for the multiparticle states that we shall discuss in the following 
section, care is necessary and we shall label the superscripts in and 
f explicitly. 

Because the strong - interaction Hamiltonian H is assumed to 
be chiral symmetric, both the vector current v. and the axial cur- 


d 
rent a, are conserved, In writing down the current - conservation 
law, such as (24,73), we have implicitly assumed that these operators 
are in the Heisenberg representation. Hence, the operators * 


Or) = vio, ate, Qi, @*(y, 


all satisfy Heisenberg's equation (1.9) 
[H, O(t)] = -i O(t) 


The corresponding operators O,(t) in the interaction representation 


are related to O(t) by 
O(t) = ult, o} Olt) Ult, 0). (24.100) 


a ie ee Se 

* In the notations used in Section 5.1, an operator O(t) in the Heis- 
enberg representation would be ‘Tobelee O 4 {t). Here, we omit 
the subscript H. 
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Exercise, Using (1.9), (5.20) and (24.100), verify that O,(t) satis- 


fies the equation of motion (5.6) in the interaction representation. 


3. Generalization 
Let us consider the matrix element of a,” (x) between any two 
multiparticle states a and B. The x-dependence of these matrix 


elements is known. We have 
< et | a.” &) Ge weecmne: (24,101) 


where a.” (x) is in the Heisenberg representation and 


cee Ee 
is the difference between ayy the 4-momentum of the initial state, 
and B. , that of the final state. The Fourier transform of the above 


matrix element is defined to be 


f ¢ ee : 
<pila(qlai> = seit *<plla’@) a> dx 

(24.102) 

In terms of the corresponding operator a” oF in the interaction rep- 


resentation and the free-particle eigenstates of Ho we can write, on 


account of (24.%)-(24.97) and (24.100), 


<p |." () Jai” > = <6 | U(oo, t) a," &), Chae -w)]a > 
(24, 1103) 


where the components of x are 

a = (r,it) 

By using the Wick theorem and following the steps outlined in 
Chapter 5, we can express the righthand side of (24,103) in terms of 
Feynman diagrams. Just as in Figure 24.3, these diagrams can be 


separated into two classes: (i) those that carry the pion pole factor 


q? 
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and (ii) those that do not. Since a pion emission of momentum q is 


identical to a pion absorption of momentum -q, the amplitude for 


2 ps Fe) (24.104) 
is equal to 
on Cae ae (24,105) 


and will be denoted by 


n 


EMG) ole Sree Peres een) 


Similarly to (24.87), by using the product (24.80) times the pion prop- 


agator, we can write 


in q 
<p'|a,"(q)| ae en Ca no aus fot 
+<p' fa" (q)| al" > (24,107) 


where the first term on the righthand side represents the sum of (i) 
and the second term that of (ii) . Because 


in 


f 0 
a, <B | a°(q) {a > ; 
ee a0 Ft); 
See eh Seat Axe Ses Oo 
r 
through the multiplication of (24.107) by q, we obtain the general- 
ization of (24,91); 


n 


a <B 1a" (q) [a > = ies na) eile 


=f a" | n’(-q) a'" >. (24,108) 


The diagram ~ decomposition * of (24.107) into (i) +(ii) is 


* Quite often, one would factor out a phase 
el? = < vac | U(co, - a) | vac > from the diagram representa- 
tion of the matrix element < ef | ayt (q) | ail >. However, be- 
cause e!? js a common multiplicative factor present in every 
term in (24,107), it is immaterial whether we do or do not take 
it out explicitly. 
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f Q in 
Se |e eae S 
B B 
Q 
— 2 
ar Sian a a Q ut q) 
q 
» 
a a 
= (aie + a) 
‘ Ane f Q ieee 
Fig. 24.4. Decomposition of < 8 | ay (q) ei emiinta 
(i) those diagrams that carry a pion pole factor 
-i/q? and (ii) those that do not, 
illustrated in the above figure, where the rules are: 
the pion propagator 
SSE eS gives —— 
q 
the cross vertex 
---x*——> gives i i. q) (24.109) 


Sh 
and x 


the dot vertex 


gives the matrix element of a, (q) 
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24.5 Low-energy nN Scattering 


Let us consider the low-energy m-nucleon scattering 


Ao) Nip) = Ae) IN (24.110) 


where N and N! canbe p or n, the superscripts 2 and m are 
the isospin indices of the pions, and k, p, k' and p' represent re- 
spectively the 4-momenta of the initial and final particles. Because 
of the overall energy-momentum conservation, among these four 4- 
momenta only three are independent, and that makes a total of 


2° 4:+3=6 independent Lorentz scalars, of which we have 


ue Apo ee 2 
p = p = -m (24,11) 

and N 
pe ee ie =i (24,112) 


where ma and m_ are the physical nucleon and pion masses, 
Hence, there are only two independent scalar variables in the prob- 


lem; these can be chosen to be 


v = k-p 
and (24.113) 
Vite=— Sie pis 


1. Matrix element 


The scattering matrix element can be written as * 
m Q 
<m (kK) N'(pt) | S| 1’ (k) N(p) > 


= eae p-k' =p!) M (24,114) 
2Vkokg 


where the amplitude M is, apart from a covariant factor dependent 


* Cf. (5.106) and (5.108), The factor (2V ko kg iia is due to the 
initial and final pions. For convenience, we have set the vol- 
ume of the system = unity. 
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on the nucleon spinors, an invariant function of v and v' (and, of 
course, also of k?2,, k'?, p? and p!'). In the limit of chiral SU, 


X SU, symmetry, we have instead of (24.112), 


which means that in evaluating M we should keep the variables v 


and v'! (also p? and p'2) fixed and let the pion mass approach 0; 


i.e, 
M = Mv,v') = Lim Mop evn ie—k =) 
a0 
ra 0) 


To derive M(v, v') in the low-energy region, let us consider 


the matrix element 
ot ai(a . («) b(x')) | in > (24,115) 
m ; a 
where b(x') can be any local operator, say a_ (x') or its derivative, 


| in > and | f > can be any initial and final states given by (24.98), 


the components of x and x' are, as before, 


and T denotes the time-ordered product. In accordance with (5.38), 


we write 


ot @) be) if tt 
Q ne 
ue. &) be')) = b(x') a,” (%) if ae yee 


which is a step function at t=t'. For \ = 4 the discontinuity of 


this step function is the commutator 


> 


WyeG oe hate 


Hence, by differentiating (24.115) with respect to x) 7 we obtain 


a! vcr 


(x) b(x')) | in > 
Ox. 
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aa.” (x) 


Sele a 


b(x')) | in> 


at Ita, @, t), b(r', t)] | in > 6(t-#) (24.116) 
“hae 
a4) = fay &) 
We ae est 
ba!) = a’) , |in> = | N(p}!" > 
and | f> = | Np > 


Because of the current algebra, (24.40) and CAC, (24.73), equation 
(24.116) becomes 


a , ck Q m,, in 
Ere MAG Kee (x) a” &')) | N(p) > 


oe! 
= ie 


MP N'(py | vMG)| NCP)” > 88x-x) 
vet (24.117) 


where s. t. denotes the Schwinger term which, as shown by (24.39) 

and (24.41), is manifestly noncovariant under a Lorentz transformation. 
In (24.1 16) and (24,117) the current operators are all in the Heisen- 

berg representation. By using (24.96), (24.97) and (24.100), we can 

write 


f Q m in 
'(p' Tha,” & x! N 
<N'(pY | Tay") a Gd) | Np)” > 


= <Ni(p')| T(U(oo, =) 0° 6), 6 M'),)| N(p) > 


(24.118) 


where the subscript I denotes the interaction representation and the 
T product means that we should substitute the series expansion (5.70) 


for U(oao, -00) into (24.118) and then arrange the products of 
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Q m 


a) oe H (tide ay ), and a &'); 


int 
in time-ordered sequences. By using the Wick theorem, we can con- 
vert the righthand side into Feynman diagrams; in general, they will 
consist of the usual covariant diagrams (given in Figure 24.5) plus 
some manifestly noncovariant terms.* Delete these noncovariant terms 


and define the remaining part of the righthand side of (24.118) to be 


(24.119) 


cov 


< Nip] Thay Ge) @.™6')) | Np) "> 


By equating the covariant parts on both sides of (24.117), we derive a 


Q 1 it Q ye iE 
ome Nae | Ta” &) 4 &'))| N(p) > 


cov 


= ON Nay | ¥ P| SS 6 ee 


(24,120) 
As in (24.102), we introduce the Fourier transforms 


< N'(p') | Spe) | N(p)"> 


ey 2 ogee N' (pF |v 8) | Nip) > ee (24,121) 
and 
< Nip)! | T(ay'(-k) 0 (K')) | Nl) "> 


i(k» x-k'.x') 


3 pe < Nip) | Ta,” 6) a ™(')) | Nip)” > 


cov 


Wed, (24.122) 


a 


* See the Remark at the end of this section for further discussion. 


“Equation (24.117) implies that, in addition to (24.120), the nonco- 
variant terms on both sides must also equal each other. Hence, 
the Schwinger term is exactly cancelled by that due to the non- 
covariant part in (24.118), i.e., the difference between (24.118) 
ondi(24.117). 
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' yf | am mit | n 
k 
<N(p) I T(ayi-k) a ,(k))IN(p) 


N N’ 
k! 
a &-k) y . a 2(-k) a™(k') 
HN me » pe 
7 
+ panne + mona. 
N N’ N N 


Fig. 24.5. Graphic representation of (24.122) and (24.127), 


We multiply both sides of (24.120) by a factor 


Vere ST sear 


and then integrate. Since k-k'=p' -p, the result is 


t 1 ante Q 1 in 
kK SNM pty | Tha," (-k a i(k!) | N(p) > 


= alk By N'(p')'| v'(p-p') | N(p)'” > . (24,123) 


2. Reduction 


The Feynman diagrams for (24.122) can be grouped into three 


types according to factors of pion propagators: those that carry 


CHIRAL SYMMETRY 809 


(i) the product of two pion pole factors 


all 
ee! 
(ii) only one pion pole factor 


2 ee 

k k! 2 
and (iii) none. These are illustrated by Figure 24.5 in which by 
using the rules (24.109), we see that the first diagram gives 


° - yay et ee in 
Ce a S| a) Nae 
(24.124) 
the sum of the second and third diagrams is 
-k oe Q a 
(i) = FB < NTH | ae) | wk) Nip)” > 
ee ec kt) N'(p!) |,” (=k) | N(p)” 
mT k2 Tw Pp ox P > 4 
(24.125) 


and the fourth diagram gives 
ee f = 2 i 
(ii) = <N‘(pt) | T182(-k) ack) N(p)"> . (24.126) 
The matrix element (24,122) is the sum of all these three terms: 


<N'(p')' | Tay? (=k) a (k')) | N(p)"" > = @) + Gi) + Git), 


Penis 108)M follew= ther aay) 
=f < m™(k!) N'(pt)! | 9 (k) Np)!" > 
= ki < N'(p) | 8 (K)|_ (ke) Nip)” > 
= -k< wk’) N(p')' | a," (-k)| N(p)" > . (24.128) 


Multiplying (24.124) and (24.125) by k, 4 and using (24.128), we 
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see that 
: << f i 
kK ACG) Gi] = F< m™(k') N'(pty | wk) N(p)” >. 
Now, substitute (24,127) into (24.123), By using the above expression, 
we derive, for the covariant amplitude M defined * in (24.114) 
f 6 
F2 M = f£2<a™(kt) N'(pt) | (k) N(p)” 
ee o ne Ni (py! | ¥, (PoP) | N(p)" > 


f me) is in 
“ky k ES NMR | TG" (-k) & (KY) | NCp) 


(24.129) 
3. s-wave scattering length 
At very low energy, we regard the components ky and si (in 
the rest system of the nucleon) as infinitesimals: 
ky = O(e) and Be = O(e) 


where ¢€ +0. The scattering process is dominated by the s-wave. 


As k, and k' +0, we have 
d H 
ph (0, im) 
and (24,130) 
: 0 if p74 
f 5 
SINE OGD INS 4 
F <ie eset = 4 


IM 6 cs 2 6S . 
where + is the nuclear isospin matrix and < > denotes its approp- 
riate matrix element. Because the nucleons can be regarded as fixed 
particles, when ¢ > 0 the initial and final pion energies become the 


same, 


(24.131) 


1 
* Asin M, the factors of external pion amplitudes, (2k, 2 and 


(2k in 2 , are also not included in (24,124)-(24, an 
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and (24.129) reduces to 
FFM = ka<eo™ dr > + Ole?) (24,132) 


where the O(e2) term canbe neglected. In deriving this, we note 
that the second term on the righthand side of (24.129) is proportional 


to k. k' and* therefore O(e7). 
Nou 


Next, we have to evaluate the isospin matrix element. Let 
| i ie > be the isospin part of the m- N wave function where, as 
in Chapter 11, I is the total isospin quantum number and L its Zoe 


component. For - =-3 , these states are (see (11.108) ) 


J¥ |nv>- VF [pa > 


J% [nw >+ V5 | pr > 


a al 
eee m > 


: , - fe) 
Furthermore, by using the relations between | ‘ee | 1 > and 


and 


NIG 


AL 
f 2 2 


| A > given on page 792, we find 


2h | ee ee vel a) ine 
sn, 
ec toe nuns can | ee" | aS 
= 0 
Because < sei +" > refers to the matrix element of an isoscalar *, 


we have 


* Because the pions are pseudoscalars, the s-wave scattering ampli- 
tude does not carry a nucleon pole factor, Otherwise, there 
would be a factor [(p+k)?+ my] “l= (2p.k)-! which might 
change the estimate. 

: es ; m Qmn on m 

** Properly written, this isoscalar is a Tet € where a i 


and a” denote the appropriate pion creation and annihilation 
operators. 
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Z Qmn n 
<a ie | ees = OS 
therefore, it follows that 
3 2mn nis i 
<3 eae | sp gee ca) 
and (24.133) 
Qmn n : 
Sei Sh 


in which the righthand sides are clearly independent of L . By using 
(24.132)-(24.133), we find that for I= 2 the amplitude M is * 


ko 
M3 = -3i re (24.134) 
2 ee 
and for [=4 it is 
ko 
My = 7 as 4.135 
5 ! ie (2 ) 


where the O(e?) termis neglected. [t is convenient to absorb the 


factor 


l 1 
2Vko kg 2k 


in (24.114) into the scattering amplitude and define 
] ‘ M 
Z Vk ko 
Equations (24.134) and (24.135) can then be written as 
3 
2 
Itt, = : (24,136) 


forsale 


I 

Nim 

oo 

& 

mms 
{I 


Let us return to the physical aN scattering (24.110) in which 


the pion mass is 


m # 0 


* In terms of invariants, k, = -k+p/ ma 
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Suppose that the aN system is in an eigenstate of total isospin I. 
The scattering cross section is, according to (5.94), 


co 


2k! 
_ pack ey ae e 
p= art ea Ses ea 


where v_ is the pion velocity and 


3 2 
ky = Jk + om 


When k +0 , we have 


m 
a 


] 


2 
ellie” = eae 


where a, is the scattering length. Adopting the usual convention 
that the scattering length is positive for a repulsive potential (i.e., 


the phase shift is negative), we have 
a = i a My (24.137) 


where the factor i is due to the fact that M1 has the same phase 
as -i Ht . From (24.136) we see that * 


aq, =< a - .18/m 
BI Anf_? Tw 
and (24.138) 
cl = 0? 7m 
2 Bn Ff? Tw 


which agree quite well with the experimental values ™ 


(a, ) = -(.171 & .005)/m 
2 exp ; T 
Joe Be ————— ee 
* §. Weinberg, Phys.Rev.Lett. 17, 616 (1966), Y. Tomozawa, Nuovo 
Cimento 46A, 707 (1966). 


** § W. Barnes, H. Winick, K. Miyake and K. Kinsey, Phys.Rev. 117, 
238 (1960). 
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Remarks, Since (24.117) is an identity, the equality holds separately 
for both the covariant and the noncovariant parts of both sides, As 
remarked before, the Schwinger term on its righthand side must then 
be cancelled by a corresponding term on its lefthand side, which is 
due to the difference between (24.118) and (24.119). To illustrate 


why a matrix element such as 
<F | Ta” 6) a ™(0)) | in > (24,139) 


should carry a noncovariant component, we may consider an elemen- 
tary example. In (24.139), let the initial and final states be the vacu- 
um and the local axial operator be simply a canonical massive axial- 
vector field. To make matters even simpler, we assume the axial-vec- 
tor field to be a free massive spin-1 field (in which case there is no 

difference between a vector and an axial-vector field). We may then 
use the Lagrangian density (4.1) and set a (x) to be the field A (x) 
in Chapter 4, The matrix element of weer becomes the Dyson-Wick 

contraction 


Ab) BOAO) = ave) T(A &) A (0)) | vac> . (24.140) 


(eS 


From (4.7), (4.11) and (4.12) it follows that, in the notations of 


Chapter 4, 
1 si eG = ike iat 
A(x) = » ( ka (k) — + e.a(k)!e 
k v20Q t L i a } 
f Taminees 
and 


nee 
oS 
I 
at) 
-?- > 
Q 
ee 
oe 
=I 
QD 
“I 
34 
I 
= 
J 
= 
(9) 
ee, 
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Since 


A (x) A (0) if t>0 
) V7 


T(A (x) A, (0)) (24.141) 
) Vv 


POON Cat F< 0 | 
v r 


we have 
= y Pele iker 
aia A (0) : sO 
(— 
Oi aay) e fo te 
(6 taracm™”) Bree 
ire (24.142) 
q4 = W = whee m2 7 
ea sales 
q; (j ) 


and q * is the complex conjugate of q . Upon converting the sum- 


mand in (24.142) into a Feynman-type integral, we find 


(ee) 
* ] 
a | co 
Sit m7? kuky _ a8 "| 7 ee 
k24(m-ie? m2 4n 4] ~ 
where k,=iky. Taking the limit Q — o , we obtain 
A (x) A,(0) = aes (0) + +e 84 84, 64(x) (24.143) 
eS) 
where a 
_ ; ] 6 +m k ky 4 
A (x) A (0) = -i —>y a d‘k (24,144) 
cay (ant ~ k?2 + (mie)? 


is the covariant path-integration contraction given by (22.80). Note 
that (24.143) remains valid if we alter the definition of the T prod- 
uct (24.141) to 
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[AGO HF a se 
De eg ‘ a, iV. i) eee 0 

v UW > 

Thus, we see that the Dyson-Wick contraction (24.143), typical of 
matrix elements of the form (24,139), indeed carries a manifestly non- 


covariant term which is zero if x #0, similar to the Schwinger term. 


24.6 PCAC 
In this section we consider the effects of nonzero quark masses 
and, consequently, nonzero pion and kaon masses. 
1. Chiral symmetry breaking 
We discuss first the breaking of the chiral SU, X SU, 


try. Assume that the up and down quark masses are equal but non- 


symme- 


zero; i.e., 


m= my = 0 (24.145) 


U 


in the QCD Lagrangian. [ See, e.g., (18.3).] Thus, the isospin SU, 


symmetry remains intact. By using the equation of motion (18.6a), 


we find the axial - current conservation law (24.73) is replaced by 


re] 
ox 


— be a i ce 
‘ ee i Ye (24.146) 


where q_ is the quark field defined by (24.71), 
Consider now the m decay amplitude formula (21.19), 
ne + ] ik-x 
= k ——____ 
<vae | AY (x) | > pcos 2 alae Tem 
We recall that it was orignally derived in Chapter 21 for the physi- 


cal pion state with the pion 4-momentum k satisfying 


k, = io = iVk 24+ m2? 
4 T 
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and (24.147) 
-k? = m ? = (physical pion mass)? 
Taking the divergence of AX(x) , we have 
aA (&) “ls, 
6 yi: | ee las = cos 9 Le Ps 
3%) cine Team 
Converting Ax into ay by using (24.75), we find 
da ix 1 { fal se 
evecd nN Dy es ae 1 gikex 
ox, ToT f200 
(24.148) 


On the phenomenological level, we may introduce an isovector 
pion field operator 9 (x). The necessary conditions are that it should 
be a local operator and have a nonzero matrix element between the 
vacuum and a physical single pion state; in addition, its normalization 
is 


a sage I ik-x 
——_ oe 8 : 


< vac | ace | i ete! (24.149) 
20Q 


We may relax our requirement by regarding these necessary conditions 
as sufficient conditions, and call any such local operator an interpo- 
lating field for the pion. With this understanding, (24.148) and 
(24.149) yield 
re} => ” — 

Ox a (x) = fem (x) ; (24.150) 
which will be referred to as the basic equation for PCAC (partially 
conserved axial current*), Combining (24.146) and (24.150), we see 


that the pion interpolating field is also given by 


* M, Gell-Mann and M, Lévy, Nuovo Cimento 16, 705 (1%0). 
J. Bernstein, S. Fubini, M. Gell-Mann and W. Thirring, Nuovo 
Cimento 17, 757 (1960). Chou Kuang-chao, Soviet Physics 12, 
492 (1961) [ JETP 39, 703 (1963)]. a 
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Bs ot, + zs 
a err OG 

tT OT 
The generalization to chiral SU, symmetry breaking is straight- 


forward. We introduce the mass matrix 


m 0 
He 0 m 0 : (ZR) 
0 0 m 


in which u and d_ have the same mass but s has a different one, 


Thus, the flavor SU, 


symmetry is intact, Instead of (24.146), we now have 


) 


Ox, 


where q(x) and a," (x) are given by (24.1) and (24.4). 


For 2=1, 2 and 3, (24.148) remains valid, consequently so 


symmetry is also broken, although the isospin 


a" = mel! vA yg(m0" + dm) q (24.152) 


is (24.150). For 2 =4, 5, 6 and 7, we use the expressions for K- 
decay given on pages 605-6; by following the same arguments lead- 
ing from the m- decay amplitude (21.19) to (24.148), we find that 
the K-decay amplitude (21.23) gives 


Q 
(x) 
< vac | » lik’ s = gee 2 1 ik+x 
x) 7 K fe) 
(24.153) 
where 
Veeand: 9" 945, 6, 7 
ky = tw = VRP me, (24.154) 
-k? = m 2 
with s 
me = physical kaon mass 


Because of the Cabibbo theory, the constant in (24.153) is the same 
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pion decay constant ie = 93 MeV. Similarly to (24.150) we may in- 
troduce the kaon interpolating field oe (x) which satisfies the PCAC 


equation 
es = Eee (24,155) 
Ox, r ‘Tet malce : 
and the normalization condition 
Q Q' saa ] ik + x 
<0 K" > = 6 — = 
| 9 (| 20 


with 2, 2', w and k given by (24.154). 
2. Relations between quark and pseudoscalar masses 
By treating the quark mass matrix m, (24.151), as a perturba- 
tion, we can study its effect on the physical pion and kaon masses. 
When m=0, both the pion and the kaon become zero-mass Gold- 
2 


stone bosons. In this section, we shall calculate m _* and mie to 
T 


the first order in m. We begin our analysis by setting in (24.116) 


pe 
da” (x') 
b(xt) = Ba 
and 
| in > = ie = | vac > 
This gives 
moe < vac | Tia re dal), | vac > 
dx, r ax! 
rt 
daz (x) da aren 
= eae! sak ee 
ax ox 
r ip 
Q day” (x') 
+ < vac ILL &% (Oy a ee. | vac > 6(t-t') 
B (24.156) 


Let us first examine the pion sector by considering the case 


WL etatel) Ue ae 
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Substituting (24.150) into the lefthand side of (24.156) and (24.146) 
into the righthand side, we find 
ti ees 


ar aie a < vac | T(a,” (x) 9 (x) | vac > 


: aes lips I ce 
= it Gein) ¢ cGy a) Y4 ¥5 7 q(r’, t) | | vac > 
- 6(t-t') + O(m *) (24.157) 
where to O(m,) , we may evaluate the vacuum expectations on both 

sides in the limit of perfect chiral symmetry. Since 
Q' Lorne ey 
[byt Y4 157 J Se ant Ta 7 Vr) 
QQ! 
¥4 6 ’ 


the righthand side of (24,157) is, on account of (3.24a) and (24.70)- 
(24.71), 


; Ci c G c 4 ner 
im < vac | he ate my ¥4%4 | vac > & (x-x') § 
= -2im ps (24.158) 
where 
p = <vac | yt vA be | vac > Eieosd) 
4 
< vac jot ee | vac > § (x-x') (24.159) 
Because of isospin conservation, we have 
< vac | T(a,” (x) o” (x')) | Me = (0) if es 
Hence by defining, in the limit of isospin symmetry, 
veo 


P = Q' 
-ioS = ox, < vac | T(a" (x) >. (x')) | vac > 


(24, 160) 
and neglecting O(m *) , we can rewrite (24,157) as 


(24.161) 
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In exactly the same way, we can generalize our discussions to 


the kaon sector, For 
Cnc = On 0. 7, (24.162) 


and on account of (24.152) and (24.155), (24.157) is replaced by 


tin, = = < vac | Ta” (x) oe. (xD) vac > 


a K Ox, 
F Q ss = Q! Q' > 
= i+ < vac | Lo, (igpstale ALGaat A ¥5(m Mae om) acre +) | 
; 5 : | vac > 
= Cie (24,163) 
where, according to (24.151), 
= il l 2 8 
m= 3 (2m + m.) + Te (m m ) oe (24.164) 
From (12.23)-(12.24), (24.162) and (24.164), it follows that 
NN a = malta m ) ° 
and 
Q Q' 
Pe ee a 
ti 0 0 
Tay 00 9 ii — Ui A Opes 
\o 0 1 
o) ee 18) 
= ain OF 1 8 , if 2=2'=6 or 7 
Qa 


matrix with zero diagonal elements, otherwise. 


In the limit of flavor - SU, symmetry, we have 


3 
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<voe | ¥" y, 4° | vac > <voe | 4 y, 1 | vac > 
= < vac | yc! Y4 i | Vode 


and 


iH 


<voc | 4°" y, ¥° | vac > <voe | ¥y°! y, ¥S | vac > 
ct 
= <vac | ve va | vac > 
= 6 : 
and therefore the righthand side of (24.163) is 
, QQ! 
-j (m + m.) eo § 


where p is given by (24.159); in the same limit we also have 


eer o bee = ae < vac | Ta," (x) oe ()) | vac > 


where o is given by (24.160). Thus, neglecting Om (24: 163} 
gives 


i Sui: = (m+ m) alae (24.165) 


Combining with (24.161), we derive 


2 2m 
(At) = eee (24,166) 
ile m+tm 
U S 
or 2 
m m 
a(—Z) = —¥ (24,167) 
ig Ms, 


on account of m >> m 
S U 


The above relation has been used in Section 20.6.2 to deter- 


mine the quark masses. [ See (20.73)-(20.74). ] 
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Problem 24.1. Show that the low-energy s - wave nm scattering 
lengths are 
m -/7 for [ = 0 
> pa 
"Ty 2 for I = 2 


where | is the total isospin. 


[ See S. Weinberg, loc. cit., p. 813. ] 
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Chapter 25 


OUTLOOK 


At the present it appears that we have arrived at a closed sys- 
tem of physical laws, with QCD for the strong interaction and a uni- 
fying gauge theory for the weak and electromagnetic interactions, 
plus of course the Einstein theory of gravitation. However, we are 
still in urgent need of most of the crucial proofs of the theory. The 
spin and other quantum numbers of the gluon have not yet been deter- 
mined experimentally.* The intermediate boson remains a theoreti- 
cal hypothesis, and the efforts to detect gravitational waves have so 
far yielded null results, Of the four mediating fields of our basic in- 
teractions, only the photon has a solid experimental foundation. 
Nevertheless, we can be encouraged to feel that verification will 
come in due time, But even then, is there any basis for us to believe 
that we have arrived at our final goal— the understanding of all the 
fundamental laws of nature? 

The standard model of the unifying gauge theory alone needs 
~ 20 parameters: e, G, a , various masses for the three gener- 
ations of leptons and quarks and the four weak decay angles 0, r 8, , 
8, and &. [ If neutrino oscillations are observed, more parameters 


may be necessary. ] Therefore, while we may have achieved a rather 


[See 


* See Section 23.6,5, 
824, 
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effective description of physical processes up to about 100 GeV, 
the theory we have should more appropriately be viewed as essential- 
ly phemenological. After all, who has ever heard of a fundamental 
theory that requires twenty-some parameters? The following are 
some possible directions that may change our present frame of think- 
ing. 
1. Size of leptons and quarks 

Suppose that neither the lepton nor the quark is elementary. 
Instead of being point particles, they all have a size. This size can- 
not be too large. Consider, for example, the electron; its size 2 has 
to be less than Oh cm due to tests of QED. Now, 2 #0 im- 
plies that there should be a nonzero moment of inertia, and through 
that the electron can acquire an angular momentum in a collision, 
resulting in a high-spin j= 3/2, 5/2, °** heavy electron, The 


slope of its mass vs. j should be 


~ = 2 100 GeV 


On the basis of known interactions, we may predict the minimal phe- 
nomena that such a heavy electron, called E, would exhibit. We ex- 


pect among its dominant decay modes 


Eo =e) Fy 


— e + lepton pairs + y's 


Experimentally, if E can be produced we will see high-energy jets 
of pure y and lepton showers, which will make the observation 
quite spectacular. If such high-spin leptons and quarks are discovered, 
then we will have to make a fresh start in formulating our theories 


and search for new building blocks to construct the universe. 
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2. Possibility of vacuum engineering 

Based on either the spontaneous symmetry-breaking mechanism 
or the quark-confinement phenomena, we believe our vacuum, though 
Lorentz invariant, to be quite complicated. Like any other physi cal 
medium, it can carry long-range-order parameters and it may also un- 
dergo phase transitions. Hitherto, in any high-energy experiment the 
higher the energy, the smaller is the spatial region that we are able 
to explore. Consequently, we have avoided the opportunity to study 
coherent phenomena which may be connected with the vacuum. To 
explore such possibilities, we have to distribute high energy or high 
matter density over a large spatial volume. The experimental method 
to alter the properties of the vacuum may be called vacuum engineer- 
ing. An effective way may well be to use relativistic heavy ions, In 
order to overcome the short - distance strong nuclear repulsive forces 
generated by wand other vector mesons, we need an energy >> 1 
GeV per nucleon in the center-of-mass frame. If we can create vac- 
uum excitations or vacuum phase transitions, then any of the constants 
in our present theory, e ; 0. r Mo, My, err, can be subject to 
change. If indeed we are able to alter the vacuum, then we may en- 
counter some new phenomena, totally unexpected. 

3. Improvement on conventional quantum mechanics 

At present, the correctness of quantum mechanics is viewed al- 
most universally as beyond question. Yet, how sure are we? How 
solid is its foundation? In quantum mechanics, the system that is be- 
ing observed satisfies the standard time-dependent Schrdinger equa- 


tion 


acter i HU Ba) 
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in which the observer is not included as part of its dynamical varia- 
bles, The effect of the observation on the system is described by the 
well-known rules of probability amplitude decomposition of ; 
system 

Here, an argument wil! be given which indicates that this cannot be 
the final form of a complete theory. We note that the converse effect 
of the system on the observer is not at all well described by our usual 
formulation of quantum mechanics, To be sure, such an effect must 
be there, as is obvious if we consider the example of a physicist who 
inadvertently drinks a cup of the liquid helium superfluid that he 
happens to be observing. However, while the effect of the observer 
on the system is quantum-mechanical, the converse effect is invaria- 
bly expressed in classical terms. Yet, by reciprocity such an asym- 
metry must be viewed only as an approximation. 

We may wonder how to express the effect on the observer in 
terms of quantum-mechanical probability amplitude and not classical 
probability. At present, there even seems to be a lack of vocabulary 
adequate to express such a phenomenon, A way out of this dilemma 


could be to consider a state vector in a larger Hilbert space 


@® % r 


Y= eobserver system 
which tentatively may be assumed to satisfy the usual quantum-mech- 
anical law of motion, By taking into account the quantum-mechani- 
cal effect of ¥ on 

system observer 
of & back onto 5 , we may derive an improved equa- 


and then reiterating the effect 


stem 
which carries a correction to (25.1). The result of 


observer 
tion for 

system 
this corrected equation can then be expressed in terms of the usual 
language which ignores the non-classical effect of the system on the 


observer. By carrying out successive approximations in this direction, 
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hopefully we may arrive at a more fundamental equation for the sys- 
tem which may be experimentally tested. 

Of course, we are not able to predict the future. The history 
of particle physics has been full of unexpected discoveries, which in 
turn led into unforeseen directions. In its evolution we have witnessed 
many examples that showed both the wisdom and the folly of physicists. 
It seems more than likely that our present understanding is also transi- 
tory and that our basic concepts and theories will! undergo further ma- 


jor change. Indeed, !ong ago it was said: * 


Ye 
ie 


-, 
ee 
X i The principle that can be stated 
NZ 


Cannot be the absolute principle. 


The name that can be given 


Hie > Cannot be the permanent name. 
y 


*Laotse, Dao Dé Jing (~ 550 B.C.) 
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N. Barash-Schmidt, C. Bricman, R. L. Crawford, C. Dionisi, C. P. Horne, 
R. L. Kelly, M. J. Losty, M. Mazzucato, L. Montanet, A. Rittenberg, 
M. Roos, T. Shimada, T. G. Trippe, C. G. Wohl, C. P. Yost 


[ For references see Revs, Mod. Phys. 52, No. 2, Part II, April 1980. J 


* Tam grateful to the Particle Data Group of the Lawrence Berkeley 
Laboratory (Dr. Robert L. Kelly, Director) for their kind permis- 
sion to reproduce this material. 
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Stable Particle Table 


For additional parameters, see Addendum to this table. 


Quantities in italies have changed by more than one (old) standard deviation since April 1978, 


Particle 19(J?)c\? Mass Mean life Partial decay mode . 
(MeV) (sec) fy p or 
Mass@ ct Made Fraction Pmax” 
(Gev)2 (cm) (MeV/c 
PHOTON 
v O,1(17)- 0(<6x10722) — stable 
LEPTONS 
vy Jet 0{<0.00006) stable stable 
e 2 8 
(>3x10 my, (MeV) 
e Jet 0.5110034 stable stable 
+.0000014 (>5x10?'y) 
Vv Jet 0(<0.57) stable stable 
u (>2.6x104m,, (MeV)) 
u 
pee! 
iw Jet 10565946 2.197120x107& ecby (BG 4 1 53 
+.00024 +.000077 ety BO silietiae ny SK “6 53 
m®=0.01116392 c7=6.5868x104 ey ( <4 paler a 
My-Myt=—33.9074 ev ete” ( <1.9 x10 53 
+.0012 ey ( 21.8 )x19710 Sy) 
eel, ( <25 Nig 53 
re 
T Jedl 764 <2.3x107 12 pope ( 17 eles 889 
t4 ety (17.0 #1.1 )7 892 
m*= 3.18 et<0.07 hadron” neutrals (33 410 )” 
TL owre ( 8.2 #2.6 )7] 887 
t{ pov (22 Ag Wel] 723 
TL K~ neutrals ( smail )} 
ey tucy ( <12 ie 892 
3(hadron*) neutrals ( 35 +11) 
T[ w7p®v ( 4.2 2169 07] 715 
Thacncaty (incl. npr) (7 +5 al 864 
tL nono nt(20n®)y (18 =? jel 864 
(z3ched.) neutrals ( 32 +5 }@ 
T[ e7 ched.parts. 
+4” chged.parts. ( <4 3] 
NONSTRANGE MESONS® 
of d 
7 
at 17(07) 139.5669 2.6030x1078 utp 100 * ss 30 
+.0012 +.0023 ety ( 1,26720.023)x10 70 
m*=0.0194789 cr=780.4 ptvy €( 1.2440.25)x1078 30 
(rt-17)/ T= etyn® {| 1,0220.07)x1078 5 
(0.05+0.07)7 etry &( 5.6 40.7 1078 70 
(test of CPT) etvete” (e 3 x10 70 
7 1-(07)+ 134.9626 0.828107 16 bad ( 98.85+0.05)” 67 
+.0039 +.057 S=1.8* yete ( 1.1520.05)% 67 
m?=0.0182149 cr=2.5x107® ry ( yx1078 67 
Myt-M_0= 4.6043 ete etey <(es e Vn 67 
+.0037 vVVY ( <4 5 )x107 67 
ete” ( Bom Siew eer 67 
n 0*(0-)+ 548.8 P=(0.8520.12)keV % ( 38.0 41.0 )” Se1.2" 274 
20.6. Neutral decays ay 4 ahi 211k Sele) 258 
S=1.4 (71.020.7)% 30 (| cece) SMGn 7 Gait 180 
m?=0,3012 s=1,1* ntnn (23.6 20.6 )% Silt) 175 
ninvy ( 4.8940.13)7 Set.t 236 
etey ( 0.5040,12)” 274 
eten (<4 yx1075 258 
nen ( <000s \% 236 
Charged decays etecntny (Wal Aes $F 236 
- 4 
(29.020.7)% nin nly ( <6 )x10 175 
s=1.1* ntn yy ( <0.2 fa 236 
pipe ( 2.2 AOE) ele? 253 
prey ( 1.5 £0.8 )x107* 253 
utpon? (| es) )x1074 211 
eten (<3 )x1074 274 
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Stable Particle Table (cont’d) 


Particle (ee Mass Mean life Partial decay mode 
(MeV) (sec) " p or 
Mas sé CT Mode Fraction Pmax® 
(Gev)2 (cm) MeV/c 
STRANGE MESONS® 
-+ d 
Sy 
kt + (07) 493.669 1.2371x1078 pte ( 63.5020.16)7 236 
£0.015 +.0026 Se1.9* mtn? ( 21.162#0.15)% r 205 
m*= 0.24371 T= 370.9 arate ( 5,5940.03)% S=t.1 125 
(tt-17)/T= ntn979 ( 1.7320.05)% S=1.3% 133 
(.112.09)% ptyn® (| 3.2020.09)% S=1.7) 215 
(test of CPT) etyn® ( 4.8220.05)% S=1.1 228 
s=1.2* uty &( 5.8 £3.5 )x1073 236 
etvn%n9 i 0.8 288 Jeo 207 
me-mo=-4.01 etuntn ( 3.90#0115)x107> 203 
£0.13 evyntnt ( <5 )x1077 203 
s=1.1* ptenta ( 0.9 20.4 )x1075 151 
popntnt ( 30 )x1078 151 
ety , ( 1.54#0.09)x107> 247 
etvy (SO+)! (| 1.52#0.23)x107> 247 
2 etvy (S0-)! ( <1.0 )x1074 247 
ntny Je ( 2.7540.16)x1074 205 
nintny & 1.0 20.4 )x1074 125 
ptyndy &( <6 )x107> 25; 
etyn®y e( 3.7 41.4 )x1074 228 
ete-n* ( 2.6 £0.5 )x107? 227 
etetn— (<1 )x1078 227 
ptpon* t ea4) yx1078 172 
ntyy &( <3.5 )x1075 227 
ntyyy © <3.0 yx1o74 227 
ntvy ( <0.6 yx 1078 227 
nty (oe yx to7& 227 
etytn*® ( <7 yale 214 
ety tnt (<5 )x1079 214 
ety ( <6 )x1079 2h) 
ptvee ( <6 )x1078 236 
utvete” (41 43 )x107? 236 
puovetet ( <2. )x1078 236 
etvete” fe 22 Senor? 247 
ea ie 2 ee ee ee, 
ke 4(0-) 497.67 50% Kshort» 59% KLong 
Ko +0.13 
s=1.1* 
m* 20.24768 ——— 
K2 400°) 0.8923x107!0 ntne ( 68.61 Wecettt eee 
Se £0022 n%n0 eave aug age } 209 
cT=2.675 mee (she le Om 225 
ete” ( <3.4 )x 107 249 
n*n-y s( 1.85£0.10)x107 3 206 
on ( <0.4 yx1073 249 
ee ee, ee ee 
L(o- 5.183x1078 momomo 0 QoS Wor Ye Sale 139 
KL pe sie if ntnon? ( 12.3940. 18)% S=1.2% 133 
cr=1554 nti ( 27.0 20.5 )% S=1.1) 216 
nte*y (incl.mevy) (38.8 ee ie S=1.1 a 
nevy Gal.) Ss 4 
mK. -MK = 0.5349x10!9R secu! nin k( 0..20320.005)% « 706 
u "S40 .0022 non kK 9.094#0.018)% S=1.5" 209 
nén-y €( 6.0 #2.0 )x107> 206 
n° yy ( <2.4 )x1074 231 
yr ( 4.9 £0.5 )x1o74 249 
an ( <2.0 yx107? 238 
-9 
ene ( 9.1 41.9 )x107? 225 
pees ( <7.8 )x107 225 
-5 
ptpon® (REST) )x10 5 177 
Ctce ( <2.0 )x1072 249 
cy ( <2.8 )x107? 249 
ntn ete” { <8.8 )*x107 206 
monster (( 2262 )x10739 207 


BBO). APPENDIX 


Stable Particle Table (cont’d) 


Particle i ee Mass Mean life Partial decay mode 
(MeV) (sec) a p or 
Mass@ cT Mode Fraction Pmax® 


(Gev)2 (cm) (MeV/c) 


CHARMED MESONS® 


pt d 

D+ 4o-)f 1868.34 (2youee xm k7anything C1 FF je 
2 20.9 ; I kon*n*Gincl. K"m) (3.9 #1.0 37] 845 
m°= 3.491 ct=0.007 TE K*(89.2)9n (seen J 456 
Mgt-Mp0=5.0 TE KTKtat ( <0.6 2] 743 

+0.8 Keanything (39 429 )% 
tf as ( 1.5 £0.6 )%] 862 

et ything 47 (Bours joan 
Se ite ( <0.31 % 908 

Kt anything ( 6 +6 )% 
kta a ( <0.20 )% 845 

po_d 

p? 4(0-)f 1863.14 (GSE Peano" KFanything (35 «£10 )% 
=0) £0.9 , [Kun* ( 1,8 20.5 )%] 860 
D m= 3.471 cr=0.01 tl Kontn® (12 46 2] 843 
TEkT ata ta ( 3.5 £0.9 )z] 812 

£(D°+D°sk*n7) te Kea nything + Kany (57 £26 )% 
P(D°>Kn) ; TL Kono + Kon ( <6 )z] 859 
[ Kontam + Kontan ( 4.4 £1.1 )%] 841 

e*anything WH (oe Ssh ae WA 
ntne ( Boo) 23.2 ier’ 921 
Rake ( 2.0 £0.8 )x1073 790 


NONSTRANGE BARYONS® 


p (4+) 938.2796 stable (>103%y) stable 
a out n 
m*= 0.880369 lapl-Iael < 107? "Ia¢l 
a i Cr LE, 
n $(4+) 939.5731 917214 pel 100 % 1 
40.0027 cr=2.75x1013 pvv (chg.noncons.) ( <3 )x10719 fl 


m= 0.882798 
my-m,=-1.29343 
Pela 
£0.00004 lanl < 10724Iqg1” 


STRANGENESS -1 BARYONS? 


A O($*) 1115.60 2.632x107!19 pra ( 64.2, 9 5 )% 100 
£0.05 £.020 S=1.6* nn? ( 35.8* )% 104 
Sine cT=7.89 pe-v (| 8.0740.28)x1074 163 
m= 1.2446 pu ( 1.57£0.35)x1074 131 
Ma,-Ms0= —76 .86 pny &( 0.8520.14)x1073 100 
40.08 
rt 14+) 1189.36 0.800x10710 pr? Gaited lg 189 
+£0.06 +.004 nn ( 48.36%" °°) 185 
S=1.8* cT=2.40 py ( 1.2440.18)x1073 se=1.4* 225 
m= 1.4146 nnty &( 0.9340.10)x1073 185 
Aety (| 2.0220.47)x1075 sl 
my+~my-= -7.98 Mgrot*nvy). 9,  f nuty ( <3.0 «1079 202 
+.08 Ml-4 nv)" ; nety ( <0.5 )x1079 224 
S=1.2* pete ( <7 )x107& 225 
x0 (t+ 1192.46 5.8x10720 Ay 100 5 74 
£0.08 #1.3 Aete™ Me BAB )x1073 74 
m= 1.4220 cr=1. 71079 Ayr (Ge ee 74 
Sa ut) 1197.34 1.482107 19 | nn 100 t 193 
+0.05 #.011 S=1.3 ne ov ( 1.0820. 04)x1073 230 
m= 1.4336 cr=4.44 nun ( 0.4540.04)x1073 210 
hewe ( 0.61£0.05)x1074 79 
myo-my-= —4.88 any *( 4.6 +0.6 )x1074 193 
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Stable Particle Table (cont’d) 


Particle re! Mass Mean life oan BOs Partial decay mode 
{MeV} (sec) aa a rm as por 
Mass2 ct Mode Fraction” Pmax© 
(GeV) (cm) MeV/c 
STRANGENESS -2 BARYONS® 
=0 4(47)9 1314.9 2.90x10719 Ano 100 " 135 
£0.6 +.10 A ( O28 20.5 i 184 
m= 1.7290 cT=8.69 ths ( <7 ye 117 
pn> ( <3.6 )x1075 299 
pev (Gains yxto73 323 
Iteny (ecient yxto73 120 
rvety ( <0.9 xO 112 
mz0-mz-=-6.4 Etre ( Silo )x1073 64 
+.6 Iopty ( <0.9 yxto73 49 
puny (cies )yx1073 309 
i Slee Oe Ween we 1.641x107!0 An 100 % 139 
+£0.13 +.016 Aewy ( 2,8 21.2 )x10~4 190 
m= 1.7459 cT=4.92 reer y (<5 )x 107 123 
- ure (3.1 41.2 )x1074 163 
bay rat ( <8 yxto74 70 
nn ( in x07} 303 
ne7y ( 23.2 )x1073 327 
nov (¢ fl oS) % 313 
Ivy (<1.2 yxto73 118 
pron ( <4 )x1074 223 
precy (<4 )x1074 304 
prope (<4 )x1074 250 
29m, ( <2.3 yxto-3 6 
STRANGENESS -3 BARYON? 
= 152 = {a} — > =) 
Q 0(37)4 1672.22 0.82x10 AK ( 68.6 #1.3) ai 
+31 +.03 =Oq- (i 25) ANost Vi 293 
m*= 2.7963 eT=2.5 zon? ( 8.0 40.8 )” 290 
2%ery, (fel )= S2) 
=(1530)9n7 ( ~2 )x1073 15 
An (<1 )x1073 449 
zy ( 3c )x1074 314 


NONSTRANGE CHARMED BARYON? 


At OE Bary ~7x107!3 Antat ny (seen) 798 
£6 cT~0.02 Kin* (2.2 £1.0 )% B14 

s=1.6* pk*(892)° (seen ) 567 

m*= 5.17 A(1232)**K7 (seen ) 700 
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ADDENDUM TO 


Stable Particle Table 


Magnetic moment 


e 1,001 159 652 41 Me 
+.000 000 000 20 


u Decay parameters * 


1.001 165 924 0.752+0.003 ic = Welle sabe 
mc 
+.000 000 009 a é = 0.972+0.013 6= 0.755+0.009 h = 1.00+0.13 


le,/evl=0.8620: 33 @ = 180° 15° 


rv 


Left—right asymmetry 
{(0.12+.17)2 
( 0.88%.40)% 


Sextant asymmetry 
(0.19+0.16)% 


Quadrant asymmetry 
(-0.1720.17)% 


B=0.04740.062 


Partial rate (sec™!) 


Slope parameters for K + 3n 5 


HY (51,330.17) 108 s=1.2* 
La (17.1040. 13)x10© Seihoily Ktontata” g=~0.215+.004 S=1.4% See Data Card Listings 
Ganae (4.5220.02)x10® Set.) Ko-n7non* g=-0.2174.007 S=2.5 for quadratic coefficients. 
anne ( 1.4040.04}x10° S=1.3] kt+nn nt p= 0.6072.030 S=1.3" 
ny ( 2.5840.07)x10° S=1.7 +n? 0.670.014 S=1.6* 
envy ( 3.90+0.04)x10 s=1.1* * 
A= 0.0292.004 AS = 0.03014.0016 S=1.2 
a = * 0 2 — * 
K2 ntn~ (0.76892 .0033)x10!0 KY, 4} A#= 0.026.008 S=1.57 cm M= 0.034 +.006 S 2.5% 
S nm (0.3517 «1910 * A#= -0.003.007 S=1.5 Af= 0.020 4.007 S=2.5 
( + .0029)x10 : 
0 See Data Card Listings for €, f,, and fy. 
0. 0 6 oe, pe 
Kr BeSie : ee So Gi cne ee CP violation parameters &«* _ 
ie (5.21 £0, 10)x108 Sap 1] Inele(2.2742.022)x107> Inool= (2. 334.08)x1073 S=1.1 
mev —-(-7.4940.11)x108 — Sat.1*] P4+-7(44.621.2)° 3 (Madey a 
mine aon siuileank Iny-ol?<0.12 — Ingggl*<0.28 6 = (0. 3304.012)x10 
nn KC 1.81 +0,35)x104 s=1.5*] aS = -aQ 


Re x=0.009+.020 S=1.4* Im x = -0.004+.026 S=1.1 


Magnetle 
moment 
(eh/2mpc) 


Decay parameters” 
Measured Derived &,/ By Bv/ 2a 


a ¢{degree) v A(degree) 


2,7928456 
P — «.0000011 


-1.91304184 
+.00000088 


pe v -1,.254+0,007 
6=(180.1140.17)° 


pr~ 0.64240.013 (-6.543.5)> 0.76» (7.744:9)° 


-41 
nv? 0.64620.044 “ 
pev -0,62+0.05 5=1.2 
pn® -0.97940,016 (36+ 34)° 0.17 (18746)° 
nat +0.06840.013 (167:20)?  -0.97 (-72t!32)° 
Bye tose es S=1.1* ‘ 
1.03" 9°42 etl 
nm -0.06840.008 (10215)° 0.98 (249*12,)° - 
ne-v £(0.38520,070) S=2.3 . 
AeTv 0.10+0.22 S=1.5 
An® -0,4720,05 — (21#12)° 0.84 (216*!3)° 
* 19) 
S=1.3 
An7 -0,40320.017  (226)° 0.92 (185213)° 
s=1.1* 


AKT ~0, 2640. ay 
S=1.5 


TABLES OF PARTICLE PROPERTIES 835 


Meson Table 


Quantities in ttalies are new or have changed by more than one (old) standard deviation since Aprtl 1978. 


Name Partial decay mode 
lo|4 Full 
Sra UNS Mes Wieth an Pex 3 per.) 
‘ab. = Mode action Pmax 
ana (t4ev) (Mev) (Gev)? [Upper limits are lo (%)] [#e¥/c) 


NONSTRANGE MESONS 


™ 1 (0 )+ 139,57 0.0 0.019479 7: 
n° — 134.96 7.95 eV 0.018215 See Stable Particle Table 
+.55 eV 
n 0” (0")+ 548.8 0.85 keV 0.301 Neutral 71.0 See Stable 
+0.6 +.12 keV +.000 Charged 29.0 Particle Table 
ae q q 
p(770) Wes Wy 158, 0.602 a1 = 100 362 
= +3 +5 2508 ny 0.024 +.007 375 
ere” 0.0043+.000S (d) 388 
we 0.0067+.0012 (d) 373 
ny seen 194 
M and [ from neutral mode. For upper limits, see footnote (e) 
(783) 0 )- 782.4 10.1 0.612 nnn? 89.840.5 327 
02 +.3 +,008 wo 1.440.2 365 
S=1.1° ry 8.80.5 : 380 
ete” 0.0076:.0017 S=1.9 391 
ny seen" 199 
For upper limits, see footnote (f) 
nf (958) ot corj+" 957.57 0.28 0.917 nit 65.6+1.6 231 
£0.25 +0.10 +.0003 p°y 29.8+1.6 164 
wy 2.720.5 159 
YY 1.9+0.2 479 
For upper limits, see footnote (g) 
5(980) 17(0")+ 981") 52(h) 0.962 on seen 319 
25 +8 +.051 KK seen 
s*(980) o*(or)+ > 9800)§ ao) gn. 960K seen" 
+108 +108 +.039 1 seen 470 
See note on mm and KK S-wave". 
o(1020) oO (1 )- 1019.6 4.1 1.040 Kae 48.641.2  $=1.3, 127 
+0.1 267 +.004 KL Ks 35.241.2 S=1.5, 111 
S-leoe atn-w® (incl. pq) 14.7+0.7 S=1.2 462 
ny 1.50.2 362 
Wy 0.1440.05 fs Sul 
ee .0314.001  S=1.1 510 
hate .025+.003 499 
* For upper limits, see footnote (i) 
. 
Be 
Ay(1100- 17 (1")+ 1100" » 300% 1.44 pt dominant 329 
1300) to 1300 Basin WAT) 5 ave seen 558 
i ee EEE 
B(1235) 1 (1")- 1231 129 1.52 wm only mode seen 348 
+108 +108 +.16 (D/S amplitude ratio = .29+.08] 
For upper limits, see footnote (j) 
en i iain citsiciee eae 
(1270) or(2")+ = 1273, 178, 1.62 1m 88.141.9 S=1.4, 621 
+5 +20 +.23 2n* 20 2.940.3 S=l.1 558 
KK 2.840.3 S=1.3" 397 
ain no seen S6l 


For upper limits, see footnote (2) 
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Meson Table (cont'd) 


sty 
Neen Partial decay mode 
Full 
Olt GPic pass Width mt cee 
= : +—‘ estab. ul r “Ula! 2 Mode Fraction (1) Pmax!?) 
Pallipalia (meV) (Mev) 'GeV) [Upper limits are lo (%)]  (MeW/c) 
pq285) 0 (1*) + 1284, 27, 1.65 KKn 1042 303 
+10 +10 zen lNIS nut 499+6 483 
én 3647] 239 
4m (prob. pr) 41413 564 
€(1300) o*(0")+ ~ 1300 200-400 a1 ~ 90 635 
kK ~ 10 423 
See note on nm and KK § wave". 
Ar (1310) 1° (2")+ isl 1026 eas rt 70.0#2.2 414 
+5 +5 +13 nt 14.6#1.1 534 
wnt 10.642.5 360 
KK 4.840.5 434 
att <1 285 
ny 0.4540.11 651 
E(1420) ot (1*)+ 1418, 505 2.01 KKn (prob. K*K + K*K) seen 423 
+10 +10 +.07 nut possibly seen 565 
+5 possibly seen] 350 
£/ (1515) 0° (27)+ 1516, 676 2.30 KK dominant 572 
+12 +10 325 )00) ™7 seen 745 
For upper limits, see footnote (k) 
’(1600) 1*(17)- ~1600" «300° 2.56 4n (incl. pn’n) ~ 85 738 
sais +.48 1 ~ 15 788 
A, (1660) 1(2")+ — 16608 2006 2.76 fn ~ 60 320 
+10 +50 +33 pm ~ 30 640 
"OTs wave ae wee 
w(1670) 0. (3 )- 1666 166, 2.78 pn seen 644 
+5 +15 +.28 3n possibly seen 805 
St seen 739 
tLunt (prob. Br) seen | 614 
g(l7on)" 1°(3")- 17008 2008 2.89 an 24.041.3 838 
+20 +20 +.34 4n (incl. mmp,pp,Aet,wn) 72. 7+1.6 792 
Kkn (incl. K°K) 2,420.7 631 
® o KK 2,540.3 689 
J’, Mand [ from the 27 and KK modes. 
5(1935)" 1936, 3.74 NN as 230 
a5) 
Not a well established resonance. " 
n(2n4n) o*(4*y+ 20408 1502 4.16 m1 scen 1010 


+208 +50° +.31 KK seen 890 
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Meson Table (cont’d) 


Partial] decay mode 


Name 
Full 
Of1 SyPjc, Mass Width a2 pee 
2a +— ‘estab. M v ite Mode Fraction (%) Pmaxl?! 
FU (Mev) (Mev) (GeV) {Upper limits are lo (%)] (MeV/c) 
J/~(3100) 0 (1 )- 309741 0.063+0.009 9.598 ee. 7#1 1549 
+,000 wa 741 1545 
hadrons 86+2 
{all stables 
Aciecia ie Sales 1496 
3(atn )n° 2.920.7 1433 
am del OO. 1,240.3 1368 
mm KTK™ 0.7240. 23 1407 
A(ntn )n° 0.9+0.3 1345 
ppitn 1, $540.06 1107 
2 ta) 0.4+0.1 1517 
3(n' a) 0.440.2 1466 
BE 0. 3240.08 818 
2fn* TK 0.3140.13 1320 
Kgk*1* 0.2620.07 1440 
ppn_ 0.23+0.04 948 
i phn” or pnit cue One 1174 
pp 0.22+0.02 1232 
mi 0.184 0.09 1231 
pprm 1° 0.1640. 06(n) 1033 
ae 0.1340. 04 988 
AR 0.1140.02 1074 
ppt? 0.1120.01} 1176 
tf[with resonances 
om 1.220.1 1448 
w2nt2n- 0. 8540.34 1392 
pA2 0.8440. 45 1124 
wat 0.6840.19 1435 
K*°(892)R"°(1430) 0.6740.26 1007 
KK + KK* 0.6140.08 1373 
B* (1235)a* 0. 2940.07 « 1300 
wf 0. 2340.08 S=1.2 1144 
ontn 0.2140.09 1365 
n'pp 0. 18+0.06 596 
oKK 0.18+0.08 1176 
wpp 0.1640. 03 768 
wkK 0.16+0.10 1265 
on 0.1020.06} 1320 
i{radiative decays 
yn! 0.2520.06 1400 
yf 0.1540.05] 1287 
For smaller branching ratios and upper limits 
see listing. 
x (3415) 0°(0")+ 341424 11.655  2(n*w) (incl.amp) 4.60.9 1678 
ae ee aa KK (inel.rkk*) 3.70.9 1580 
yJ/p (3100) 2.741.0 (m) 302 
3(r'7) 1.9+0.7 1632 
Lae ae 0.940.2 1701 
ee 0,920.2 1634 
ppm’ i 0.620.2 1319 
Pp 0" (A)+ 350744 12.299  yJ/(3100) 31.525.2 S=1.3" 386 
13510) 7a 3(1?n ) 2,741.1 1681 
2(n" TT Ge mp) 2.040.6 1726 
m wKEK (incl. kk*) 1.140.4 1630 
P A wr pp (Oa iy etilg iol yi) 
J = 1° preferred. 
x (3550) 0 (N)+ 355125 12.610  —yJ/w(3100) 15.422.4 425 
a cae 2(ntn=) (incl. amp) 2.430.6 1748 
n’m_K*K (incl.1kk*) 2.140.6 1654 
3(n" 1) 1.3+0.8 1704 
i ato” and KY 0.27+0.11 
z Tn pp 0.37+0.14 1407 


ioe preferred. 


ee 
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Meson Table (cont’d) 


Partial decay mode 


Name 
I Full 2 
GNYLO4  SyPjc, Mass Width m2, Ro 
awa t—estab. f Sule Fa Mode Fraction ($) Pmax'?) 
+i1[p (Mev) (Mev) (Gev) [Upper limits are lo (%)]  [te¥/c) 
(3085) 0 (1 )- 368541 0.21540.040 13.579 ete 0.9+0.1 1842 
S-1.1* +,001 up 0.820.2 1839 
hadrons 98.1+0.3 
t{J/p wo 3322] 476 
— = oo 4 
™y(3685) ~ y(sioo) ~ 568-250-9 TS wee a 
: HJ n 3.740.4] 194 
+[2(n wr? 0.420.2] 1798 
ifr reek 0.16+0.04] 1725 
+Lppat a 0. 0840.02) 1490 
+2000) 0.05+0.01 | 1816 
tly x (3415) 722] 261 
+Ly x(3510) 7#2)} 174 
tLy x(3550) 7#2] 132 
For smaller branching ratios and upper limits see Listings." 
(3770) (1 )- 3768 25 14.198 ete. 0.0013+0.0002 1884 
£5) BS +.094 DD dominant 243 
m -m = 82.54+3.7 
(3770) v (3685) S-2. 2 
(4030) 17)- gozo8es§ 52410 16.241 ere 0.001440. 0004 2015 
+0.210 hadrons dominant 
v(4160) (17)- 4159420 78420 17.297 ete 0.001040. 0004 2079 
10.324 hadrons dominant 
(4415) (lL )- 4415+6 43+20° 19.492 ete 0.0010+0.0003 2207 
+.190 hadrons dominant 
7(9460) (1 )- 945826 ~ 0.060 89.454 wy 2,242.0 4728 
aN 10.0006 ee Pie ol 4729 
7T(10020) (1_)- 10016414 <12 100. 320 ee seen 5007 
ee seen 5008 
™>10020) ~ ™r¢9460) * 95947 
Additional structure at m = 10410430 is seen". 
STRANGE MESONS 
+ = 
x 1/20 ie Roe See Stable Particle Table 
k* (892) 1/20.) 891.8 50.3 0.795 kn = 100 288 
+0.4 +0.8 +.045 9 Kum S (tii 216 
S=1.1* ky 0.15+0.07 309 
M and T from charged mode; m° - m= = 6,741.2 MeV. 
Qi: (1280) 1/2(01*) ~ 1280 ~ 120 1.64 Kur dominant 501 
#15 
+{Ke large] 62 
[k*n possibly seen] 307 
Ku possibly seen 
Q2 (1400) 1/201") ~ 1400 ~ 150 1.96 kia dominant 576 
Bott +(K*n large | 399 
+L Kp possibly seen | 286 
K"(1430)-1/2(2*) 14348 100, 2.06 Kn 49.141.6 623 
os +5 +10 +.14 Kt DinOs2e2 424 
K*nn 11.242.5 374 
Ko GCE Seif" 327 
Kw ResieG 320 
Kn 2,522.6 492 
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Meson Table (cont’d) 


Partial decay mode 


Name 
Full 
a 4 SyPic, = Mass Width mw por 
= 7 M ip +rM®) Fraction (4) Preemie 
+estab. max 
Pie (Mev) (Mev) (Gev)? [Upper limits are lo ($%)] (Mev /c) 
(1500) 1/2(0*) 1500 250 225 Kr seen 661 
+.36 
See note on Kr S wave", 
L region 1/2 1600 Kat seen 
to 2000 
Not a well established resonance’. 
x" (1780) " 1/2(3,) «1785 126, 3.19 Krt large 798 
+6 +20 Heo? eaieke large } 619 
+[K*n large] 660 
Ka 19+5 817 


CHARMED, NONSTRANGE MESONS 


0 1/200 ) 1868.3 3.491 See Stable Particle Table 
y 1863.1 3.471 
p*+(2010) 1/2(1°) 2008.6 < 2.0 4.034 = D°n* 64411 40 
+1.0 D*n® 2849 37 
Myss ~ Myo = 145.3 + 0.4 MeV Dry 827 135 
p*°(2010) 1/2(1°) 2006.0 <§ 4.024 Don? 55+15 45 
=e D°y 45415 138 


+e 


Contents of Meson Data Card Listings 


Non-strange (S = 0, C 


eae 


I (0 )+ 
0* (0 )+ 


entry 


A2 (1310) 


G, P 
Vg yc, 


entry 


Strange (|S| = 1, C = 0) 


entry 


Te) 


1 (2*)+ 


+ e*e (1100-3100) 


E (1420) o*(1*)+ 


(770) 
(783) 


(le) = 
0° (17)- 


(940-953) 


(958) 
(980) 
(980) 
(990) 
(1020) 


o* (07 )+ 
1 (0*)+ 
ot (0*)+ 


oa ye 


X (1410-1440) 


(2830) 
(2980) 


£"(1515) 
Fy (1540) 
o! (1600) 
A, (1660) 
w (1670) 
g (1700) 
X (1690) 


0° (2")* 
GS) 

(2 
PG 
0 (37)- 
ME ye 


(3100) 
(3415) 
(3455) 

oF x(3510) 
(3550) 
(3590) 
(3685) 


M (1033-1040) 

Thy (1080) Ov (N + 

M (1150-1170) 

A, (1100-17 (1*)+ 
1300) 


A, (1900) 
Az (1900) 
S (1935) 
h (2040) 


B (1235) 
o! (1250) 
£ (1270) 
n (1275) 
D (1285) 
e (1300) 


1*(1*)- 
rye 
0* (2*)+ 
0* (07 )+ 
0" (1*)+ 
o* (0*)+ 


+ T0(2150) 
+ T1(2190) 
+ X (2200) 
+ U0(2350) 
+ U1(2400) 
+ NN(1400-3600) 
+ X (1900-3600) 


(3770) 
(4030) 
(4160) 
(4415) 
(9460) 
(10020) 
(10400) 


0 ()- 
0* (0*)+ 


o*(A )+ 
o*(N )+ 


0 (= 
q)- 
Css 
(aie 
ye 
Qe 
(Ge 
(oe 


K 
K* (892) 
Qi (1280) 
Q2 (1400) 
+ K' (1400) 
K* (1430) 
« (1500) 
L (1580) 
k* (1650) 
Ky (1700) 
L region 
k* (1780) 
k* (2200) 
I (2600) 


1/2(0) 
1/20) 
1/2") 
1/2(1*) 
1/2(07) 
1/2(2*) 
1/2(0") 
1/2(2°) 
1/2(1) 
We 
1/2(A) 
1/2(3) 


Charmed (jC| = 1 


D (1870) 
p* (2010) 
+ F (2030) 
> F* (2140 


1/2(0 ) 
1/2) 
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Baryon Table 


The following short list gives the status of all the Baryon States in the Data Card Listings. In addition 
to the status, the name, the nominal mass, and the quantum numbers (where known) are shown. States with 
three- or four-star status are included in the main Baryon Table; the others have been omitted because the 
evidence for the existence of the effect and/or for its interpretation as a resonance is open to consider- 
able question. 


N(939) PLL **** A(1232) P33 **** A(1115) Pol **** £(1193) Pil **** “2(1317) Pll *#** 
N(1470) Pll ***« A(1550) P31 ** A(1330) Dead £(1385) P13 **** E(1530) P13 **** 
N(1520) D13 **** A(1650) S31 **** A(1405) S01 **** = (1480) * = (1630) baled 
N(1535) S11 **** A(1670) D33 **** A(1520) DO3 **** £(1560) ae =(1680) sll ** 
N(1540) P13 * A(1690) P33 *** A(1600) Pol ** Z(1580) p13 ** =(1820) 13 *** 
N(1650) S11 **** A(1890) F35 ***« A(1670) sol **** £(1620) sll ** =(1940) ** 
N(1670) DIS **** A(1900) $31 ** A(1690) DO3 **** (1660) Pll *** =(2030) 1 *** 
N(1688) F15 **** A(1910) P31 **** A(1800) sol *** £(1670) D13 **** 2120) * 
N(1700) D13 **** A(1950) P37 *#** A(1800) Pol ** £(1670) + 2250) * 
N(1710) Pll *#*# A(1960) P33 ** A(1800) Goo * = (1690) ed 2370) 1 ** 
N(1810) P13 **** A(1960) D35 *** A(1800) x (1750) Sip *** =(2500) ** 
N(1990) F17 *** 4(2160) tae A(1815) FOS **** (1765) pls **** 
N(2000) F15 ** A(2300) H39 * A(1830) DOS **** £(1770) Pll * Q(1672) PO3 **** 
N(2040) D13 ** A(2420) H311*** A(1860) PO3 *** £(1840) P13 * 
N(2100) S11 * A(2500) G39 * A(2010) * (1880) Pl1 ** A, (2260) ileal 
N(2100) DIS ** A(2750) 1313* A(2020) FO7 * DCIS \ NETS += * 
N(2190) G17 **** A(2850) wee A(2100) GO7 **** £(1940) p13 *** To (2430) bale! 
N(2200) G19 **** A(2950) K315* A(2110) FOS *** £(2000) sil * 
N(2220) H19 **** A(3230) wee A(2325) DO3 * £(2030) P17 **** 
N(2600) IT111*** A(2350) ake £(2070) Fis * Dibaryons 
N(2700) K113* A(2585) tae (2080) P13 ** s=0 * 
N(2800) G19 * Z0(1780) POl * £(2100) G17 * S=-1 ** 
N(3030) blll Z0(1865) DO3 * £(2250) he S=-2 * 
N(3245) * Z1(1900) P13 * £(2455) wae 
N(3690) * Z1(2150) * 2 (2620) lida 
N(3755) * 21(2500) * £ (3000) ae 

£(3170) 2 


**** Good, clear, and unmistakable. 

*** Good, but in need of clarification or not absolutely certain. 
** Needs confirmation. 
* Weak. 


hr 


[See notes on N's and A's, 2*'s, Ats and ['s, a's, and dibaryons at the beginning of those sections in 
the Baryon Data Card Listings; also see notes on individual resonances in the Baryon Data Card Listings.] 


4 af 
Particle® I (oye T or K pear Mass Full au banesa Uidecay: = ae 
— eStab. Width 
is beeen (GeV/c) uo pe atm? Mode Fraction © ped 
% 
G = 4mX* (mb) ie) Hee) (Mev/c) 


rr 


S=0 I=1/2 NUCLEON RESONANCES (N) 
Gahan ce Cpe erp) 


x 
= MENS) ee nee See Stable Particle Table 
N(1470) 1/2(1/2")P), p = 0.66 1400 to 120 to 2.16 NT 50-65 420 
_———~ oO = 27.8 1480 350 #0.29 Nn ~18 d 
(200) NTT AIG} 368 

[ne ~ 7]@ d 

[An Posie Alga 

[Np ae d 

N(1520) 1/2(3/2°)D,, p = 0.74 1510 to 100 to Pl zbt NT ~55 456 
o = 23.5 1530 140 +0.19 Nut ~45 410 

(125) [Ne Ses d 

[np ~19]@ d 
[An ~23]¢ 228 

Nn <a! d 

N(1535) 1/2(1/2°)8), pp = 0.76 1520 to 100 to 2.36 Na ~40 467 
—_-— Oo = 22.5 1560 250 £0.23 Nn ais 182 

(150) Na eG 422 

[Np ~ 3]° d 

[ne pale d 

[an ~ 1)* 243 

N(1650) 1/2(1/2 Ss), p= 1.05 1620 to 100 to 2.72 NT ~60 547 
—_——— G = 14.3 1680 200 +0.25 Not ~30 511 

(150) [ne <10]° d 

[ne eile d 

far Peng 344 

Ak ~10 161 

=K 2-7 d 
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Baryon Table (cont’d) 


a Pia b 2 Partial decay mode yy 
Particle ae) T or K beam Mass Pull M a GE 
CERES Pp, (GeV/c) mo waaen ttm? Mode Fraction Pp d 
Beams (Mev) r (Gev?) % Bee 
go = 4uX~ (mb) (MeV) (MeV/c) 
Cn nnn EEE EEE 
N(1670) 1/2(5/2 )Di, p = 1.00 1660 to 120 to 2.79 NT ~40 560 
—_—— d= 15.6 1690 180 £0.26 Nar ~60 525 
(155) [an ~s0]° 360 
{no = BP d 
AK = 0.2 200 
Nn 23) 10,53 368 
nN (1688) 1/2(5/2")F 1. p = 1.03 1670 to 110 to 2.85 NT ~60 572 
eS oO = 14.9 1690 140 +0.22 Na ~40 538 
(130) [Ne ~22]° 340 
{no ~13]¢ d 
[ar ~i8]° 375 
Nn noes 388 
N (1700) 1/2(3/2 )D), p = 1.05 1670 to 70 to 2.89 NT ~10 580 
—<——= Oo = 14,3 1730 120 +0,20 NUT ~90 547 
(120) [ne <aol]? 355 
[ne < ale d 
[Am 15-40] 385 
AK < il 250 
Nn ~4 400 
N(1710) 1/2(1/2") PY, p = 1.20 1680 to 100 to, 2.92 Nt ~20 587 
_— g = 12.2 1740 140 40,21 NOT >50 554 
(120) [Ne 15-40] d 
[Np 40-65 | d 
[an 10-20] 393 
AK <5 264 
IK ~10. 138 
Nn BeAyel” 410 
N (1810) 1/2(3/27)Pt, p = 1.26 1690 to 150 to 3.28 NT mile 652 
SS og = 11.5 1800 250 40.36 Na ~70 624 
(200) [Ne ~20]° 468 
[no 45-70] 297 
[Ar ~20] 471 
AK 1-4 386 
IK = 2 307 
Nn 5 503 
m 
N(1990) WED 8, p = 1.62 1950 to 100 to 3.96 NT ~5 772 
ee o = 8.35 2050 400 +0.50 Nn =3 655 
(250) AK seen 562 
EK seen 506 
N(2190) 1/2(7/2 G14 p = 2.07 2120 to <400 4.80 NT ~15 888 
———— g = 6.21 2180 (250) 40.55 nn) = 2 790 
AK al ite 
N (2200) 1/2(9/2 G19 p = 2.10 2130 to 200 to 4.84 NT ~10 894 
——— og = 6.12 2270 350 £0.55 Nn = 810 
(250) 
N(2220) 1/2(9/2')H, g p= 2.14 2150 to ~300 4.93 NT ~20 905 
—— o = 5.97 2300 (300) +0.67 Nn ~1 811 
N (2600) 1/2(11/2)1,,, p= 3-26 2580 to >300 6.76 NT ~5 1014 
—— Oo = 3.67 2700 (400) +1.04 
N(3030) 1/220) p= 4.41 ~3030 ~400 9.18 Nn (9 +1/2)x 1366 
—- oO = 2.62 (400) Si.21 <0.1 
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Baryon Table (cont’d) 


Partial decay mode f 


Particle” 1 ay Tor K Beane Mass Full Me aE 
sae i Width 
ees Dean (GeV/c) ue = 2m”, Mode Fraction ele 
O = Anh? (mb) WSEY) (Mev) (oe 0 (MeV/c) 
S=0 [=3/2 DELTA RESONANCES (4) 
A(1232) 3/2(3/2")P, p = 0.30 1230 to 110 to 152 NT ~99.4 227 
-—— o = 94,3 1234 120 +0.14 nttn™” ~ 0 80 
THES) 
A(++) Pole oetistions ” M-if/2 = (1211.0+0.8) - i(49.9+0.6) 
4(0) Pole position: M-if/2 = (1210.5+1.0) - i(52.9+41.0) 
A(1650) 3/2(1/2 153, p = 0.96 1600 to 120 to Ae NT ~32 547 
ee o = 16.4 1650 160 a) Ae) NUT Boome 511 
(140) [No <so]’ d 
[An ~40] 344 
A(1670) 3/2(3/2 )D,, p = 1.00 1630 to 190 to 2.79 NT ~15 560 
_— o = 15.6 1740 300 £0.33 Nut oe 525 
(200) [Np ~40), d 
eu <50] 361 
A{1690) 3/2(3/2")P., p = 1.03 1500 to 150 to 2.86 Nr ~20 573 
Se GS We) 19007 350 +0.42 Nut ~80 540 
(250) [no <10]° d 
[ar 30-45 ]® 377 
A (1890) 3/2(5/2 IP. p = 1.42 1890 to 250 to 3.57 NT ~15 704 
— ao = 9.88 1930 400 +0.47 Nut ~80 677 
(250) [No ~60]® 403 
[an 10-30 ]® 531 
IK ay 400 
A(1920) 3/2(1/2")P3, p = 1.46 1850 to 200 to 3.65 Nr 20-25 716 
—_ a= 9.54 1950 330 +0. 42 Now >40 691 
(220) [np <40]? 429 
[An small] 545 
IK 2-20 420 
A(1950) 3/2(7/2 IF, p= 1.54 1910 to 200 to 3.80 Nt ~40 741 
Cee ao = 8.90 1950 340 +0.47 Non >30 716 
(240) [np 201° 471 
[Lan ~30]° 574 
IK <a 460 
A(1960) 3/2 (5/2 )D5_ p = 1.56 1890 to 150 to 3.84 Nn 4-12 748 
—— o = 8.75 1940 300 +0.39 mK <10 469 
(200) 
A(2160)” 372) = Ae! 2150 to 200 to 4.67 Nn (J +1/2)x 870 
— o = 6.46 2280 440 +0.65 = 0.2-1.2 
(300) : 
A(2420) 3/2 (11/2" Hy at p = 2,64 2380 to 300 to 5.86 No ~10 1023 
—_—— Oo = 4.68 2450 500 +0.73 
(300) 
A (2850) Sal 9) p = 3.85 2800 to ~400 8.12 Nr (J +1/2)x 1266 
o = 3.05 2900 (400) +1.14 ~0.25 
4 (3230) 3/2(?) p = 5.08 3200 to ~440 10.43 Nn (J +1/2)x 1475 
go = 2.25 3350 (440) +1.42 ~0.05 k 


Evidence for states with strangeness +1 is inconclusive. 
See the Baryon Data Card Listings for data and discussion. 
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Baryon Table (cont’d) 


843. 


‘ on 
ests 
Particle” ut (a")? mor ok: Ream Mass Bully ne sbtaledecey, ze = 
= & e width ce 
OBR Ee ot (GeV/c) Mo re pm? Mode Fraction — fee 
M GeV % 
o = 4mA* (mb) (N59) qty (MeV/c) 
i 
S=-} I=0 LAMBDA RESONANCES (A) 
a 
& 
A O(1/2 ) TSG: NZ 45) See Stable Particle Table 
A(1405) 0(1/2 184) Below K p 1405 , 40 +10° 1.97 in 100 142 
= threshold +5 (40) +0.06 
A(1520) 6(3/2 )Do, p = 0.389 1519.5, 15.5 SoG Fish NK 4641 234 
—— G = 84.5 #15 (16) +0.02 in 4241 258 
Ant 101 250 
inn 0.940.1 140 
A(Q1670) - (1/2 55, p = 0.74 1660 to ZOmEo 2s fh) NK 15-25 410 
—— o = 28.5 1680 60 40.07 An 15-35 64 
(40) it 20-60 393 
A(1690) 0(3/2 )D,, p = 0.78 1690 , 50 to 2.86 NK 20-30 429 
—- o= 26.1 +10 70 +0.10 in 20-40 409 
(60) Ann =25 415 
low ~20 352 
A(1800) 01/2 180, p= 1.16 1700 to 200 to 3.50 NK 25-40 525 
—— Ga iWiew 1850 400 +£0.56 in seen 488 
(300) £(1385)" seen 346 
NK* (892) seen d 
A(1815) 0(5/2" Fi}. p = 1.05 1820 , 70 to 3.29 NK 55-65 542 
—— iS NES7 25 90 +0.15 in 5-15 508 
(80) £(1385)7 5-10 362 
A(1830) 0(5/2 ) Dg. p= 1,09 1810 to 60 to 3.35 NK <10 554 
=== Oo = 15.8 1830 110 40.17 in 35-75 519 
(95) £(1385)m >15 375 
A(1860) 0(3/27)P) 5 p = 1.14 1850 to 60 to 3.46 NK 15-40 576 
—_—— Oo = 14.7 1920 200 +0.19 in 3-10 534 
(100) 2(1385)T seen 396 
NK* (892) seen 162 
A(2100) 0(7/2 Gy, p = 1.68 2080 to 100 to 4.41 NK ~30 748 
a oO = 8.68 2120 300 +0.53 in = 8 699 
(250) An <3) 617 
=k <3 483 
Aw came) 443 
NK* (892) 10-20 514 
A(2110) 0(5/2")F*, ares agi 2080 to 150 to 4.45 NK 5-25 756 
——_. oO = 8.48 2140 250 40.42 En <40 709 
(200) NK* (892) 20-60 524 
Aw seen 454 
£(1385)7 seen 589 
A(2350) 0(9/2") p = 2.29 2340 to 100 to 5.52 NK ~12 913 
- gq = 5.85 2420 250 +0.28 in ~10 865 
(120) 
A (2585) o(?) p= 2.91 ~2585 ~300 6.68 NK (3+1/2)x 1058 
= oO = 4.37 (300) 40.78 ~1.0% 


=-1 1=1 SIGMA RESONANCES (2) 


ee eee eee 


iE 1(1/2*) (+) 1189.4 1.415 See Stable Particle Table 
——— (0)1192.5 1.422 
7 (-)1197.3 1.434 
£(1385) 1(3/2")P), Below Kp {+}1382.320.4 (+)3542 Wewe An gg t2 208 
—— threshold Sram liGir g=2.2P +0.05 in 1g) 22 117 
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Baryon Table (cont’d) 


Q@ Pee b # Partial decay masa! 
Particle 1 ae hi Tor K beam Mass Pull M Se 
ey estab: Pp (GeV/c) uo io rm? Mode Fraction P el 
beam 2 (Mev) r (Gev?) rs max 

Oo = 4m7X~ (mb) (MeV) (Mev/c) 

2(1660)7 Layee p = 0.72 1580 to 30 to 2.76 NK <30 402 

——— i= 30-1 1690 200 £0.17 in seen 383 

(100) At seen 440 

£(1670) 1(3/2 )D), p = 0.74 1675 40 to 2.79 NK 5-15 410 

= a= 28.5 +10 60 +0.08 in 20-60 387 

(50) An < 20 447 

£(1750) 1(1/2-)s)) p = 0,91 1730 to 50 to 3.06 NK 10-40 483 

——= oO = 20.7 1820 160 (0) 51) An 5-20 507 

(75) in <a 450 

In 15-55 54 

0 (1765) 1(5/2 }D, 6 p= 0,94 1774 105 to 3.12 NK wall 496 

——- oO = 19.6 +7 ° 135 +0.21 An ~14 518 

(120) A(1520)n 9 ~19 187 

£(1385)n ~~ 9 315 

in ~1 461 

(1915) a s720 yee p= 1.25 1905 to 70 to 3.67 NK 5-15 612 

——_ oO = 13.0 1930 160 +0.19 An 10-20 619 

{100) UT seen 568 

(1385)7 << 5 437 

L(1940)9 1(3/2 )D1 p= 1.32 1900 to 150 to 3.76 NK <20 678 

— — go = 12.0 1950 300 40,43 An seen 680 

(220) on seen 5389 

A(1520)n seen 370 

A(1232)k seen 410 

NK*(892) seen 320 

£(1385)0 seen 461 

= (2030) g/t p = 1.52 2020 to 120 to 4.12 NK ~20 700 

—_- a= 9.93 2040 200 +0.37 An ~20 700 

(180) In 5-10 652 

=k re) 412 

A(1520)% 10-20 429 

£(1385)7 95-15 530 

A(1232)K 10-20 498 

NK* (892) <5 438 

2(2250) @ Ie eye p = 2.04 2200 to 50 to 5.06 NK <10 849 

- O= 6.76 2300 150 +0, 22 An seen 841 

(100) un seen 801 

= (2455) Ite ee} p = 2.57 ~2455 ~120 6.03 NK (3+1/2)x 379 
- 0 = 5.09 (120) +0. 29 ~0.2k 

2 (2620) ay 5) p= 2.95 ~2600 ~200 6.86 NK (J+1/2)x 1064 
- d= 4.30 (200) +0.52 ~0.3% 


A 


S=-2 1=1/2 CASCADE RESONANCES (=) 
ae a eye ee 


= 1/2 (1/2") (0)1314.9 1.729 See Stable Particle Table 
—— (-)1321.3 1.746 
(1530) 1/2 (3/27 )P, , (0)1531.840.3  (0)9.140.5 2.34 =n 100 144 
———— $= 1.3P +0. 02 
(-)1535.0+0.6 (-)10.141.9 
(10) 
5) 415° o 
= (1820) 1/2(3/2 ) 1823 20238 3.31 AK ~45 396 
= 16° 40.04 2(1530)n ~45 234 
(20) Ik ~10 306 
= small 413 
oO 
= (2030) 1/2(? ) 2024 levee 4.12 tk ~80 524 
— 26° +0.03 AK ~20 587 
(16) =n small yi} 


2(1530})7 small 418 


CROSS SECTION PLOTS 845. 


PHOTON ENERGY-GeV 
5 NO 2 a0 10. 20 0) 


500; 4 SANTA BARBARA-SLAC 


4 DESY-HAMBURG | 
| | GLASGOW-SHEFFIELD -DNPL 
40( l + LEBEDEV- VERE VAN -SERPLIKHOV 


4 .AC-TUFTS-BERFELEY 


+ ABBHHM 
4 xX SLAC LE 
oe } oe 
Bs ; g 
‘o Hee | S.BARBARA-TORONTO-FNAL 
+S 20) ote 
lees i! 4, 


Smeg 
y as ee : 


Ey (PHOTON AND. NUCLEON) Gel 


L - — — += a a 
Ui a y 6 Q 


yp total cross section versus photon energy (top scale) and 


photon-plus-nucleon total center-of-mass energy (lower scale). 


PHOTON ENERGY-GeV 
ao jasice Jel : (eee: O 2 


i d 4 SANTA BARBAPA-SLAC 
i} 
ory y @ DESY HANBLES 


| 4$IIW/ SHEFFIEL 
+ LEBEL EY YEREVAN SERPUKHOV 
4 6m) —_ 
: 
A 
ae 
Pa) 
si 
i 400) 
o- 
Raat hy 
ION rE: Ce : 


OL 5 
] 


Eom (PHOTON AND NUCLEON)-GeV 
yd total cross section versus photon energy (top scale) and 
photon-plus-single-nucleon total center-of-mass energy 


(lower scale). 
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O7/E,x103® cm? /Gev 


(1) © CFRR | (5)0 BEBC 
| (2) OCITFR| (6) oO ANL 

(3) x CDHS | (7) © IHEP-ITER 

(4) 4 GGM | 


or /E for the muon neutrino and antineutrino charged-current total 
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